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L<r 


In  order  to  ensure  success  in  the  cuItiMition  of  any  branch 
of,  learning, '4t  13  a  matter  *0f  prhbe  importance  to  take  care 
^at  the  first  princi|^efl  and  elements  be  thoroughly  under-^ 
stood,  and  firn%  fixed  in  the  memory,  by  a  sufficient 
numbertof  suitable  exercises  and  examples*  This  salutary 
maxin)  we-iiave  tfae-^advantage  iff  bearing  so  frequently 
repeated,  that  as  inattentive  observer  might  reasonably  be 
led  to  suj^pose  its  truth  had  obtained  universal  suffrage ;  but 
iathis  he^nrould  be  mistaken;  for  though  all  seem  agreed  on 
tbe  subject,  the  assent  is  'lor  the  most  part  merely  verbal, 
and,  like  our  a^senito  truths  *of  higfaer  importance,  has  too 
little  influence4i«)Q  the  ptacUce.  It  would  be  benefieia^to 
learning,'  and  consequentljT  to  society,  if  no  instance  could 
be  adducvd  tojuetiFjrtbb  ct>ndusH>n>  btit  whoever  will  take 
the  trouble  to  eiamine  the  plan  on  which  the  business  of 
some  of  our  school$1s  conducted,  wilf  find  abundant  reason 
to  aaknoieledge  lis  truth— *he  will  find  that  too  little  attentioii 
w  paid  -to  the  introductory  parts  of  leaniing,  and  that  pupils 
Hre  too  fr^il^ntly  hurried  on  from  one  subject  to  another, 
mth. a  rapidity  which  -does  not  admit  •tf'theif  Ailly  under* 
standing  any  tfiing  they  pass  through.  This  conduct  is  both 
cniel  and  impolitic  i  it  deprives  both  the  learner  aifd  society 
at  large^  of  the  tienefits  which  might  be  expected  from  talents 
pioperljr^cultivated.  -  But  if  pifrt  of  the^  blame  rest  with 
the  preceptor,*  a*  tkiuch  larger  sh^rre  attaches  itself  to  his 
employers,  whose  impatience  for  their  children's  hasty  im- 
provement is  too  generally  productive  of  this  abuse.  The 
VOL.  I.  b 
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preceptor,  indisputably  th«  fittest  ja^g^  of.  Us  Ofini  buaincB, 
and  consequently  of  what  methoda  ought  to  be  pursued  for 
the  real  benefit  and  improvement  of  his  schobss,  cannot 
always  presume  to  follow  the  dictates  of  his  own  unfaiaaied 
understanding ;  if  he  did,  he  might  soon  **  vaunt  and  Tspoor 
In  aq  empty  school/*  .  '  .  « 

But  one  of  the  greatest  impediments  tosi|ooessful  teaching, 
is  the  undue  deferenfy  which  it  is  ttia^shioa  to  pay  to  jovemk 
^nion ;  for  although  the  extfUKrifgaDt  dutiiut»  of  lihctty, 
asserted  by  some  modero  pUlosopheis,  ^  fur  as  Aq  jehUe 
to  politics,  are  justly  ei^loded  as  ahaurd  yid  impraoriciiWf, 
tbey  still  possess  a  considerable  degfee  of  inlnenot  on  our 
system  of  education.  No  sooner  has  a  yo«qg  gendcmaa 
assumed  the  neckcloth,  thao  he  foeb  hiinadf  invcaled  wnik 
a  degree  of  consequence,  whidi,  a  century  or  two  ago, 
would  have  been  thought  drngen^s  in  such  hands,  and  is 
allowed  a  right  to  offer  bb  opnion  with  onlimited  fitccdoni 
on  every  subject.  It  frequently  happens  that  a  father  enler^ 
tains  such  an  extraoQlinaxy  respect  for  histoon  s  judgment 
and  penetiatiooy  that,  almost  enrj  things  rdstin^  to  his 
future  studies,  is  submitted  to  bts  own  de&iod  2  of  oooiae,  he 
determines  on  that  which  .he  eapects  will  be  attended  wMl 
the  least  di^ulty  to  himself;  bdtjw  ha  prefen  amosemonts 
of  bis  own  choosii^,  none  that  aia  propoald  #ill«autt<Aaai 
exactly^  Heobject8togmoiinarbecause:itsnileaaredry;anrf 
if  he  is  obliged  toieam  tliem,  }m  is  attfe  tlurt  hii  aiemory  wiH 
not  retain  thom-^^^  hf|s  not  a  genius  for  numbers,  his  fotlier 
never  had — ^he  would  epnsent  to  laarp  Algebra,  but  be.  h»a 
been  mfomied  that  the  9fmbab  employed  aaean  nothii^^ 
bow  then  can  the  science  have  any  meanitig  or  use  2  but 
admitting  it  to  be  usdial,.  the  operBtiona»appear  so  di&nrit 
and  complieatedj  that  the  advantage  of  ocquiring  it  eannot 
be  worth  the  trouble.  Geometry,  accord^ig.  to  his  deter-* 
mination  {for  he  is  always  positive),  is.  of  oo-naaiMmy  but 
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e'otnihbn  mechsftiics^  and  ds  he  is  not  ihtended  for  one^  it 
eafi  be  df  no  service  I0  him.  A  papil  of  this  hopeful 
He^riptioBj  however  he"  may  object  to  the  difficuhies  of 
l^artHDg,  has  ^^h^rally  sense  enough  to  see  (he  necessity  of 
j^Ursuing  (at  l^ast  in  appearahce)  tome  one  or  more  of  these 
studies,  in  order  to  secure  that  respectability  to  wliich,  in 
spit^  of  ifidotence^*  his  pride  prompts  him  to  aspire.  In  doing 
Ihis^  if  he  emjAdys  any- effort  of  mindy  it  is  only  in  con- 
iriving'  how  to  tfhde  dffi(AKies  6f  every  kind,  get  through 
th#  ufiint^^iffg  rudiments  as  hastily  as  possible,  and  arrive 
"  af  those  parts  whi^h  s^m  to  promise  more  pleasure,  or  less 
<i3tpen»e  nf  metilell  ^sertien.  Bat  in  this,  ere  long,  he  finds 
hi^  mistake  f  for,  having'ebtained  his  wish,  he  does  hot  fail 
to^  prov«>  an  int^siiiit  tcA'ineni*  to  his  ivtUdtj  whose  painful 
duty  it  tvsfw  beeomttt  to  teabh  him  the  application  of  those- 
iundamentAfi  which  he  v^duKl  never  tiflte  the  pains  either  to 
tedcfiiitand  6r-rem^m6er,  ah6  i^hich  nothing  can  induce  him 
Ao#  to  r^sutiae*.      • 

^  iFhe  €?bnsequ€ri^s  resulting  from  both  the  above  cases, 
ire  in  genodLl  the  same.  '•The  pupil,  weaify  of  a  pursuit 
t^ieh  he  is  a#Ieng!H  eOirvinced  will  yield  neither  pleasure 
Aur  ai^fitage,  th€f  motoedf  he  is  completefy  at  his  own 
diilpo&l,'  qmts  it  with  diSgilsf*— Ae  teondy  spent  on*  that  part 
6f  liisr  elhi<!litkn^  is  totally  thrown  away,  4»r  Wodtd  have  been 
Mtter  ^iifpToytd  tri  acl»  of  clmfhyf  and,  what  is  far  worse, 
tftios^  pt6cioX  bom^,  d^sj  ihohths,  ]^ri^>s  years,  which 

*■  *'i[  what  M.  I^otlin  says  be  true,  viz.  ^*  Thai  it  W  tbe  end  of  ma^t^rs  to 
MtMmfi  their  nhoMi  to  seHot$^wjii^li&mtioHi  ^  mik€  thhu  Ute  add  t^«  the 

yglktm  tbsy  ^<«  8^"^  fro*  fldiool;**  nfcat  grid^  Teaatioo»  and  dinppoiiitmeiit 
flmtt  that  master  cxperienoe  who  i»  onfottiitiate  cnoiigfa  to  have  in  his  school 
liair  adosett  sncb  jmpOt  as  we  have  described.  The  beat  pfejceptor  confined 
iki  the  toition  of  SQcb  wvttU  be  m  gieat  danger  «f  soon  becomlpg  good  for  noth- , 
iiag ;  and  indeed,  oppositidD  of  any  kind,  ^m  whatever  quarter  it  may  arise, 
if  it  be  stt^cieoltf  ^B^but'to  4ita|!}pbYnC  or  «Arert  tbe  tfutor's  plans,  w'll^ 
baveailtraD^'tMwfeiky  toftlax  bH('iMbnr;  it  i?in  by  degree's  bring  on  an 
increasing  loiiiff^bce  to  bk  duty,  and  at  lengih  reduce  hini  to  the  slate  of  a 
i&ereoiftclune. 

be  .       • 
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constituted  the  only  proper  season  for  his  improvement,  wee 
irrecoverably  lost.  When  arrived  at  the.  state  of  manhood^ 
he  cannot  but  feel  his^  deficiency,  and  is  sometimes  almost 
half  inclined  to  regret  his  former  -  obstinate  misconduct. 
Nevertheless,  he  palliates  it  with  the  mild  name  of  juvenile 
indiscretion ;  attributes  the  whole  to  the  ignorance,  or  negli- 
gence of  his  tutors,  whose  peculiarities  (and  perhaps  theic 
virtues)  are  the  occasional  subjects  of  bt^merrioient;  and  if 
be  has  cliildren,  he  educates  tbom  as  nearly  as«possible  after 
the  same  plan  on  which  he  himself  was  educated. . 

These  are  some  of  the  bad  effect^  which  follow  from 
parental  authority  being  misapplied,  ineffectually  exf rted,  or 
not  exerted  at  all ;  and  might  easily  be  avoided,  if  parents, 
with  due  attention  to  their  children's  talents,  .would  them- 
selves resolve  on  the  studies  to  be  pursued,  and  leave 
the  plan  and  execution  entirety  to  the  wisdom  and  known 
fidelity  of  the  master;  and  it  is  a. happy  circumstance  fos 
learning  and  mankind,  that  to  the  prevailipg  custoin  there 
are  many  exceptions  of  this  kind.  We  readily  admit,  that 
our  ancestors  erred,  by  introducing  too  much,  strictness  and 
rigid  formality  into  their  mode  of  ii^tructipn ;  but  it  is  no, 
less  certain  that  the  present  gener^tioa  deviate  in  theirs  full 
as  widely  towards  the  opposite  extreme,  and,  fr^m  a  due 
comparison  of  botl^  it  appears  that  the  last  error  is  bjF  far. 
the  worst  ^  :  but  as  the  removal  of  the  cause  is  not  likely  ta 
be  effected,  various  .contrivances  have  been  resoi:ted  to>,  ia 
order  to  counteract  as  much  as  possible  its  bad  effects  :  every 
possible  means  has  been .  employed  tq  allure  the  dull,,  th^- 
idle,  stxhi  the  friv6lout  of  every  deacriprio»$  to  the  punmit  of 

*  Dr.  Knox  delivers  bi»  opinion  very  freely  on  this  subject;  let  the  attentive 
observer  determine  how  far  h  is  correct.  **  It  i$  certain**  (says  the  DoctorV 
<<  that  schools  often  degenerate  with  the  community,  and  continue  greatly  to 
increase  the  general  depravitv,  by  diffosing  it  at  the  most  susceptible  periods  of 
life.  The  old  scholastic  descipline  relaxes^  habits  of  idleness  and  intemperance 
are  contracted^  and  the  scholar  often  comes  from  them  with  the  acquisition  of 
effrontery  adnne,  to  compeosate^for  his  ignorance.*'  Knox  <m  Education^  p.  31., 
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knowledge,  as  well  as  to  assist  and  promote  the  progress  of 
real  genius  and  industry,  by  removing  obstacles,  and  making 
the  way  plain  and  easy.  Hence  arises  the  multiplicity  of 
easy  introductions^  easy  grammars,  games,  &c.  which  we 
h^ve  in  every  branch  of  learning,  works  which  are  all  useful 
as  far  as  they  go;  but  it  must  be  remarked,  that  if  they 
remove  difficulties  out  of  the  scholar^s  way,  instead  of  teaching 
him  how  to  encounter  and  surmount  them,  these  perfor- 
mances, however  they  may  be  patronized  and  praised,  are 
of  -but  little  value.  Scientific  games,  it  is  allowed,  are 
pleasing  and  instructive  amusements  for  the  nursery;*  but 
whatever  they  may  seem  to  promise,  it  is  making  sad  game 
of  the  sci^ces,  to  suppose  that  these  can  be  acquired  by  play. 
1  am  persuaded  that  none  ever  did,  or  ever  will  attain  to 
useful  or  honourable  proficiency  in  any  branch  of  learning, 
without  proportidnate  labour  and  application  \ 
^  If  what  has  been  said  be  correctj  it  will  not  only  account 
for  the  great  number  of  easy  elementary  treatises  that  has 
appeared,  but  will  shew  that  an  almost  endless  variety  is 
absolutely  necessary  to  accommodate  the  various  tastes  of 
learners;  it  will  be  a  sufficient  apology  for  adding  one  to 

« 

the  number,  as  well  as  for  the  plan  on  which  it  is  written. 
"  in  the  following  work,  it  is  proposed  to  combine  more 
advantages  than  are  to  -be  met  with  in  any  single  book  on 
the  subject,  viz.  historical,  theoretical,  and  practical  know- 
ledge, and  to  accompany  the  whole  with  explanations  so 
exceedingly  simple  and  easy,  that  it  is  presumed  to  be  im- 

<  **  NbtbiD^  can  be  mere  absurd**  (sayg  the  author  of  Hermes)  **  than  the 
common  notion  of  instruction ;  as  if  science  were  to  be  poured  into  the  mind 
like  water  into  a  cistern,  that  passively  w^ts  to  receive  all.  that  pomes.  The  ' 
g<owtbof  knowledge  resembles  the  growth  of  fruit;  however  external  cause* 
may  in  kome  degree  co-operate,  it  is  the  internal  vigour  and  virtue  of  4he  tree 
that  roust  ripen  the  juices  to  their  just  maturity .**    Harris. 

'  "  To  lead  a  child  to  suppose,  that  he  is  to  do  nothing  Which  is  not  conducive 
to  pleasure/  is  to  give  him  a  degree  of  levity,  and  a  turn  for  dissipation,  which 
will  certainly  prevent  his  improvement,  and  may  perhaps  occasion,  bis  ruin." 
Knos  on  £flueaiion,  p.  19. 
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possible  tliat  any  peAon  of  modemte  talents  will  £^1  to 
understand  them.  It  supposes  the  learner  to  b^  in  the 
proper  sense  of' the  word,  a  beginn^y  ccNOsequently- unac.« 
quainted  with  even  the  rudiments  of  scij^noe;  and  from 
common  principles  known  and  aoknoiyledg^  by  allj)  itpro^ 
ceeds  by  easy  and  alntost  imperceptible  gradations,  to  lea4 
him  on  (witb  the  aid  of  Simsou's  Euciid  and  a  Table  of 
,  liO^rithms,  botli  which  it  explains)  to  the  attainment  of  a 
considerable  degree  of  mathematical  knowledge,  with  scarcely^ 
any  assistance  from  a  master.  The  work  b  divided  into  tei^ 
parte,  in  which  the  subjects  treated  of  are—- Arithnleti^:^ 
Algebra,  Logarithms,  Common  Geometry,  Trigonametry, 
and  the  Cpnic  Sections ;  each  preceded  by  a  popular  history 
of  its  rise  and  progressive  improvements:  to  which  art  A^dfld,* 
by  way  of  notes,  brief  memoirs,  of  the  principal  authors 
mentioned  in  the  text ;  some  account  of  their  writings,  dis- 
coveries, Mmprovements,  &c.  with  a  variety  of  useful  inform 
mation  of  a  miscellaneous  nature^  respecting  the  Mathe^ 
matical  Sciences.  - 

Part  I.  begins  with  an  Historical  Account  of  Arithmetic  % 
explaining,  to  a  considerable  extent,  ^e  nature  and  coop 
^ruction  of  numbers,  and  proceeds  by  laying  down  in  a  platin 
i^nd  simple  manner,  what  are  usually  called  the  four  iiindar 
mental  rules:  next  follow  Iq  orders  Reductbn,  the  Com« 
pound  Rule^,  Propprttpn  Direct^  Inverse,  and  Compound ; 
the  Rules  of  Practice,  the  theory  and  practice  of  Fractional 
Arithmetic,  Vulgar,  Decimal,  and  Duodecimal ;  Involution, 
Evolution,  and  Progression,  both  Arithmetical  and  Geome- 
trical ;  the  whole  demonstrated,  exemplified,  and  explained : 

^au^  as  simplicity  and  clearness  were  sdways  the  objects  aimed 

• 

•  ^  Plato  calls  Arithmetic  aniLOeometry  ''The  ^ngs  of  the  mathematician.;" 
**  Arithmetic"  (gays  M,*  Q9ianaip}  '*  may  be  con/sidered  a^  the  in^tbematiciaD's 
right  wing,  because  without;  this  Geometry,  would  be  v^ry  ip>pj?r^ect ;  this,  jjo?-. 
tiiies  the  commoa  practice,  of  beginniog  the  Mathematics,  with  the,  study  of 
ArxUxmetic/* 
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^V  it  ^  hoped  no  obstacle  will  be  found  in  the  learner's  w^ 
vfkith  may  aot  easHx  be  surmounted.    Under  these  heads^. 
wbteh  ebn^rise  tl^e  whole  of  Elementary  Arithmetic,  is 
given  a  [preat  Don^yber  df  particular  rules  and  observations^  not 
to^  be  fouM  ia:  any  other  work,  but  which  are  necessary,  ia 
qrd^  fii^Iy  to  explain  the  theory,  and  Ibcilitate  the  pmctice  of 
numbers.     B^des  the  >  examples  fully  wrought  out  and 
explained,,  several  others  are  introduced  under  each  rule,. 
Tifiik  their  answers  only,  and  a  few   are  given   without 
aaswcj^is. ..  Bw  IL  contains  an  Historical  Account  of  Lo» 
garithms,  the  theory,  atid  practice  of  Logarithmical  Aritb* 
m^^c^withjaumeroQs  examples,  problems,  and  explanations*. 
Part^  II|.^^u(itdina  the  History  of  Algebra,  and  its  funda«». 
Ijaental  i^le^j^  Rules  for  sid^ving  l^mpie  and  Quadratic  Equa- 
^ons,  in  wiiieKone,  two^  three,  or  more  unknown  quantities 
are  included  J,  and,  l^stly^  a.  collection  of  Problems,  teaching 
Ibe.  application  Of  Simple,  and  Qustdratio  Equation^  in  m 
goeat  variel^of  wBys;*^tbe  whole  aceomimnied*  with  notes  and? 
ea3y  explanations. aa  above.    This  completes  the. first  volume* 
liie\8ecfHld^volnme  (Bart  I V-.)  begins  with  Literal  Algebra^, 
in,  whidk^tho»Pfoblenia:are  analytically  investigated,  and 
IjkewiseL  ddUMmixated  by  the  mdthod  of  Synthesis.    General 
<^diQ3io«5  are  appKed  ta  particular  examples,  and  the: 
methoda  of  converting   numemV^  Pnd)lBms   into  genend^ 
ones^  deducing  TheofeeaS)  BNdes,  and  Gknollaries  5.  registerin|; 
tbrsl»p8;o£  opeiiatioosy&N:.  are  laid  down  aiida{^lied  in  a^ 
^wiqlyt  of  cases,    Tfae:doeli:ine:o£  Ratios,.  Proportion,  Pro- 
giKssion,  Variable  and  ]>epei^nt«Quantities,  Interest,  Dis» 
count.  Permutations^  ComUnations^  the  Properties,  of  Num* 
bers,  &c*.  are^Algebmiorilyi  hoyeatigated,    with   numerous 
Examples.     Part  V.  esplain»fhe  nature  and  theory  of  Equa- 
tions in  general^  their  Composition,  Depression,  Transform 
mstion,  and!  Resolution^  according  to  the  methods  of  \Ne2&io;7, 
Cardan,  EUlery  Simson^  Des  Carteiy  and'  others.  ,  Various: 
method&of  Approximation,  as  laid  down  by  Simson,  Rcqphum, 
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HuitoHj  Bernoulli f  he.  the  Solution  of  Exponeotal  Equations, 
and  Problems  for  exercise.  Part  VI.  explains  the  nature 
and  method  of  resolving  indetienninate  ProUems,  both  simple 
and  Diophantine.  I^rt  VII.  shews  l)ow  to  convert  Frarctidns 
and  Biaomiai  Sards  into  Infinite  Series,  by  Sir  Isaac 
Newton's  Binomial  Theorem,  and  otherwise :  how  to  sum, 
interpolate,  and  revert  a  given  Series ;  to  whidi  is  added,  the 
Algebraic  investigation  of  Logarithms,  with  Rules  for  con- 
structtng  entire  tables  of  those  numbers,  both  common  and 
hyperbolical.  Part  VIH.  treats  of  Ge#metry,  viz.*  its  history 
and  use,  and  describes  the  nature,  construction,  and  use  of 
Mathematical  Instruments,  to  prepare  the  learner  for  Ae 
practical  application  of  Geometry:  this  is  folloyred  by  on 
easy  logical  Introduction  to  the  study  d'EucUtTs  Elemenis, 
considered  as  a  system  of  demonstmtion,  with  Observations 
on  the  Definitions,  Postulates,  and  Axioms,  and  the  most 
rtmarkahle  propositions  in  the  first'six  books,  as  they  stand 
in  Dr.  Simson's  Translation;  with  Corollaries,  explana- 
tions-of  the  difficulties  that  occur,  &c.  partly  original,  &nd 
partly  selected  from  Clavius^  Barrow,  Safrilte,  Austen^ 
JLudlam,  Ingram,  and  Playfair:  to  which  is  subjoined,  an 
Appendix,  containing  some  useful  propositions;  not  in  Euclid; 
and  an  easy  system  of  Practical  Geometry,  and  MetturancAi^ 
fi:>r  the  purpose  of  ^yplyihg  JEtic/uJ^^  theory  to  practice. 
Part  IX.  contains  the  theory  and  practice  of  Trigonometry, 
the  iairestigation  of  Formute  for  the  Sines,  Tangents;  Se* 
cants,  &c.  both  natural  and  artificial ;  with  ibe  description^ 
construction,  and  use  of  instruments  employed  in  Altimetiy, 
Surveying,  Geography,  Navigation,  &c. ;  and,  lastly,  the  Men- 
suration (tf  inaccessible  heights  and  distances;  In  Pari  X. 
is  given  .the  History  of  the  G>nic  Sections,  with  the  priqcipal 
and  most  useful  properties  of  those  celebrated  curves,  deduced* 
by  an  easy  and  natural  method,  accompanied  with  numerous 
references  to  Euclid,  for  the  convenience  of  the  learner.  .  '  - 
Such  is  the. plan  of  the  work.;  with  respect  to  its  executiou, 


yf       «■ 


PREFACE.  XIX 

the  AutfacH'  submits  with  jiejOoming  diffidence  to  the  judg- 
ment of  the  .public :  he  is  aware«of  many  imperfections,  and 
is  too  well  acquainted  with  himsielf,  not  tp^uspect  that  some 
errors  may  have  escaped  him^  of  which  he  is. unconscious; 
but  he  trusb  that  non«-jrill  be  found  l>f  sufficient  im- 
portance to  mislead  the  student,  or,.mAterklIy  impede  his 
progress.  If ^.eay  plea  for  indulgence  could  be  urged  or 
admitted,  it  might  be  truly  said,  that  few  books  have  been 
composed  under  more  unfavourable  circumstances  than  this ; 
but  wa?ing  every  claim  of  the  kind,  the  Author  only  requests 
it  will  be  remembered,  first,  that  his  woik;  is  intended  for 
beginners;  this  will  account  for  some  apparent  prolixity, 
especially  in  the  explanations,  and  for  the  manner  in  which 
some  of  the  rul^  and  operations  are  accounted  for,  being 
rather  pqiular  than  scientific.  Secondly,  that  as  he  was 
not  within  fifty  miles  of  ^  the  press,  typographical  errors  are 
unavoidable ;  but  from  the  kind  attention  of  two  learned 
friends  at  Oxford,  and  the  care  taken  by  the  Printers,  their 
number  is  compaca^velysmall.  Thiidly,  part  of  the  manu- 
soript  was  at  th«k press  and  inaccessible  to  the  Author,  while 
he  bad  the  other  part  iinder  correction,  which  will  explain  the 
cause  of  two  or  three  unnecessary  repetitions,  should  they 
he  discovered. 

It  ought  to  be  acknowledged,  that  in  the  prosecution  of  the 
subjects  here  treated  of,  occasional  assistance  has  been  de* 
rived  from  the  writings  of  approved  authors  and  commen- 
tators; and,  in  some  instances,  their  methods  and  obser- 
vations have  been  extended,  abridged,  or  otherwise  altered,  to 
suit  tlie  plan  of  the  Author:  this  is  allowable  in  work^  of  an 
ekmentary  nature  %  and  is  not  without  its  advantage,  both  to 
the  subject  and  to  the  reader. .« 

Two  copies  of  the  greater  part  of  Vol.  L  having  been  more 
than  twelve  months  in  boards,  were,  by  way  of  experiment, 

c  Veneror  inrenta  Sapientiae,  inrentoresque  adire  tanquam  multorum  haere. 
ditatem,  juvat.    Mihi  ista  acqaUita^  mihi  laborata  sunt.    Seneca, 


a^ 
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put  into  the  hmij$  of  fome  young  peisoiis,  not  f«m«4nibk 
for  their  abilities  and  wha  bad  bithefto  experienced  oon* 
siderable  difficulties  in  understanding  the  Ireatiaes  of  Widk-' 
ingam^,  Bomy^a^ikt  &€»•  By  the  use  of  these  copies  oiiljv 
tb^y  hayej.  during  the  aibov^  penj^d^  made  considaabie  pNK 
giess,  Avith  very  Kttie  troubU)  to  tbamaelvea  or  othess  ^  havinfg 
eacb|  on  an  asvest^^  UMude  only  about  five  or  m.  applmtinss 
per  month  for  as^i^uce,  beyond  what  the  book  supplies. 
Tbi3  fact,  which  from  its  nature  does  mat  depend  on  single 
testimony,  is  highly  giatifyieg,  to  the  iLuthor,  as  it  erinces 
the  usefulness  pf  his  work,,  atid^  he  hopesi,  will  operate  as  a 
recomniendatipn ;  at  the  saopie  time,  he  wishes  to  take  sa 
improper  advantage  of  the  public,  hut  that  it  may  abide  a 
fair  trial ;  and  as  be  would  not  willingly  eaqrose  himself  to- 
merited  ridicule,  by  becoming' hia  own  panegyrist,  it  remains 
only  for  him  to  adopt  the  poet's  candid  request — 


<s 


Si  quid  WMriata  reotiot  istU; 


**  Caodidiu  imperii :  «i  boo,  hk  utevo  m^am." 

The  Author  is  truly  sensible  of  tike  hooMMr  done  him  by 
his  pupils  and  others,  whose  respectable  names  compose  the 
list  of  subscribers ;  he  desires,  in  particular,  to  express  hi& 
gratitude  to  Dr.  Macbride  and  Richai'd  Bereus,  Esq.  LL.  D* 
for  their  friendly  advice  and  occasional  qorrectioos ;  for  their 
kindness  in  undertaking  the  sple  tnanagement  of  gettisig  the 
work  printed,  md  for  other  favours. 
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Pure  and  Mixed  Mathematics  ^efinedy  and  their  Nature 

and  Uses  explained. 

L  HE  term  Mathematics  ^  qi  its  original  acoqptation,  means 
Learnings  Science^  or  l>i8cipliQe }  but  in  a  n^pre  restricted  and 
commonly  received  sense>  it  is  the  science  of  quantity^  which 
treats  of  magnitudes,  considered  either  as  computable  or 
measurable. 

The  Mathematics  comprehends  several  hnnches,  each  of 
which  ranks  as  %  distinct  science :  these  are  arranged  under  two 
general  heads,  viz.  Fdre  IMbthematics,  and  Mixed  Mathematics. 

Pure  Mathematics  treats  of  magnitude  generally^  simply^ 
and  abstractedly  >  it  determines  the  properties  and  relations  of 
magnitudes  and  quantities^  considered  purely  as  such^  and  with- 
out relation  to  any  material  substance  whatever.  This  class 
comprehends  Arithmetic^  or  the  science  of  Numbers ;  Analt* 
8is>  or  the  science  of  general  calculation  3  Geometry^  or  the 
science  of  local  extension)  and  mixed  Geometry^  in  which 
Arithmetic,  and  Analysis  are  combined  with  pire  Creometry. 

Mixed  Mathematics  is  pure  Mathematics  applied  to  Natu- 
rsd  Philosophy  or  Hiysics ;  it  confines  the  properties  of  Body, 
Motion^  &c.  as  determined  by  incontestable  experiments,  with 
the  doctrine  of  pure  quantity;  whence  by  a  methodical  and 
demonstrative  chain  of  reasoning,  it  deduces  conclusions  as 
incontrovertibly-  evident^  as  those  ^hich  Pure  Mathematics 
derives  from  self-evident  principles  and  definitions. 

f  The  word  Mathemaiics  is  4erive<|  from  fut^n^iff  difcipliAe.  or  science. 
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The  foBowing  sdenoet  are  oompreheiided  under  Mixed  Ma- 
thematics; Yiz.  1.Mbchavics>  or  the  science  of  the  equili- 
brium and  motion  of  solid  bodies,  treating  of  the  properties  and 
efiects  of  the  five  mechanical  Powers^  viz.  TheLever>  the  Axis  in 
Feritrochio^  the  Pulley^  the  Inclined  Plane,  the  Wedge,  and  the 
Screw;  and  also  of  machines  of  every  description  compounded 
of  two  or  more  of  these.  2.  Htdkostatics,  and  Htdxavlics, 
comprehending  the  theory  of  the  nature,  gravity*  pressure,  and 
equilibrium  of  fluids;  the  theory  of  pumps,  syphons,  and  ar- 
tificial water-works  of  every  description;  to  which  may  be 
added  Pneumatics,  which  treats  of  the  weight,  pressure,  elas- 
ticity, &c.  of  air  and  elastic  fluids,  the  air  pump,  air  gun,  &c. 
3.  Astronomy,  or  die  science  which  treats  of  the  motions, 
periods,  eclipses,  distances,  magnitudes,  and  other  phenomena 
of  the  celestial  bodies.  4.  Optics,  or  the  doctrine  of  vision, 
light,  and  colours,  the  theory  of  the  eye,  the  telescope, 
the  microscope,  spectacles,  and  all  kinds  of  reflecting  and  re- 
fracting glasses,  to  which  may  be  added  Perspective,  or  the 
theory  by  which  visible  objects  are  accurately  represented  on  a 
plane.  5.  Acoustics  or  Phonics,  which  treats  of  sound,  ex- 
plaining the  nature  of  the  ear,  of  speaking  and  hearing  trum- 
pets, whispering  galleries,  &c,  including  Music,  or  the  science 
of  harmony  in  sounds. 

From  various  combinations  of  these  branches  of  mixed  Ma- 
thematics, we  derive  a  great  number  of  additional  branches,  as 
Surveying,  or  the  art  of  dividing,  delineating,  and  measuring' 
land.  Architecture,  civil,  militaiy,  uid  naval,  or  the  art  of 
planning  and  building  houses,  churches,  palsices,  castles,  ships,  &c. 
Pyrotschnia,  or  the  art  of  constructing  and  piffT^ftging  fire- 
works, gunnery,  &c.  Navigation,  or  the  art  of  conducting 
a  ship  at  sea  from  one  port  to  another.  Chemistry,  or  the  art 
of  decompounding  flibstances,  both  solid  and  fluid,  by  means  of 
fire*  Electricity,  or  the  investigation  of  certain  powers  and 
their  efiects,  as  found  in  amber,  sealing  wax,  glass,  tourmalin,  &c. 
and  indeed  every  part  of  natural  philosophy,  and  eveiy  ipoanual 
art  that  can  be  practised,  is  connected  more  or  less  with  mixed 
Mathematics. 

The  method  by  which  mathematical  truths,  which  before  were . 
doubtful,  become  evident  to  the  understanding,  is  called  De- 
monstration :  it  is  this  that  peculiarly  characterizes  accurate 
knovriedge,  or  true  science,  and  distingubhes  it  from  that  spe- 
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cies  of  knowledge  which  arises  from  conjecture,  {tf^bubilityj 
testimony,  induction  of  &cts,  &c.  The  latter  kinds  are  called 
moral  evidence,  because  they  are  chiefly  employed  on  subjects 
connected  with  moral  conduct. 


On  the  Difference  between  Mathematical  Demonstration 

and  Moral  Evidence. 

Demonstration  differs  from  Moral  Evidence  in  the  following 
particulars  *. 

1.  Demonstration  is  employed  about  abstract  truths,  and  the 
necessary  relations  of  ideas,  viz.  such  as  are  connected  with 
extension,  duration,  weight,  force,  velocity,  with  whatever  else 
can  be  accurately  expressed  by  numbers  and  lines.  But  Moral 
Evidence  relates  to  matters  of  fact,  and  the  constant  or  variable 
connections  lyhich  subsist  among  things  actually  existing. 

2.  They  are  conducted  in  a  different  manner.  In  demon- 
stration we  proceed  from  known  truths  to  those  which  were 
unknown,  by  steps,  each  of  which  is  necessarily  connected  with 
,that  which  precedes  it.     In  a  moral  proof,  there  is  no  such 

necessary  connection,  but  it  generally  consists  of  a  number  of 
independent  arguments. 

3.  In  Demonstration  it  is  only  necessary  to  consider  one  side 
o£  the  question  5  for  if  by  Demonstration  justly  conducted,  a 
proposition  be  proved  true,  it  is  of  no  consequence  what  may  be 
urged  against  it  5  fbr  whatever  is  offered  as  proof  on  the  opposite 
side,  must  be  a  mere  &Uacy.  But  in  Moral  Evidence,  there  are 
frequently  cogent  ailments  on  both  sides  of  the  question  5 
both  sides  therefore  must  be  carefully  examined,  smd  the  assent 
given  to  that  which  is  supported  by  the  strongest  evidence. 

4.  The  contrary  to  a  demonstrated  proposition  is  not  only 
felse^  but  absurd.  But  the  contrary  to  a  proposition  established 
by  IJilQild  Evidence,  although  false,  is  not  necessarily  ^bsufd. 

f  These  particulars  were  takea  for  the  tnost  part  from  Gambler's  Introdu^ 
turn  to  the  study  of  Moral  Evidence^  Chap.  1.  A  work  which  I  hazard  nothing 
in  saying  ftiUy  merits  the  encomium  which  Dr.  Johnson  has  applied  to  Watts's 
Improvement  of  the  Mind,  viz.  <<  Whoever  has  the  care  of  instructing  others, 
may  be  charged  with  deficience  in  his  duty,  if  this  book  is  not  rttx>mmei]^ed.*' 
While  the  student  is  engaged  in  the  Mudy  of  £uclid*s  Etemcots,'  he  sfaould 
embrace  occasional  opportunities  to  read  Duncan's  or  Watts's  Zojf  icr,  and  these 
should  be  succeeded  by  Watts's  Improvement  of  the  Mind, 


6.  In  demoftttratlon  there  is  a  necessary  (scmmectioii  between 
the  soooessive  steps^  imd  hence  the  ideas  compared  are  imme- 
diately pertelved  to  agree  or  disagree.  But  in  Moral  Bvidenc^ 
their  agreement  or  disagreement  is  only  presinned ;  and  that  on 
proofe,  which  are  in  their  nature  ialBble ;  the  former' therefore 
produces  absolute,  but  the  hitter  can,  at  the  most,  produce  only 
moral  certainty. 

6.  As  Demonstration  is  alm^ays  accompanied  with  certainty* 
rules  laid  down,  which  are  in  all  cases  capable  of  beine:  demon- 
strated, will  infallibly  lead  to  truth.  But  m  Moral  Evidence, 
so  rules  can  be  given,  which  will  direct  us  how  to  form  an 
in&IliUe  judgment  in  any  particular  case. 

7*  Demonstration  terminates  in  certainty,  which  is  always 
absolute,  and  cannot  admit  of  degrees.  But  the  degrees  of 
moral  assent  may  be  indefinitely  various,  from  suspicion  up  to^ 
moral  certainty. 

8.  Demonstration  requires  no  accumulation  ^t  evidence ; 
for  the  truth  of  a  proposition  as  effectually  appears  from  one 
proof,  properly  conducted,  and  as  completely  commands  our 
assent,  as  from  many.  But  Moral  Evidence  admits  of,  and 
fre^ently  requires  an  accwou^tion  of  proofed  and  each  inde- 
pendent argument  in  favour  of  the  thing  to  be  proved,  increases 
the,  weight  of  ayideaoe,  but  the  w))ole  does  not  compel  the 
assent.  ' 

9.  In  Demonstration  we  may  reason  safbly  from  a  conclusion 
already  established  3  ^od  upon  that  establish  a  seeond»  upoa 
these  a  thirds  and  so  on  to  any  Hngth.  la  M«ral  £f  idence,  we 
can  seldom  proceed  with  coioplete  safety  beyond  the  first  step  5^ 
for  the  second  step  will  be  less  eertaia  than  the  firsC  j  the  third' 
less  certain  than  the  second,  and  so  on.  « 

10.  All  the  terms  used  in  a  syiitem  of  Demonstration'  atre  pre- 
tiously  defined  with  the  greatest  accuracy,  and  are  always  used 
in  the  same  sense,  so  that  no  dispute  can  arise,  nor  aAy  aaibi« 
guity  have  place  in  their  application.  But  the  terms  employed 
in  Moral  Evidence  are  not  sdways  accurately  defined;  they  are 
fSrequently  susceptible  of  very  different  meanings,  and  consis- 
quently  must  often  lead  to  uncertainty. 

Hence  it  appears  that  Demonstration  is  vastly  superior  to 
Moral  Evidence.  But  on  the  other  hand>  Moral  Evidence  is  by 
no  means  to  be  lightly  esteemed  5  for  although  the  former  js  iB> 
all  cases  absolutely  coaehisive,  and  the  latter  not  so,  tet  the" 
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caaet  to  iMck  Demoikstrfttion  appllas^  are  very  tm  indeed  cxmi- 
pared  with  those  w^ch  we  are  obliged  to  betieve  oa  Moni  Bvi- 
deoee:  we  act  upon  the  latter  in  nearly  all  the  affim  nf  life: 
**  it  is  frequently  the  only  light  afforded  us  to  fonn  our  opinion 
of  facts,  and  to  regulate  <mr  conduct  with  respeet  to  ttem* 
Without  attending  to  Moral  Evidence^  we  can  neither  aet,  not 
cease  to  act  ^  we  cannot  even  subsist  without  acdng  upon  it^ 
fikice  it  eannot  be  demonstrated  that  our  fbod  will  not  poison 
instead  of  nourish  us.*' 

Thus  mudi  it  was  thocight.necessary  to  add  on  this  sobjeet,  to 
caution  the  mathematical  student  never  to  attempt  the  extension 
of  his  demonstrative  powets  to  objects  beyond  their  proper 
iphefe.  Some  have  greatly  erred  in  this  particular^  who,  because 
they  could  demonstrate  a' few  things,  became  so  unaccountably 
enamoured  with  the  seducing  charms  of  demonstration,  at 
ecarcely  to  believe  any  thing  on  evidence  short  of  mathematical 
proof:  and  fipom  this  absurd  and  dangerous  scepticism,  by  an 
easy  and  natural  transition^  have  at  length  terminated  their 
eartUy  ^reer  in  the  gloomy  and  Ibo-ful  character  of  oonHrmed 
atheists. 

A  farther  Account  of  the  Vsefulnes  of  the  Mathematics. 

« 
It  is  impossible  by  any  description,  to  produce  in  the  mind  of 

tme  unacquainted  with  the  subject,  an  adequate  idea  of  the  use- 
fiUness  of  mathematical  learning  ^  he  alone  who  has  made  con- 
siderable progress  in  the  acquisition,  will  be  able  in  some  sort  to 
appreciate  its  value :  it  will  however  be  necessary,  for  the  iafbr« 
auttion  of  the  unfeamed,  to  observe,  that  mathematieidi  know- 
ledge suites  most  of  the  means  by  which  the  businesses  and 
stAIrs  of  Society  are  carried  on.  To  mathematical  principles 
the  stdlful  architect  necessarily^iesorts  for  the  means  of  con- 
triving ai)4  executing  his  plans,  and  to  them  every  building,  from 
the  cottage  to  the  palace^  owes  its  existence.  By  Mathematics* 
flalely  ships^  which  repel  iavasion  from  our  coasts,  assail  with 
British  thunder^  the  fleets  and  maritime  ftirtresses  of  our  foes,  o» 
waft  to  the  alternate  shores* the  produce  of  every  climate,  are 
constructed.  By  it  the  mariner  shapes  his  course  through  the 
wide  and  pathless  ocean,  and  the  intrepid  soldier  plans  his  opera- 
tions for  the  honour  and  protectioa  of  our  country,  and  the  an- 
noyaaes  of  our  enemieft :  versed  in  mafthematieai  knowledge,  the 
OAuex  contimi  his  rablerraiieoiiB  excavatioiis,  aa4  perfema 


uvi  ON  THB  MATHGMAi;iCS. 

them  with  safety  and  success^  pnxmriiig  metals  and  minecak  for 
our  n8e>  and  fuel  for  our  fires.  By  this  the  skilful  Artist  delineates 
with  accuracy,  faithful  transcripts  of  Art  and  Nature;  and  the 
Musician  extracts  harmony  from  the  animal>  vegetable,  and 
mineral  Creation.  Guided  and  assisted  by  mathematical  reason* 
ing,  the  ingenious  Mechanic  contrives  and  executes  the  various 
machines  in  use  among  us,  and  calculates  their  powers  and 
effects  i  to  mathemati<^  principles  almost  every  tool,  or  instru- 
ment we  use  is  indebted  for  its  existence  or  perfections,  and  by 
them,  the  extent  and  value  of  property  of  every  description^  are 
accurately  computed  and  ascertained.   .  « 

Hence  it  appear^  that  Mathematics,  cpnsid«f ed  only  with 
respect  to  its  immediate  application,  is  indispensably  necessary 
to  complete  the  philosopher  *^,  the  miariner,  the  soldier,  the 
mechanic,  and  the  artist )  but  this  excellent  science,  (although 
fundamental  to  them)  is  by  no  means  confined  to  practical  arts 
and  necessary  computations  '\  it  claims  an  important  pre-emi- 
nenee  which  renders  it  worthy  the  attention  of  all  who  aspire 
to  the  rank  of  rational  beings.  The  Mathematics  is  %  system, 
of  pure,  strict,  solid,  and  conclusive  reasoning,  calculated  to 
strengthen,  extend,  and  invigorate  the  powers  of  the  mind  ^^  to 

i>  The  Rev.  W.  Jones  xerj  justly  remarks,  that, "  in  philosophy,  especially 
under  the  present  state  of  it,  the  use  of  mathematical  learning  is  odqnestion- 
able  ;'*  and  Dr.  Watts  says  ,that  '*  the  moderns  have  found  a  thousaod  things 
by  applying  mathematics  to  natural  philosophy,  which  the  ancients  were  ign^ 
rant  of."  See  Jones  on  the  use  of  Math.  Learnings,  p.  S6 ;  and  fFiaits*s  LogiCf 
p.  80. 

'  Jones  on  mathematical  learning.' 

k  Dr.  Watts  observes,  that  **  the  greatest  clearness  of  thought  and  force  of 
reasoiling  abound  in  the  mathematical  sciences  $"  and  be  adds,  that  **  if  there 
were  nothing  valuable  in  them  for  the  uses  of  human  life^  yet  the  very  specu* 
lative  parts  are  well  worth  our  study ;  for  by  perpetual  examples  they  teach  us 
to  conceive  with  clearness,  and  to  conduct  our  ideas  and  propositions  in  a  tram 
of  dependence ;  to  reason  with  strength  and  demonstration,  and  tO  dtstiogul^ 
between  truth  and  folsefaood."  **  The  Mathematics"  (says  Mr.  Loake)  **  is 
eminently  serviceable  to  strengthen  and  improve  the  intellectual  faculties,  aijd 
fit  them  for  every  kind  of  speculation.  Would  you  have  a  man  rea^n  wel!, 
you  must  use  him  to  it  betimes,  exercise  his  mind  in  observing  the  cunaectioa 
of  ideas,  and  following  them  in  train  ;  nothing  does  this  better  than  IMathe- 
matics,  which  therefore,  1  think,  should  be  taught  all  those  who' have  time  and 
opportunity,  not  so  much  to  make  them  mathematicians,  as  to  make  tb^m  rea- 
sonable creatures."  *^  The  ancients,"  says  professor  Duncan,  **  who  so  weH 
understood  the  manner  of  forming  the  mind,  always  began  with  the  MaHhema^ 
tics— 'here  the  undeistaiMiing  is  by  degrtcs  habituated  to  truth,  oontracta  in- 
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gmde  Und  assist  us  in  the  investigation  of  truth;  applicable  to 
every  enquiry  where  quantity  is  concerned/ to  which  human 
reason  is  competent,  and  capable  of  conducting  our  researches 
with  unerring  certainty  to  the  utmost  limit  to  which  the  powers 
and  Acuities  of  the  mind  can  extend. 

Hfrom  what  has  been  said  on  the  subject,  the  ingenious  student 
will  be  able  to  form  his  own  judgment ;  he  will  perceive  that 
this  scienee  is  of  general  utility,  absolutely  necessary  to  all  vrfab 
are  engaged  in  any  learned  profession  or  art,  useful  in  trade,  and 
pc^ht  to  be  ^udied  by  the  Physician,  the  Lawyer^  the  Divine, 
find  by  all  who  have  sufficient  opportunity. 
.    fiut  it  must  not  hence  be  inferred,  that  every  one  is  bound  to 

sensibly  a  certsua  fondness  for  it,  and  learns  never  to  yield  its  assent  to  any 
]»0potition,  but  where  the  evidence  is  sufficient  to  produce  fiiU  conviction. 
Fbr  tiiis  reason  JSIato  bas  called  mathematical  demonstrations  7%e  Cathartic* 
cr  Purgatives  ^J^/te  Soui^  as  being  tbe  proper  means  to  cleanse  it  from  error^ 
and  restore  that  natural  exercise  of  its  faculties."  Lord  Bacon  represents  the 
Matbeinatij^  as  eminently  adapted  to  correct  tbe  irregularities,  and  remedj  tne 
defei^s  of  the  mind,  equally  beneficial  to  its  faculties  as  athletic  exercises  are 
to  those  of  tbe  body,  producing  strength,  vigoar,  and  activity.  Of  the  same 
opinion  is  Mr.  Harrisi,  ^hQ  asserts  that  **  every  exercise  of  mind  upon  theorems 
of  science,  like  feneroos  and  manly  exercise  of  tbe  body,  tends  to  call  forth 
and  strengthen  nature's  original  vigour.  The  nerves  of  reason  are  braced  by 
the  mere  employ,  and  we  become*  abler  actors  in  tbe  drama  of  life^  whether 
our  par^  be  of  the  busier,  or  of  the  sedater  kind."  The  Rev.  W.  Jones  of 
Piuckley  expresses  similar  sentin^nts  in  nearly  the  same  words ;  and  many 
other  testimonies  equally  unexceptionable  in  bebalf  of  mathematical  learning 
ni^t  be  added}  but  I  shall  conclude  this  long  note  with  part  of  the  Inaugural 
Orafaon  of  Dr.  Barrow  on  bis  entering  the  Lncasian  professorship  pf  Matbe^ 
matics  at  Cambridge  in  1663.  «  The  Mathematics/'  says  he,  **  effectually 
exercise,  not  vainly  delude,  nor  vexatiously  torment  studious  minds  with  ob- 
scure subtilties,  but  plainly  demonstrate  every  thing  within  their  reach,  draw 
certain  conclusions,  instruct  by  profitable  rules,  and  unfold  pleasant  questions. 
These  dicipliQes.  likewise  inure  and  corroborate  the  mind  to  a  constant  dili- 
gence in  study;  they  wholly  deliver  us  from  a  credulous  simplicity,  most 
ttifOgly  fortify  us  agunst  the  vanity  of  scepticism,  eflfectualty  restrain  us  from 
a  rash  presumption,  most  ea^ly  incline  us  to  a  due  assent,  and  perfectly  sub- 
ject us  to  the  government  of  right  reason.  While  the  mind  is  abstracted  and 
elevated  from  sensible  matter,  distinctly  views  pure  forms,  conceives  the  beauty 
of  ideas,  and  investigates  tbe  harmony  of  proportions,  the  manners  themselves 
are  insensibly  coirk^ted  and  improved,  the  affections  composed  and  rectified, 
the  fimcy  calmed  and  settled,  and  tbe  understanding  raised  and  excited  to  more 
^  difinc  cQBteniplatigas." 

VOL.  I.  c 
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aim  at  becoming  a  profiHind  mathematician :  our  fnrioeipal  9it^ 
tention  ought  to^be  directed  to  the  duties  of  the  profenioa  for 
which  we  are  intended,  or  in  which  we  are  engaged,  ami  to  the 
acquirement  of  the  parts  of  learning  immediately  connected 
with  it. 

Deep  and  difficult  Researches  in  thea^mtnise  regions  of  science 
are  indeed  the  business  of  a  few,  but  they  are  not  necessary  t6 
the  greater  portion  of  mankind  ^  a  general  accjuaintance  with 
the  sciences^  provided  the  elementary  branches  bt  wdli  under- 
stood, will  be  abundantly  sufficient  for  the  student^  who  does 
not  intend  to  make  this  part  of  learning  his  chief  study  ^  it  Will 
enable  him  to  understand  the  works  on  Philosophy,  Astronomy^ 
&c.  which  are  usually  read,  and  will  be  fully  adequate  to  sdl  the 
purposes  of  the  general  scholar. 

A  few  Hiuts,  which  it  is  hoped  will  prove  useful  to  the 

mathematical  Students 

jOur  &culties^  both  mental  and  corporeal,  are  talents  which 
our  all-wise  Creator^  to  accomplish  his  beneficent  purposes^  has 
committed  to  us  in  trust  j  and  the  cultivation  of  them  is  by- no 
means  optional  i  the  duties  we  owe  to  God*  our  neighbour,  and 
ourselves*  require  their  utmost  exertion,  and  strongly  imply  the 
necessity  of  their  improvement,  and  that  for  the  neglect,  w6 
shall  one  day  stand  accountable.  The  man  possessing  an  im- 
proved understanding  is  certainly  better  qualified  to  beneiit 
society  than  he  who  is  ignorant*  and  if  the  obligation  be 
equally  binding  on  those  who  have  leamii|g,  and  those  wlki 
possess  the  means,  but  want  the  inclination  to  obtain  it,  how 
ciflpable  miist  he  be  who  neglects  or  refuses  instruction !  What 
a  pleasing  advantage  does  the  devout  and  serious  mind  enjoy, 
which  is  capable  of  tracing  the  Almighty  in  his  magnificent 
works  of  creation !  which,  aided  by  the  light  and  assistance  of 
sciencej  is  enabled  to  contemplate  the  imiversal  scale,  of  beiiig 
through  its  successive  gradations  from  the  minute  to  the  stu- 
pendous, and  at  every  step  to  discover  convincing  proofe  of  th^ 
power,  the  majesty,  the  wisdom,  and  the  unchangeable  goodness 
of  God.  This  is  equally  the  -duty  and  the  privilege  of  ratiooat 
creatures,  and  although  it  ranks  no  higher  than  as  a  branch. of 
natural  religion,  yet  the  sincere  Christian  will  feel  it  of  toogrevl 
importance  to  be  overlooked  i  it  is  perhaps  the  Qpily  view  iil 
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whieh  hA  oaft  conteiiit>late  subiuDary  things  to  advaatage,  and  is 
fitted  to  supply  one  Bouarce  of  comfort^  to  cheer  him  under  the 
diffieulties  and  distresses  of  life. 

Id  coticlnding  this  part  of  the  subject^  it  will  be  proper  to 
offer  a  few  observations^  whereby  the  student  will  be  the  better 
INTcpared  to  decide  on  the  comparative  vahie  of  the  science  here 
recommended. 

Philosophy^  or  the  knowledge  of  men  and  things,  is  the  end 
to  which  learning  aspires.  The  Mathematics  (considered  with 
regard  to  its  practical  application)  is  nearly  the  same  to  natural 
philosophy  and  the  arts,  as  grammar  is  to  language.  Neither 
Mathematics  nor  grammar  can  teach  its  own  use,  nor  be  of  any 
service  except  as  introductory  to  subjects  altogether  distinct 
from,  and  superior  to  them. 

Wisdom  is  the  right  use  of  knowledge,  and  ensures  to  us  the 
attainment  of  the  chief  good;  without  wisdom  all  our  proB- 
ciency  in  knowledge,  as  i^r  as  it  concerns  ourselves,  will  ulti- 
mately be  of  no  advantage.  Wisdom  includes  knowledge  and 
rectitude  of  mind  5  knowledge  is  obtained  by  learning,  especially 
by  the  mathematical  sciences,  which  strengthen  the  mind,  im- 
prove its  faculties,  and  enlarge  its  powers  in  a  wonderful  man- 
ner; but  rectitude  of  mind,  viithout  which  knowledge  is  useles^ 
or  pernicious,  is  not  to  be  attained  by  science,  or  by  any  me- 
thods except  those  which  the  Holy  Scnptures  prescribe;  this 
done  is  calculated  fbr  the  double  purpose  of  stamping  a  just 
value  on  learning,  and  securing  our  eternal  interests.  Compare 
^e  longest  life  with  eternity,  and  it  will  be  found  less  than  a 
drop  of  water  when  compared  with  the  ocean :  this  should  teach 
us  in  what  proportion  our  anxiety  for  the  present  and  the  future 
bught  to  be  regulated.  But  there  js  a  happy  art  by  which  the 
ititereatdof  tiftie  and  eternity  may  be  both  efficaciously  pursued 
together,  v^rithout  obstructing  each  other.  Let  this  be  the  stu- 
dent's chief  aim,*  that,  like  a  truly  Christian  Philosopher,  he  may 
<*  so  pass  through  things  temporal,  as  finally  to  lose  not  the 
things  eternal" 

There  is  one  more  particular  on  which  (as  an  instructor  of 
yotlfh^  and  feeling  that  I  am  accountable  fbr  the  advice  I  give  to 
a  tribunal  from  whence  there  is  no  appeal)  it  is  my  duty  to  offer 
a  few  words.  We  highly  value  those  by  whose  labours,  inventions, 
or  improv^meats  ii>  any  vs^^ful  branch  of  knowledge,  have  been 

c  2 
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made,  and  we  hoROor  their  memory:  all  this  is  pertetly  rigbtf  • 
they  are  benefacCora  to  mankind,  and  as  such  are  entitled  to  oor 
esteem  and  gratitude :  but  our  applause  ought  by  no  meana  to* 
exceed  its  just  bounds  -,  let  it  be  always  remembered  that  600 
is  the  only  source  of  light,  knowledge,  wisdom,  and  power; — 
*'  the  authcMT  and  giver  of  every  good  and  perfect  gift  $'* — ^the 
GREAT  FIRST  CAUSE  of  whatcver  is  calculated  to  promote  the 
comfort  and  happiness  of  roan.  When  any  discovery  is  made, 
let  it  be  remembered,  that  it  is  his  good  Providence  which  by 
latent  means  brings  about  the  concurrence  of  events  by  which 
it  is  effizcted,  and  therefore  to  him  we  ought  to  consecrate  not 
only  our  first,  but  a  lasting  tribute  of  praise.  But  man,  who 
is  merely  the  instrument,  acting  by  means  of  powers  with 
which  (independent  of  his  own  consent  or  agency)  he  has  beea 
previously  endued,  does  not  scruple  to  give  and  receive  that 
honour  which  is  due  only  to  the  Creator. 

■ — — —  ••  Men  homage  pay  to  Men, 
**  Thoughtless  beneath  whose  dreadful  eye  they  bow." 

Therefore,  while  we  erect  magnificent  statues  to  record  the 
worth  of  philosophers,  statesmen^  and  heroes,  whose  lives  have 
been  devoted  to  the  service  of  mankind,  and  whose  actions 
claim  our  admiration  and  gratitude  -,  let  us  not  be  forgetful  of 
Him,  from  whom  they  derived  wisdom  to  plan>  and  strength  to. 
execute 3  of  Him  in  whom  we  all  ''live,  move^  and  have  our 
being :'*  who  has  repeatedly  declared  himself  to  be  ''a  jealous 
God,*'  that  ''  he  will  not  res^n  his  honour  to  another,"  and 
that  **  those  who  honour  him  he  will  honour;  but  those  who 
despise  him  shall  be  lightly  esteemed." 

But >  notwithstanding  these  awful  sanctions,  there  are. to  be 
found  some  who  boldly  attempt  to  exclude  tub  Almighty  from 
his  own  creation,  and  others^  still  more  impiously  daring,  wh^o 
pretend  to  prove  by  arguments  drawn  from  the  sciences,  which 
they  pervert  and  misapjdy,  that  there  is  no   such  -  Being  >.. 

1  Of  the  former  kind  may  be  redconed  those  who  deny  the  existence  of  a 
saperintendioi^  and  particular  Prorid^ignce ;  they  pretend  that  the  great- 
Creator  having  made  and  fomished  the  world,  put  it  in  motion,  and  impQsed 
on  U  certain  laws,  has  left  it  entirely  to  its  own  care  and  manfgement.  To  tbi& 
clats  belong  all  the  numerous  worshippers  of  nature  instead  of  Nature's  God,' 
and  those  who  ascribe  all  events  to  fortune,  luck,  or  chance ^  three  imaginary 
agents  which  have  been  aptly  called  the  FooVa  Trinity.  Of  the  latter  kind' 
the  rtffiaed  philosophy  of  modern  times  has  produced  mnititudes.  Berkeley  and 
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Against  these  merciless  sophists^  who  (while  they  attempt 
to  deprive  even  the  wretched  of  his  only  consolation,  Hope) 
call  themselves  philanthropists^  it  is  the  duty  of  every  friend 
of  religion^  virtue^  science,  ^nd  mankind,  to  make  a  resolute 
stand.  Those  especially,  to  whom  the  sacred  charge  of  educa- 
tion is  entrusted,  should  be  careful  to  guard  the  tender  minds  of 
their  pupils  against  the  dangerous  tenets  of  such  infidel  writers, 
by  embracing  fit  opportunities  of  exposing  the  fallacy,  inconsist- 
ency, and  evil  tendency  of  their  arguments  -,  by  pointing  out 
the  nature,  object,  and  limits  of  demonstration,  and  of  moral 
evidence  ^  shewing  how  these  differ,  and  instancing  proper  cases 

Hume  (the  former  in  his  PrincijtJea  of  Human  Knowledge^  aod  Dialogue* 

between  Hylas  and  PhUonotts ;  and  the  latter  in  A  Treatise  on  Human  Nature 

and  hrs  J£ssayi)  bav«  attempted  to  prove,  that  we  cannot  be  certain  of  oar 

own  existence,  or  that  -any  thing  exists,  &c.   Now  the  obvious  inferences  which 

follow  frem  this  and  other  articles  of  their  creed  (which  we  cannot  here  eno* 

merate)  ax«  sueb  as  are  destructive  of  all  distinction  between  virtue  and  vice^ 

and  lead  directly  to  atheism.     Some  of  the  inferences  which  Hume  has  drawn 

from  his  own  sceptical  theory,  are  of  so  blasphemous  a  tendency,  that  Dr. 

Beattie  (bis  great  castigator)  refuses  to  commit  them  to  paper.     Gibbon  is  a 

most 'dangerous  writer  on  the  side  of  infidelity;   under  a  shew  of  great  can- 

donr  and  acquiescence,  the  attentive  reader  may  perceive,  that  he  is  always 

aiming  a  mortal  stab  at  Revelation.    Of  Voltaire  it  has  been  truly  said,  that 

he  <<  built  God  a  church,  and  laughed  bis  word  to  scorn."    Had  this  elegant 

writer  been  content  to  employ  his  satirical  talents  in  exposing  the  knavery  of 

quacks  and  pretenders  of  every  description,  without  attempting  to  undc^pioe 

and  subvert  those  principles  on  which  alone  mankind's  best  hopes  are  founded, 

every  honest  man  would  have  been  obliged  to  him.    D*Alembert,  Diderot, 

Cendorcet,  Lk  Place,  Robinet,  and  others  of  the  compilers  of  the  French 

Encyclopedia  have  done  their  utmost  to  make  that  extensive  work  a  Chicle 

for  disseminating  the  poistfn  of  infidelity.     Of  Hftlley,  Robins,  Thomas  Paine, 

Godwin,  Darwin,  Walcot,  and  the  writers  of  some  of  our  magazines  and 

reviews  I  shall  say  nothing ;  it  will  be  necessary  merely  to  inform  my  youthful 

readers,  that  every  cavil  which  these  or  others  have  started  agunst  the  truths 

of  Christianity,  has  iflen  refuted  over  and  over  again  ;   but  notwithstanding 

this,  they,  or  their  disciples,  are  daring  enough  still  to  persist,  and  to  call  on 

the  world  to  admire  their  sagacity  «nd  penetration ;  aad  for  what  ?  for  reviving 

old  and  worn  out  (juiblfles,  which  have  been  Mtisiiietertlx  antwetvd  a  thovnand 

years  ago  I 

Should  any  apology  be  required  for  introducing  this  subject  here,  I  have  only 
to  say,  that  I'^have  scrupulously  copied  the  practice  of  these  men ;  they  have 
instilled  the  principles  of  infidelity  and  atheism  by  means  of  their  books  on 
science ;  and  1  endeavour  to  oppose  them,  only  by  declaring  what  I  firmly 
believe  to  be  true,  and  beneficial  to  society,  in  mine. 
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to  which  they  severally  apply :  and,  lastly,  by  constantly  relBiTiiig 
the  whole,  and  every  part  of  knowledge,  back  to  its  divine  origi* 
nal.  This  the  iilostrious  Newton,  with  a  modesty  sot  less  con* 
spicuous  than  his  great  talents,  fclt  a  pleasure  in  doing:  the 
same  has  been  the  practice  of  Bacon,  Boyle,  Nieuwentyt,  Bay, 
Derham,  Watts,  Jones,  R\]and«  Adams,  and  others:  ia  tins 
respect,  the  labours  of  these  great  men  confer  an  honour  on  the 
sciences,  and  a  lasting  obligation  on  mankind. 

On  the  Rise  and  Progress  of  the  Mathematics. 

The  labours  of  the .  early  inhabitants  of  the  world»  were 
directed  solely  to  the  supply  of  their  immediate  wants.  Ne- 
cessity, the  fruitful  parent  of  invention,  exited  all  their  still  and 
address,  to  procure  the  means  of  sustenance  and  defence.  These 
first  efforts,  rude  as  they  were,  and  unpromising  as  they  would 
now  appear,  rank  as  the  lowest  step  in  the  progressive  scale  of 
knowledge ;  by  means  of  a  series  of  accumulated  improvements 
which  have  successively  taken  place  during  the  space  of  nearly 
$ix  thousand  years,  they  have  at  length  grown  into  that  almost 
endless  variety  of  usefil  results,  which  supply  the  necessities,  the 
conveniences,  and  the  luxuries  of  the  present  age. 

The  subjects  of  human  knowledge,  as  fitr  as  relate  to  its 
inquiries,  are  either  theoretical  or  practical ;  the  former  is  called 
SCIENCE,  the  latter  art;  and  since  practice  must  have  been 
£St  Alished  long  before  theory  could  be  formed,  it  plainly  follows 
that  every  science. must  have  been  an  art  at  first  j  and  since 
the  observation  and  comparison  of  a  great  number  of  &ct8  are 
necessary  to  constitute  a  theory,  it  is  evident,  that  some  ages 
must  have  elapsed  before  any  thing  like  science  could  have  been 
formed,  and  it  must  have  been  still  later  before  sufficient  leisure, 
information,  and  inclination  would  concur,  to  induce  any  person 
to  commit  these  facts,  comparisons,  and  obsevations  to  writing. 

It  might  be  expected,  in  an  inquisitive  and  learned  age  like 
the  present,  that  to  trace  the  arts  and  sciences  back  to  their 
origin,  woald  be  no  very  difficult  task :  but  this  is  not  the  case ; 
whoever  undertakes  to  examine  the  history  of  former  times  with 
this  view,  will  find  himself  grievously  disappointed  :  he  will  find 
that  whilst  the  freaks  of  tyrants,  which  have  desolated  the  earth, 
are  recorded  with  disgusting  minuteness,  the  progress  of  the 
human  mind,  in  quest  of  knowledge  beneficial  to  mankind,  is 
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|t]m$9t  tot«l^  n«gt«cted.  Scareely  any  particulars  coanecled 
with  early  researches  of  this  kind  have  been  noticed  by  hato* 
rians ;.  aod  of  the  few  ^ts  whieh  have  been  casually  trans- 
nutted  to  ua,  the  accounts  are  so  involved  in  obscurity  and 
contradii^tion,  that  very  little  dependence  can  be  placed  on 
them «.  In  what  follows  therefore^  we  shall  merely  notice  the 
countries  where  the  Mathematics  are  reported  to  have  been  first 
cultivated,  and  the  principal  nations  and  individuals,  by  which 
they  have  been  successively  improved,  and  at  length  transmitted 
down  to  us. 

It  b  is  g|in(srally  believed  that  the  mathematical  sciences  were 
first  cultivated  by  the  Assyrians  and  Chaldeans,  the  two  most 
ancient  nations  on  ricord,  at  an  early  period  after  the  flood  ". 
Of  the  nature  and  extent  of  these  sciences,  as  they  then  stood, 
we  are  not  informed  -,  but  it  is  generally  believed  that  these 
^ncient  people  were  accustomed  to  make  celestial  observations 
in  order  to  understand  the  seasons,  and  for  the  purposes  of 
astrology,  a  falkusious  art  for  which  they  appear  to  have  been 
early  distinguished.  We  likewise  gather  from  circumstances, 
that  Numbering,  Measuring,  practical  Mechanics^  and  Building, 
were  arts  with  which  they  were  not  unacquainted.  From 
Chaldea  the  science  was  transmitted  to  other  neighbouring 
countries,  among  which  £gypt  is  celebrated  as  being  for  a  long 
time  the  seat>  and  chief  source  of  learning.  The  Egyptian 
priests,  *'  directed  by  the  laws  of  their  Institution  to  study  and 
collect  the  secrets  of  nature,  were  become  the  depositaries  of  all 
human  knowledge;"  they  were  consulted  on  every  difficult  sub- 
ject^ not  only  by  their  own  unlearned  countrymen,  but  the  most 

»  Vt,  Robfsvtsw* 

V  Wit)i  tbe  9t»te  of  kaowiedge  amoog  the  aDtfidUaviaiu  we  are  almogt  ea» 
tirely  uoacquainted*  **  Tabid  Caio  was  an  iostmctor  of  eTery  artificer  in 
brass  and  iron,"  and  Jubai  "  was  tbe  father  of  all  such  as  handle  the  harp  and 
organ:'*  this  is,  I  believe,  all  that  Moses  says  on  the  subject.  Josephns 
affirms,  that  the  sons  of  Seth  were  astronomers.  Indeed  we  have  reason  to  con* 
cltide  frov  the  great  length  of  hnmaa  lUe^  and  the  conseqneat  exccssWe  popu- 
liMtion  of^tb^  world  belbre  tbe  flood,  that  arts  and  sciences  m^^t  have  been 
cultivated  by  tbeni  tq  4  considerable  extent.  Probably  Noah's  sons  possessed 
all  the  learning  of  that  period  :  if  so,  it  will  help  to  account  lor  the  skill  in 
Architecture,  Astronomy*  &c.  which  we  find  displayed  within  abont  a  century 
^fter  the  flood* 
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renowned  pfailosopliers  of  all  the  neiglibouring  parts  iocked  to 
them  for  instruction  *.      •    . 

The  Phenidans  were  a  trading  sad  flonriihing  people  as 
early  as  A.  C.  1500,  they  excelled  in  learning  and  oianufeelures^ 
and .  to  them  have  been  attributed  the  invaation  of  letlen  ^ 
arithmetic^  commerce^  and  navigation  \ 

0  According  to  the  president  Goguet,  Egypt  has  the  boaourof  being  the  flrit 
nation  whicli  established  a  public  Library ;  this  was  contained  in  one  of  th« 
buildings  forming  a  part  of  the  magnificent  tomb  of  their  king  OsymandyaSj 
who  lived  about  the  time  of  the  Trojan  war,  A.  C.  1200 ;  over  the  door  of  this 
iibmry  waa  written,  "Ur^tfy  ^*>X^9  The  *iep  for  ike  PAyne  nf  the  Soitl*  See 
the  Origine$  Sasrtp,  by  Stillii^fleet,  vol.  1 .  p.  6&.  Tb«  levncdl  and  imlMtfioae 
Sir  Walter  Ralegh  has,  from  the  writings  of  Didttortos,  DtogeoM  lAeitias» 
lamblicus,  Philo  Judseus,  Easebius,  &c«  collected  a  summary  of  the  Egyptian 
learning,  as  it  was  in  the  days  of  Moses  ;  but  he  does  not  pretend  to  answer  fot 
its  correctness  :  **  It  was  divided,"  says  he, "  into  four  parts,  vis.  Mathematical!, 
Natorall,  IKvine,  and  MrfraK.  In  the  matbematicall  part,wbic]i  is  distinguisbt 
into  Geometrie,  Astronomie,  Arithmeticky,  and  Mnai^,  the  aaciMt  IgyyHMM 
ejcceea  all  others."     HtHorit  tf  the  JfTorfd,  Pmrt  1 .  B.  t.  Ch.  6.     . 

p  Lucan  thus  expresses  the  correntopinion  on  Uiis  snlQect : 
Phoenices  primi  (Fam«e  si  creditur]  ausi 
Mansuram  rudibus  vocem  signare  figuris.     . 
The  Phenician  alphabet,  consisting  of  sixteen  letters,  was  carried  to  Greece  by 
Cadmus,  A.  C.  1498 ;  to  these  eight  were  afterwards  added,  viz.  fbnr  byp&lame<i 
4t$,  A..C.  1 190,  and  tbe  remaisiDg  four  by  Si»oaide»,  A.  C.  640.    Tb«  inven* 
tion  oi  writtnig  i^  likewise  ascribed  (by  a  writer  wiioin  Way  tiaa  SMflHoDsi)  to 
Memnon,  an  i&thiopUn  king,  who  flourisbcd  dyripg  the  Tr(^ail«i|pmr. 

1  According  to  the  following  verse  of  TibuUus, 

Prima  rateni  ventis  credere  docta  Tyros. 
'  The  Phenicians  passed  tbe  Strait  of  Gibraltar  as  eairly  as  A.  C.  1250 ;  and 
(as  Boehart  supposes)  discovered  tbe  CoMiterides,  or  Scilly  islands,  A.  C  904. 
According  to  Herodotus  (lib.  4.)  tbey  were  tbe  first  who  sailed  ronnd  Africa  ; 
for  this  purpose  they  were  furnished  with  ships  by  Necbas,  Kiag  of  Sgf^U 
Sailing  from  tbe  Red  Sea  westward,  they  donbled  tbe  Cape  of  GMri  Hope,  4nd 
after  three  years  spent  on  the  voyage,  continued  tbeir  wwte  to  Egypt. 
Three  other  attempts  of  the  same  kind  were  made,  as  we  are  informed,  by 
the  ancients,  but  only  one  of  these  succeeded.  Jf  the  tradition  respecting' 
these  voyages  was  known  in  Europe,  it  does  not  seem  to  have  obtiiined  much 
credit  j  for  we  find,  that  as  late  as  tbe  fifteenth' century,  the  passage  round  the 
south  of  Africa  was  deemed  impossible,  and  therefore  never  attempted. '  The 
success  of  .Vasco  da  Gama,  who  in  1497  doubled  the  Cape  of  Good  Hope,  was 
beard  of,  throughout  Europe,  with  tbe  utmost  astonishment. 

The  Phenicians  were  almost  the  only  people  among  whom  we  find  any  ver^ 
early  traces  of  a  system  of  Philosophy.     Palestine  contained  public  schools  for 
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'  IMes  and  other  Grecian  philosophers  traTeUed  through  the 
-eastern  countries  in  quest  of  knowledge,  to  civilize  and  enrich 
their  own :  E-jypt  appears  to  have  been  their  principal  resource  $ 
liroiQ  that  country  they  carried  the  knowledge  of  the  sciences 
into  Greece  about  A.  C.  600.  Bot^  however  highly  the  learning 
of  the. Egyptian  priests  may  be  esteemed,  it  does  not  appear 
that  the  Mathematics  merited  the  honourable  name  of  a  science^ 
until  some  time  af^er  it  had  passed  firom  them  to  the  Greeks ; 
in  the  hands  of  this  diligent  and  in^^nioufr  people,  a  few  de- 
tached principles,  theories,  and  observatktts,  were  digested  into 
form  and  consistenee,  and  soon  began  to  assume  the  appearance 
of  symmetry  and  beauty:  we  may  therefore  consider  the  Greeks 
as  the  inventors  of  science ;  for,  if  it  be  affirmed  that  they  re- 
ceived the  principles  and  materials  from  other  countries,  it  must 
likewise  be  gitinted  that  these  were  altogether  rude  and  indi- 
gested, with  scarcely  any  trait  that  could  entitle  them  to  the 
appellation  of  science. 

Among  the  earliest  of  the  Greeks  who  af^Hed  to  this  subject 
were  Thales,  l^thagoras,  Cledi^tratus,  Anaximander,  (Enopides^ 
Anaxag;oras3uetemon,Meton,Zenodorus,  Hippocrates,  Flato^&c. 
and  the  branches  diiefly  cultivated  by  these  were  Geometiy^ 
Astronomy,  and  Arithmetic.  The  school  of  Plato  fvoduced 
many  excellent  mathematicians,  of  whom  Leodamus  improved 
the  anafysis  of  his  mastdr^  Thentetus  wrote  Elements,  and  Ar- 
chytas  first  applied  Mathematics  to  practical  uses.  Eudoxus, 
aeeofiding  to  some,  was  the  first  founds  of  a  regular  ^stem  of 
Astronomy.  Aristotle's  works  abound  with  Mathematics ;  and 
Theophrastus  comfiosed  a  mathematical  history. 

l%e  building  of  Alexandria  in  Egypt  by  Alexander  the  Great, 
A.C.  S3!2.  forms  an  important  epoch  in  mathematical  history. 
This  magnificent  city,  siiottly  after  the  death  of  Its  founder, 
hecame  celebrated  for  its  commerce,  and  still  more  so  as  the 
seat  of  learning.  Ptolemy  Lagus,  the  immediate  successor  of 
Alexander  over  Egypt,  established  here  the  famous  Museum, 
consisting  of  a  society  of  le&rned  men,  maintained  et  the  public 
expense,  and  employed  in  the  advancement  of  philosophy,  sci- 
ence, and  the  liberal  arts :  he  founded,  besides,  a  magnificent 

teaching  the  scieoces  Riijatfa  Sepher,  mentioned  by  Joshua,  Chap.  xr.  v.  16, 
A.  C.  1444,  denotes  the  CitjfofBodU  cr  Lttters;  which  name  seems  to  signify, 
that  the  city  contained  a  great  number  of  learned  men.    . 
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library,  whicb  bk  mpetman  trnkmnd  wink  wttmMfitMmtkms 
of  bookss  amountiag  in  the  whole  to  700^000  Yobmam,  and  like* 
wise  with  matbematiciU  and  aalJotinmki»l  iiMtrumaili  el  evecy 
deflcriptioa  then  known.  Here  were  teboob  of  AatraoMDjr* 
Phyaic  Tbeolqgy,  &c.  Here  were  ooiHUntl)r  ■JUtnihled  kttiwd 
men  and  studenU  firom  ev^y  quarter,  wIk>  met  with  great 
encouragemeol:  j  and  in  dislant  cponuiea*  it  was  c«miidered  as  a 
high  reoQi9meqdation  tp  have  stiiditd  at  Alexandria.  It  is 
scarcely  necessary  to  obsenre*  tfabt  favoured  by  sudi  an  iaatitution 
the  Mathematics  was  enhivatad  with  axdour,  and  flounskfd  in  an 
nncpmmon  degree.  Amo^g  the  numeioiis  fdukisophea  hu'* 
pished  by  ti^ese  schools  Euclid  must  not  be  oattlted,  A.C.  9W| 
he  wrpta  the  fiteaaents  of  Geometry  now  in  use,  to  iriiieh 
Aristeus^  Isidorus.  and  Hypsicles  added  the  books  on  Soiida. 
Philolaus  asserted  the  annual  motion  of  the  earth  about  the 
sun  y  and  Hicetas  of  Syracuse  taugbt  that  the  earth  has  like- 
wise a  diurnal  motion  about  her  own  axis.  Affohimedea  was  an 
excellent  Geometer,  and  the  iorentinr  of  various  maehinns  for 
raising  water,  lifiling  heavy  bodies,  hurling  stones,  darts,  &e. 
ApoUoaius  P^gssus  has  left  us  a  masterpiece  on  the  Conic 
Sections;  Sosigenes  instituted  the  Julian  year;  Hiiqparchiis 
wrote  on  the  Chords  of  Arcs;  Theodoauis  on  Sphecics;  and 
Vitruvius  on  Archjtediire '. 

In  the  first  century  after  Christ  lived  Mcnefauis;  he  wrote  on 
chords  and  spherical  triangles.  Ptolenqr,  who  died  A.  IX  14f  , 
has  left  us  an  entire  summary  of  ancient  Geography  and  Aatn>* 
liomy ;  the  latter  in  a  work  entitled  Mfy<A«  SMrr«(if,  the  grmt 
system:  in  which  he  asserts  that  the  earth  is  the  ocntre  of  the 
universe,  an  hypoUiesis  since  distinguished  by  the  name  of 
Tub  Ptolemaic  System.  Nicomachus  is  celebrated  for  his 
arithmetical,  geometrical,  and  musical  works;  Theon  for  his 
commentaries  on  ancient  geometricians;  and  Proclus  for  his 
commentaries  on  J&uclid.    Serenus  wrote  on  the  section  of  the 

'  The  learned  and  eccentric  Cardan  ranks  VitruTius  among  the  twelve  persons 
whum  he  supposes  to  have  excelled  all  others  in  force  of  genius  and  invention ; 
and  he  thinks  Vitruvius  would  have  been  deserving  of  the  first  place^  if  it  could 
be  certain  that  he  delivered  nothing  but  his  own  discoveries,  lliese  twelve  per- 
sons were  Euclid,  Archimedes,  ApoUonius  Pergseus,  Aristotle,  Ar  bytas,  Vitra^ 
vius,  Alkindus,  Mahomed  £bn  Mosa,  Duns  Scotus,  Suisset,  Galen,  and  Heber 
of  Spain. 
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€yliiider$  Ctenliiitf  said  Hero  invented  pamps^  syphons^  and 
fountains  -,  Faf^is  has  left  us  six  books  of  mathematical  colleo« 
tions ;  we  have  commentai^ea  on  Archimedes  and  ApoUonim  by 
Eutaefois,  the  fmnd  and  disciple  of  Isidore^  a  learned  architect, 
who  bnilt  the  ehureh  of  St.  Sophia  at  Constantinople ;  and 
Diophantus  was  the  only  Greek  author  who  has  left  ns  any  work 
on  Algebra  :  bat  when  he  lived  is  uncertain. 

Af^er  the  division  of  the  Roman  Bmpire,  A.  D.  864,  the 
eastern  portion  became  the  retreat  of  the  sciences.  But  here, 
in  consequence  of  the  perpetual  concision  arising  from  the  rapid 
progress  of  vice  and  profligacy,  they  were  but  feebly  supported, 
and  at  length  almost  wholly  confined  to  the  museum  and 
schools  of  Alexandria.  Hiere  the  sdenoes,  although  in  a  manner 
unprotected,  still  continued  to  flourish,  until  that  city  fell  a  prey 
to  the  victorious  arms  of  the  Arabs.  In  the  year  649  Alexandria 
was  taken,  and  nearly  all  the  documents  of  science  which  the 
woi^  had  ever  possessed,  perished  with  its  &11.  The  schools 
were  deserted,  the  philosophers  dispersed,  and  the  numerous 
volumes,  which  the  munificence  and  karning  of  the  Ptolemies 
had  accomulatedi  were  consigned  to  the  flames ';  a  few  only 
were  spared,  not  from  any  regard  to  their  inherent  worth,  but 
for  the  beauty  and  elegance  of  their  execution,  which  tempted  • 
the  avarice  of  their  fierce  and  barftarous  possessors.    - 

Historians  are  at  a  loss  for  language  to  express  their  horror 
at  thfs  sad  catastrophe ;  but  dreadfUl  as  it  was,  like  every  other 

■  The  city  wa«  4aken  by  the  Arabs  ^n  Friday,  in  the  begtnnin^  of  the  month 
Al  MoliarreBi,  and  the  twentieth  year  of  the  HeH>^;  A^cr  they  had  besieged 
it  fonrteeq  inoi|tl)8|  apd  los^  before  it  9S00O  meo. 

Some  time  after  the  sarrepder,  John  the  grammarian,  a  learned  man  ttf 
Alexandria,  iiaving  found  means  to  ingratiate  himself  with  the  Arabian  Gene- 
ral Amru  Ebn  Al  As»  begged,  that  as  the  books  of  the  library  were  of  no  use 
totbe  Arabs, he  might  be  permitted  to  have  them.  To  this  request  the  general 
replied,  that  as  he  had  not  the  power  to  give  them,  he  woald  immediately  write 
ib  the  Kalif  Omar,  his  prince,  to  know  bi»  pleasure.  He  wrote,  and  received 
jEor  answer,  "  Jf  the  books  you  speak  of  are  in  all  respects  agreeable  to  the 
Koran,  tkat  is  perfect  without  them,  and  there  is  no  occasion  for  th«m  :  but  if 
they  are  contrary  to  the  Koran,  they  ought  to  be  destroyed;  therefore  let  theio 
be  burned."  Omar's  cruel  mandate  was  unfortunately  obeyed  with  too  scrupu- 
lotfs  a  punctuality  ;  and  the  numerous  volumes  supplied  fuel  during  the  space 
of  jiix  months  for  4060  liaths,  which  contributed  to  the  health  and  convenience 
mi  that  fiunotis  city. 


xxxviii  ON  THE  MATHEIfATIGS. 


aflBJictke  event,  even  thu  wm  not  wtthoot  ito  bepglkiid  eoose^ 
quenoes ;  for  the  dispenion  of  the  leanwd  obliged  many  of 
them  to  seek  an  a83iuni  in  the  tcrritonei  of  their -compieraiB; 
who  by  degrees,  and  notwithstanding  the  prolubitory  daoKS 
in  the  Koran,  acquired,  by  means  of  nnatoidrfJe  intereoiuee, 
a  taste  for  those  seknoes  whieh  but  a  §ew  yean  before 
they  had  used  all  their  endeavoun  to  prascr9>e.  The  reader 
who  knows  how  to  set  a  just  vahie  on  knowledge,  need  not 
be  reminded,  that  a  tribote  of  unfeigned  gratitude  is  due  to 
Ajluigbty  Pbovidbncb  for  an  event  equally  unexpected,  as  it 
las  been  happy  in  its  consequences  to  us;  an  event  whevsby  use- 
ful learning  was  wondeifolly  (not  to  say  nriracnkNBly)  preserved, 
and  at  length  transmitted,  not  without  improveaientB,  to  the 
barbarous  nations  of  Europe. 

Under  the  reign  of  the  Kalif  Abu  Gaifer  Afanansor,  wludi 
b^ian  A.D.  754,  the  sdenees  had  taken  root,  and  began  to  flou- 
rish ',  they  were  zealously  patronized  by  his  grandson  Hamn  Al 
Raschid,  who  himself  was  well  skilled  in  Astronomy  and  Me- 
chanics. No  fewer  than  eleven  Kalifr  of  the  fionily  of  Al  Abbas 
are  mentioned  as  cultivators  or  patrons  of  seienee^  but  not  OMe 
of  all  the  Arabian  princes  cultivated  the  sciences  with  so  modi 
ardour  and  success  as  Al  Biamon,  who  ascended  the  Moslan 
throne  A.  D.  813.  The  virtud  and  attainments  of  this  excellent 
prince,  and  his  zeal  in  the  pursuit*  enooungement,  and  division 
of  knowledge,  would  have  done  honour  to  a  more  enlightened 
age  and  nation.  On  the  revival  of  learning  amoi^  the  Arabs, 
their  6nt  care  was  to  procure  the  woricsof  thebestGreek  writen 
on  Arithmetic,  Geometiy,  Trigonometry,  Mechanics,  Natural 
Philosophy,  and  particularly  Astronomy  5  they  translated  into  the 
Arabian  language,  Euclid's  Elements,  Archimedes  on  the  Sphere 
and  Cylinder,  with  other  parts  of  his  works,  the  Trigonometry 
of  Menelaus,  the  Conies  of  Apollonius,  Pt<demy*s  Almi^pest^ 
Aristotle's  Analytics,  &c.  and  enriched  their  translations  with  vari- 
ous observations^  commentaries,  and  improvements.  The  principal 
Arabian  astronomers  and  mathematicians  of  this  era  were  A)^- 
dus,  Habesh  al  Merwazi  of  Baghdad,  £bn  Musa  al  Eowarazmi, 
£bn  Sabel,  Ebn  Batrick,  Alfragan  surnamed  the  Calculator,  Ebm 
Thebit,  Musa  Ebn  Shaker,  Abu  Gai&r  Ebn  Musa,  Achmed  Eba 
Musa,  Al  Hazen,  Albategnius,  surnamed  the  Aroinan  Ptolemy, 
Honain  Ebn  Al  Ebadi,  Ishak  Ebn  Honun,  &c. :  by  the  hiboura 
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of  these  and  many  others,  the  scieiiees,  which  had  been  in  a 
manner  lost,  were  recovered,  improved,  and  preserved;  and 
from  their  country  at  length  transmitted  into  the  western  na- 
tions of  Europe  \  The  means  by  which  the  latter  was  effected 
arose  principally  from  the  inroads  and  final  settlement  of  the 
Moors  or  Saracen^  in  Spain,  A.D.  713,  into  which  country 
they  carried  the  sciences ;  and  the  necessary  intercourse  between 
them  and  the  natives,  and  the  occasional  visits  of  inquisitive 
foreigners  tei*minated  in  the  gradual  diffusion  of  mathematical 
learning  through  the  neighbouring  countries.  From  the  Afabs 
the  Europeans  received  translations  of  several  Oreek  trtetises 
on  the  sciences,  before  it  was  known  here  that  the  originals  were 
in  existence.  Euclid's  Elements  were  first  translated  from  the  Ara- 
bic into  lAtin,  at  a  time  when  no  Greek  copy  was  to  be  found  ". 
The  Earopeans  manifested,  at  first,  considerable  aversion  to 
the  sciences  ';  but  by  the  labours  and  address  of  a  few  learned 

*  The  diffasioo  of  science  is  to  be  ascribed  partly  to  the  Jewish  people,  whosa 
extensive  commerce  with  almost  every  part  of  the  world  was  fiivoorable  to  this 
parposc.  Historians  mention  the  names  of  several  leamed  men  of  the  Hebrew 
nation,  among  whom  are  Rabba  Jndab,  banc  Ebn  Bamcb,  who  read  lectures 
on  the  Mathematics ;  Beren  Al  Pherec,  Rabbi  Abi,  Jodah  de  Toledo,  Ebn 
Ragel ;  Al<inibats  de  Toledo,  Ebn  Masio,  Mahommed  de  SaveUia,  Joseph  Ebn 
Hall,  and  Jacob  Abvena,  were  skilful  astronomers :  Ebn  Eara  was  one  of  the 
most  learned  men  of  the  age,  (A.  D.  1170;)  he  excelled  as  an  astronomer, 
philosopher,  physician,  poet,  and  critic,  and  wrote  on  Geometry,  Algebra, 
Arithmetic^  Logicj  Astronomy,  Astrology,  &c.  In  every -cdnntry  where  learning 
waa  beginning  to  be  cultivated,  the  Jews  seem  to  have  been  aoMHig  ththlknt  af 
thoee  who  ware  employed  as  teaehen,  espaeiallf '  in  Britain ;  probably  tbsy  ware 
the  «|nly.  persons  at  all  qualified  to  undertake  the  ardaons  and  (at  tiiat  time) 
nntbankfnl  employment.    See  J}r,  Henry'*  Hittory  of  Briimnf  vol,  iv.  p.  1 6S. 

■  It  is  stated  in  some  of  our  public  prints,  that  Dorville  (on  Chariton, 
p.  49,  50)  says  he  was  in  possession  of  the  works  of  Enelid  in  manuscript, 
dated  A.  D.  995,  which  manuscript  is  now  lost :  the  oldest  manQfCript  at  pre- 
sent ezUurt  is  part  of  the  works  of  Plato,  dated  A.  D.  99^. 

."  It  is. said  that  learning,  such  as  it  was,  aonrished  in  Britain  from  tha  end 
af  the  first  century  after  Chriit  to  the  middle  of  the  fourth,  when  it  b^gan  to 
decline.  During  the  sixth  century,  this  island  was  a  continued  scene  of  war, 
confusion,  and  misery ;  very  few  paid  any  attention  to  learning,  and  they  were 
despised  and  insnlt^  on  account  of  it.  Books  were  so  extremely  scarce,  that 
none  but  kings,  bishops,  and  abbots,  conM  afibrd  to  purchase  them :  King 
Alfwd,  in^  490,  gave  bright  hides  of  land  to  Benedict  Biioop,  Abbot  of  Were- 
nanth,  for  one  skvgla  vKdaqne  of  eoamegmpby.'  There  were  no  soboots  at  this 
period,  except  in  kings'  palaces,  bisbapt'  maU,  or  monHteriei  $  hence  the  little 
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penons  in  Italy>  GemiMiy*  France,  and  Engluid,  luimMgt 
began  to  iiuike  a  perceptible  prqgrew.  Pope  Sylvealer  11.  ac- 
quired Arithmetic  firooi  tbe  Araba,  A.  D.  9W  $  AlphonsiM  11. 
King  of  Castiki  founded  a  (kdJ^ge  fior  the  advancement  of  Aa- 
tronomy,  and  placed  it  under  the  directioo  of  aome  learned 
Araba;  Leonard  de  Pisa  vnm  skilled  in  Algebra*  according  to 
M.Cowali,  as  earij  as  1202  ^  Jordanus  Nemofarius  wrote  on 
Arithmetic, .  Geometry,  and  the  PlaniH>here,  A.  D.  1S30 ;  and 
about  the  same  time  Johannes  de  Sacro-bosoo,  an  Englishmao, 
was  professor  of  Mathematics  at  Paris,  and  wrote  on  Anthmetic, 
the  Sphere,  the  Calendar,  and  the  Astrolabe.  Twenty  years 
after  Campanus  de  Novara  wrote  on  the  Sphere,  Theories  o£ 
the  Planets,  &c.  and  translated  Euclid's  Elements  -,  and  Gerard 
of  Cremona  translated  the  works  of  Aristotle,  tbe  Almagest  of 
Ptokmy,  with  Geber's  Commentary,  Alhazen*s  Treatise  on  Twi- 

leamio^  then  ia  T€goe  was  necessarilj  coofined  to  princes,  priests,  and  a  few  of 
tbe  chief  nobility.  The  eighth  century  was  more  dark,  barhvrooa,  and  igno- 
nat  than  any  prccediog ;  many  of  the  priests  could  not  even  read.  The  ninth 
eMiary  maa  little  better ;  bat  it  pnidoced  a  few  learned  men,  as  Alfred,  Aldhelmt 
Bede,  Egbert,  and  Alcoians.  The  tenth  ceotnry  baa  been  caUed  ike  na^iyjpjf  tfyv* 
which  '^  for  its  barbarism  and  wickedness"  (says  Bsnmins)  **  nwy  beesIM  tim 
age  of  iroHi  for  its  dulness  and  stopidity,  the  agt  ^  Uadt  and  for  its  bUod* 
ncM  and  ignorance,  the  age  ofdarhneuJ*  The  little  learning  of  the  cleTcntli 
and  twelfth  centuries  (althoogh  patronixed  by  prioees  and  great  men)  was 
chiefly  confined  to  tbe  monks ;  it  consisted  of  Metaphysics,  Natoral  Fhflosophyy 
LftW,  Medtcine^  School  Divinity,  Geometry,  Attronoi^r,  (aa  these  icieoces  thca 
ateod)  aad  Astrology.  Ingnlphot,  Laafraac,  AaBClSi,  iNiltot,  Eadmeraa, 
WUUam  of  Mahnsbufy,  Simon  of  Durham,  Matthew  F«via»  Rsgar.  UbfaSsa, 
Benedict  Abbas,  Peter  of  Blois,  and  John  of  Salisbnry,  weis  among  the  meat 
distinguished  scholars  of  this  age«  The  thirteenth  and  fimiteenth  oentmics  ar« 
chiefly  remarkable  for  the  theological  disputes  of  the  schoolmen,  and  fsr  the 
▼ain  and  ridiculoos  pursuits  of  astrologers,  magicians,  and  alchymitts,  which 
abounded  every  where.  The  fifteenth  centni^  (as  we  have  observed  abova) 
witnessed  tbe  dawnings  of  tciencc.  These  dark  ind  barbarous  times  iwhidn 
that  space  which  ia  usually  denominated  in  history*  the  maWft'  ajfer. .  Tbsse 
who  aepiivd  to  the  rank  of  philosophers,  in  these  agee  of  ig^oraaot^  endtavaared 
to  persuade  themselves  and  others,  that  by  consulting  the  various  Oooflgufations 
and  positions  of  the  planets,  they  could  determine  the  future  destiaiea  of  king^ 
dorat,  states,  and  individuals ;  they  laboured  with  incesiant  assiduity  to  find 
f  Af  phihtapher^s  stone,  or  a  composition  whereby  it  was  pretended  that  base 
metalf  might  be  changed  into  gold ;  or  in  equally  vavn  aad  foolish  attempta  ta 
discover  /Ae  Pamacem  or  universal  rensedy,  which  thay  supposed  woald 
every  disease  and  prolong  life,  if  nat  wholly  prevent  the  iq^pSDeeb  of  dtiilh. 
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light,  Ae.  itttd  Latin  ^  he  likewise  vnc^t  a  ^ork  ob  the  fiktiett. 
la  1^60  Thoitias  Peckam,  Archbishop  of  Cabterbury,  and 
Vitellio,  a  Pole,  wrote  treatises  on  Optics,  as  did  AibertuiS 
Magnus  oh  Arithmetic,  Geometry,  Astronomy,  and  Mechanics  s 
at  fhis  petiod  ftouiished  the  fomons  Roger  Bacon,  who  possessed 
an  extensive  and  accurate  knowledge  of  (he  sciences  mrelf  to  be 
met  with  in  those  barbarous  times.  The  invention  of  Spectacles, 
l^  Alexander  de  Spina  of  Pisa,  a  Jacobin  firiar,  took  place  vbcfOH 
the  same  date^  and  that  of  the  Mariner^s  Compass  in  IZOZ* 
Peter  d' Apono  wrote  on  the  Astrolabe ;  and  Ascoli,  professor  of 
Mathematks  at  Bologna,  composed  a  commentary  on  the  Sphere 
of  Sadro-fooBCo;  both  these  were  considered  as  heretics  and 
sorcerers ;  in  consequence  of  which  the  former  was  burnt  in 
effigy,  and  the  latter  in  pennon,  at  Bologna,  A.  D.  1328.  A  few 
other  mathematicians  flourished  in  the  fourteenth  century ;  as  John 
de  Muris,  Nicholas  d'Oresme,  Suisset,  John  de  Lignieres,  6rad- 
warden,  &c.  But  these  dark  ages  are  principally  famed  for  the 
schoolmen,  a  class  which  comprised  all  the  learned  men  of  thode 
times ;  in  their  hands  the  Logic  of  Aristotle  became  an  engine 
for  solving  all  manner  of  doubts  and  difficulties ;  knotty  ques- 
tions, freque^ty  on  the  most  trivial  subjects,  in  some  cases  inde- 
cent, and  ifiF  others  profane,  furnished  matter  for  their  almost 
endl^^  disputes,  which  were  urged  with  vehemence  and  acri- 
moliy,  not  so  much  to  discover  truth  as  to  obtain  victory  3  indeed 
tiHe  sole  tendency  of  their  labours  was  to  obscure  truth,  and 
kifdlvethe  human  mhid  in  the  grossest  igncnrance:  however, 
ftotwithstan^g  this  clouded  and  inactive  state  of  knowledge, 
two  Inventions  in  mechanics,  during  this  period,  deserve  our 
notice,  viz.  a  machine  for  grinding  rags  for  the  purpose  of  mak- 
ing paper,  by  XJlman  Strame,  of  Nuremberg  3  and  wheel-work 
clocks^  both  fixed  and  portable. 

The  fifteenth  century,  which  may  be  considered  as  ^he  dawn 
of  science,  produced  many  able  mathematicians,  among  whom' 
may  be  mentioned  John  Gmunden,  Dailli,  George  of  Trebi- 
zonde.  Cardinals  Bessarian  and  Cusa  3  Purbach  and  Regiomon* 
tanus,  the  two  great  restorers  of  Astronomy  3  Waltherus,  Lefevre, 
Novera,  Bianchini^  Ange]o>  Ferdinand  of  Cordova,  Henry  Quke 
of  Viaco,  and  Lucas  de  Burgo,  the  introducer  of  Algebra  into 
Europe.  This  century  is  famous  fot  the  invention  of  Printing, 
by  Faust  of  Strasburg,  in  1440,  and  also  for  the  first  and  grand 
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appKcitfaiiwofthe  theory  of  the  Loadstone^  and  of  laatheiiiaticit 
knowledge  to  the  useful  purposes  of  navigation  and  commerce/ 
namely,  in  the  voyages  of  Diaz,  Vasooda  G^ma,  and  Columbus  i 
the  fint  readied  the  Cape  of  Good  Hope  in  1486,  the  second 
doubled  it  in  1498*  and  the  same  year. Columbus  crossed  the 
Atlantic,  and  discovered  the  West  Indies. 

The  sixteenth  century  is  the  era  of  the  complete  revival  of 
mathematical  learning,  and  of  important  discoveries  and  im-? 
provements  in  several  of  its  branches.  Algebra  is  indebted  in 
this  respect  to  the  labours  of  Carden,  Ferrei,  Tartalea,  Ferrari, 
Bombelli,  Maurolycus>  Scheubelius,  Sturmius,  Recorde*  Stife- 
lius,  Clavius,  and  Vieta  whose  improvements  were  great  and 
valuable.  Tartaka,  Commandine,  Durer,  Nonius>  Ub^ddi,  Saville, 
Ramus,  and  Vieta  excelled  in  Geometry;  Copernictts  revived 
the  Pythagorean  system  of  the  universe;  Tycho  Brahe  was 
called  The  great  Observer ;  Kepler  was  the  creator  of  true  physi- 
cal Astronomy;  Schonerus,  Fracastorius  and  William  prince  of 
Hesse  Cassel  were  diligent  observers  of  the  heavenly  bodies ;  and 
Aloysius  Lilius,  an  astronomer  of  Verona,  was  the  person  whose 
I^an  was  adopted  by  Pope  Gregory  XIll.  for  reforming  the 
calendar  y.  John  Baptista  Porta  invented  the  Camera  Obscura> 
and  Maurolycus  was  a  considerable  writer  on  Optics. 

The  numerous  inventions  and  discoveries  which  took  place  in 
the  seventeenth  cent^ry^  advanq^  the  theory  and  practice  of 
mathematical  learning  to  a  pitch  until  then  unknown,  and  fiur 
CKoeeded  the  most  sanguine  expectations  or  hopes  of  any  pre- 
ceding age.  One  of  the  most  noble  and  useful  of  these  was  the 
invention  of  the  Telescope,  which  is  ascribed  by  some  to  Jphn 
Lippersheim,  in  1605;  by  others  to  Zachary  Jansen;  and  again 
by  others  to  James  Metius;  but  it  was  claimed  by  Fontana. 
Kepler  first  explained  this  useful  instrument ;  and  it  received 
Tarious  improvements  from  Galileo,  Reive,  Borelli,  Hartsoeker, 
Cox,  Campani,  Hevelius,  Scheiner,  Reita,  Gregory,  Huygens> 

y  Tbe  method  now  in  use  of  computing  from  the  birth  of  Christ  was  in- 
ititated  by  Rabbi  Samuel,  Rector  of  the  Jewish  School  at  Sora  in  Mesopotamia* 
probably  about  the  year  250.  It  was  first  used  in  the  West,  A.D.  5^7,  by 
Dionytius  Exiguns,  by  birth  a  Scythian,  and  at  that  time  a  Roman  abbot. 
Venerable  Bede  eoiployed  it  in  his  writings :  tbe  recommendation  it  thereby 
obtained,  occasioood  it  to  be  brought  into  commoo  use,  and  tbe  grea^conveaU 
cnce  of  this  epoch  has  caused  it  to  be  retained  «?er  since. 
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NeiVtdn,  Caleb  Smithy  Dollond,  Ramsden,  &c.  Drebell,  a 
Dutchman^  is  said  to  have  invented  the  microscope  about  1621  > 
but  Fontana  assumes  the  honour  of  the  discovery,  which  he  sajrs 
took  place  in  1618.  Torricellius  invenOsd  the  Barometer;  and 
the  Thermometer  has  been  ascribed  to  different  persons,  as 
Galileo,  Father  Paul,  Sanctorio,  and  Cornelius  Drebell  of 
Alkmaer.  Antonio  de  Dominis  first  explained  the  phenomenon 
of  the  rainbow ;  as  did  Wellebrord  Siiellius  the  laws  of  refraction : 
Coiumbus  first  observed  the  variation  of  the  magnetic  needle  -, ' 
Edward  Wright  discovered  the  true  method  of  dividing  the 
meridian  line,  and  of  constructing  the  charts  usually  ascribed  to 
Mercator.  Napier  was  the  first  who  published  a  system  of 
Logarithms,  viz.  in  1614,  which  numbers  were  greatly  improved 
by  Bri^s.  Stevinus  of  Bruges  was  the  inventor  of  Decimal 
Arithmetic,  1610.  Harriot  was  the  father  of  modern  Algebra, 
J  631.  Geometry  and  Analysis  are  indebted  to  Roberval,  Cava- 
lerius,  Comiers,  THdpital,  Leibnitz,  Mercator,  Pascal,  Wren, 
Sauveur,  Parent,  Barrow,  and  Wallis,  for  several  new,  useful, 
and  interesting  theories.  Gassendi,  Kepler,  Picard,  Hevelius, 
Flamstead,  Horrox,  Recciolus,  Hooke,  Longomontanus,.  Kir- 
€her,  Bayer,  and  Galileo,  were  eminent  in  Astronomy.  Des 
Caites  excelled  in  Geometry  and  Algebra,  and  was  the  inventor 
of  ^he  Cartesian  Philosophy,  depending  on  the  absurd  theory  of 
the  vortices,  the  foundation  of  which  existed  only  in  the  imagi- 
nation of  the  author.  Sir  Isaac  Newton  ei^celled  in  almost 
every  branch  of  knowledge,  and  appears  to  have  been  the  highly 
honoured  instrument,  designed  byPrpvidence  to  dispel  the  mists 
of  error  which  had  hitherto  inveloped  the  human  mind;  his 
(discoveries  and  improvements  in  Analysis  are  numerous  and 
valuable  3  his  Doctrine  of  Fluxions,  in  addition  to  its  extensive 
application,  is  a  masterpiece  of  ingenuity ;  he  first  established 
the  true  theory  of  Light  and  Colours  in  his  excellent  work  on 
.Optics:  he  confirmed  the  system  of  Copernicus;  and  by  his 
discovery  of  the  universality  of  the  principle  of  gravitation, 
and  his  newly  invented  Analysis,  he  explained  and  demon- 
strated the  laws  by  which  that  system  is  regulated.  Bacon 
and  Boyle  were  among  the  first  who  taught  philosophers  to 
reason  from  experiment  and  observation,  and  to  emancipate 
ihe  human  mind  from  that  slavery  to  Hypothesis,  in  which 
it  had  been  triumphantly  detained  for  several  ages  by  the 
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schoolmen  '.  Doriog  this  centuiy  sevenl  Institntiaos  for  the 
joint  parfioses  of  cultivatii^,  cxteoding,  and  registering  cvcfj 
port  of  science  were  fomied  in  different  parts  of  Burepe,  vis. 
at  Soissons^  Beaujc^ois,  Nismes,  Angers,  Bokgna,  Florence^ 
Naples,  Verona,  Brescia,  and  Padoa.  The  Royal  Society  at 
London  was  foonded  in  1660;  and  the  Academic des  Sciences  at 
Paris  in  1666;  the  Observatory  at  Paris  was  buOt  in  1673;  that 
of  f  lamst^  House,  at  Greenwich,  in  1676. 

The  recent  discoreries  and  improrements  by  Vieta,  I>e8 
Cartes,  Harriot,  Newton,  Leibnitz,  and  others,  opened  a  new 
and  extensive  field  for  the  exercise  of  talent,  in  every  depart- 
ment of  science.  The  Newtonian  Analysis  has  been  applied 
with  equal  zeal  and  success  to  some  of  the  most  difficult  and 
interesting  problems  in  ]VIecbanics^  Astiooofny,  &c.  the  s<datioa 

s  Tbc  learned  men  ^rfao  flonritbed  bctwreo  the  tine  of  the  CooqMst  and  the 
leriTal  of  leamiog  are  Dsually  deoMnioated  jcAooIno,  tbou^  tonic  writrn 
place  them  within  narrower  limits.  The  tchoolmen  bad  the  vanity  to  pretend 
to  account  for  erery  thing;  they  explained  the  Phenomena  of  Natore  by 
Hypotheses,  instead  of  facU  deduced  from  experiment  and  obserratiott; 
their  hypotheses  were  always  coojectara],  aiid>^ry  frequentiy  improbable 
and  fslse»  conse^oently  their  reasonings  and  concisions  must  b«re  bcem 
iniarions  to  the  progress  of  soand  knowledge.  Tbey  su)^stitnted  hard  and 
nninteU^^ible  words  and  phrases,  for  canscs  which  they  did  not  at  all  com- 
prehend, in  order  to  conceal  their  ignorance  ;  and  wished  mankind  to  believe, 
that  by  referring  to  these  they  bad  explained  the  nature  of  things.  Logical 
aignments  were  their  grand  resource,  and  the  defence  and  support  of 
aivourite  hypotheses,  their  chief  employ.  Their  disputations  were  carried  on 
srlth  a  Ttcw  to  obtain  Tictocy  ^^er  than  far  the  diioemy  of  troth.  Tbey 
infected  erery  subject  with  their  jargon ;  Law,  Physic,  Divinity,  and  Science 
abound  with  their  sophisticated  phraseology,  consisting  of  little  else  than 
grare  and  pedantic  displays  of  ostentatious  trifling ;  especially  the  books  on 
those  subjects  written  about  three  centuries  ago,  which  on  this  account  the 
Biodem  reader  will  be  at  considerable  loss  to  understand.  The  logic  of 
Aristotle,  as  the  grand  engine  of  the  scfaoolmco,  has  met  with  indiscriminate 
eeosniB  firom  a  great  nnmber  «f  later  writers ;  hot  I  think  without  justice 
as  ft  is  not  the  science,  but  its  misapplication  that  deserves  bl^me.  ]laoo% 
Boyle,  Barrow,  Locke,  and  other  reformers  of  science  have  made  great  use  of 
the  Aristoiiean  logic  in  their  discoveries,  and  the  only  difference  is,  that  the 
reasonings  of  these  were  always  founded  on  truth  or  (where  that  could  not 
be  obtained)  strong  prc#ability,  and  had  the  discovery  of  truth  for  their  object  ( 
trhile  those  of  the  schoolmen  were  too  often  founded  on  vague  or  improbable 
hypotheses,  and  terminated  in  procnring  their  authors  nndesesred  renowOf 
hot  made  naokind  neither  wiser  nor  better. 
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^  wbich  had  beea  Utlierto  soi^gbt  for  b;^  othier  methods  m 

The  following  are  the  aioies  of  some  of  those  who  since  the 
commencement  of  the  eighteenth  century,  have  excelled  in  this 
and  other  branches^  viz.  Mad.  Agnesi,  D'Alembert,  Atwood^  De 
Billy«  James^  John,  and  Daniel  Bernoulli,  Bezout,  Borda,  Birch^ 
Battet),  Browne,  Le  haa^  Bossut,  Barlow,  BoBByoaatk,  Bridge* 
Cou9in>  Courtivron,  Cotes,  Colspn>  Claimut,  Cramer,  Condorcet« 
Craig,  C.  and  G.  Cooke,  Christie,  Demoivre,  Balby,  DcalCry, 
Dodson,  Enler,  Emerson,  Fontaine,  Eaeio,  Fagnanus,  Frend, 
Farlsh,  La  Grange,  Guisn^e,  Glenie,  Olinthus  Gregory,  L*U6pital« 
La  Hire,  Hayes,  Hornbuckle,  Hermann,  Hutton,  Hustler,  Hel- 
jtings,  Jacquier,  Jones,  Kirkby,  Kelly,  De  Lagni,  Landen> 
littledale,  Manfredi,  Monmort,  Madaurin,  Montucla,  Maseres^  ^ 
Milner,  Nicole,  D'Omerique,  Ch»nam,  Bemberton,  Prest^^  ' 
Pingr^,  Peacock,  Riccati,  Reyneau,  Robertson,  Rigaud,  Sterling, 
Saunderson,  Le  Sieur,  Saurin,  Simson,  T.  Simpson,  Sowerby, 
B.  Taylor,  M.  Taylor,  Turner,  Viviani,  Varignon,  Vince, 
Waring  Wolfius,  Watson,  Woodhouse,  Wood,  &c.  Astronomy 
has  been  cultivated  during  the  same  space  by  many  learned 
men,  among  which  the  following  are  some  of  the  principal, 
viz.  Adams,  Bradley,  Bouguer,  Bailli,  Bulkley,  the  Cassinis, 
La  Caille,  Ferguson,  Halley,  Harding,  Herschel,  Juan,  Koenig, 
Keill,  La  Lande,  Long,  Lax,  Maupertuis,  Mayer,  Maskelyne, 
Olbers,  Pound»  Smith,  WoUoston,  &c.  Some  of  these,  with  many 
others,  excelled  in  various  branches  of  the  Mathematics,  besides 
those  we  have  ascribed  to  them  5  to  particularize  their  inventions, 
improvements,  and  excellencies,  with  just  discrimination,  would 
far  exceed  our  prescribed  limits  3  and  fally  to  understand  them, 
recourse  must  be  had  to  a  great  variety  of  modern  treatises  on 
every  branch  of  mathematical  science. 

Thus  we  have  endeavoured  to  shew,  in  a  brief  and  general 
manner,  the  nature,  great  importance,  and  use  of  mathematical 
knowledge ;  and  to  point  out  a  few  of  the  leading  facts  in  its 
history.  The  reader  need  not  be  informed,  that  by  the  improve- 
ments and  discoveries  in  science,  which  have  taken  place  during 
the  three  last  centuries,  and  the  application  of  mathematical 
and  physical  knowledge  to  Civil  Polity,  the  Arts,  Commerce, 
and  Agriculture,  the  present  generation  enjoys  advantages 
superior  beyond   comparison  to  those    possessed    by  former 
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ages.  Our  oim  ooantiy  was^  but  a  few  centuries  ago,  an 
ovcfgruwn  wikieniess,  a  prey  to  tbe  wildest  superstition,  and 
scarcely  supplied  tbe  bare  niosMiiM  of  life  to  its  scanty  and 
savage  inbabitants.  Vow,  the  oonvenienoes  and  loxttries  of 
every  kingdom  in  the  world  are  poured  in,  and  added  to  the 
produce  of  our  own,  constituting  a  ridi  abundance  Hor  the  supfdy 
of  every  want,  and  the  gratification  of  almost  every  wish;  it 
IbOowB  then,  that  our  obligatjons  to  Awidenoe  are  proportion^ 
aUy  greater  than  those  of  former  ages.  If  the  os  knows 
his  owner,  and  the  ass  bis  master's  crib,  let  us  not,  more  stupid 
and  ongratefid  than  they,  while  we  lire  in  the  eigoyment  of 
infinitely  superior  benefitiB,  be  less  dutiful  in  our  attadunent, 
nor  overlook  tbe  kind  hand  which  supplies  them.  Possessing 
more  ample  means  than  our  ancestors  }innnfAvd,  it  is  incumbent 
on  us  to  improve  our  advantages,  by  the  strict  and  fiuthfui 
observance  of  every  rd%ious,  nM»al>  and  social  duty. 
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PART   I. 

ARITHMETIC. 


HISTORICAL  INTRODUCTION." 

Kamsranun  notitia  cnicunque  primis  saltein  literik  eruditio  necetsaria  est 

QUINTIUAN. 

Arithmetic*,  or  the  science  of  Numbers,  is  justly 
considered  as  the  basis  of  all  the  other  mathematical  sci- 
ences; and  therefore  a  sufficient  acquaintance  with  its 
principles  and  elementary  rules  ought  to  be  acquired 
before  any  of  the  other  branches  are  attempted. 

Arithmetic  holds  a  distinguished  rank  among  the 
xnathematical  sciences;  it  even  surpasses  them  all  in 
usefulness :  its  universal  application  to  the  common 
concerns  of  life  renders  it  a  part  of  knowledge  not 
merely  desirable,  but  necessary  to  every  one  who  wishes 
to  be  serviceable  to  society,  to  manage  his  own  private 
affairs  well,  and  to  guard  against  fraud  and  imposition. 

Nothing   satisfactory  can  be  offered  respecting  the 
origitf  and  invention  of  Arithmetic;  like  almost. every 

.»  The  word  jis  derived  from  the  Grettk  a^t^/Ms,  number,  and  ftu'r^ut,  t9 
fneasure, 
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other  usefal  art,  its  begianing  inuBt  have  been  extremdj 
rode  and  simple,  the  fruit  of  pure  necessity,  and  it  mast 
have  originated  in  the  first  ages  of  the  world,  when  men 
began  to  form  societies ;  for  it  is  not  easy  to  conceive 
how  social  intercourse  conld  have  been  maintained,  dif- 
ferences and  disputes  adjusted,  bargains  made,  and  traf- 
ficking carried  on,  without  the  necessary  aid  of  compu- 
tation* 

Shortly  after  the  dispersion  of  mankind,  the  sciences 
were  carried  by  the  descendants  of  Shem  into  Chaldaea 
and  the  East;  in  these  countries  Arithmetic  was  cul- 
tivated probably  at  an  earlier  period  than  m  any  other. 
The  Phoenicians  ^  who  were  descended  from  Canaan, 
the  son  of  Ham,  and  settled  on  the  eastern  coast  of  the 
Mediterranean  sea,  were  the  people  who  first  of  any 
addicted  themselves  to  commerce,  to  which  they  made 
navigation  subservient;  and  as  they  must  have  practised 
Arithmetic  to  a  great  extent  in  their  numerous  mercan- 
tile transactions,  succeeding  nations  have  ascribed  to 
them  the  invention. 

Josephos*  informs  us,  that  Abraham,  having  acquired 

^  The  PhoBnicians  inhabited  the  tea-coast^  extending,  according  to 
Ptolemyy  from  the  river  Eleutherus  on  the  north,  to  Pplusium  on  the 
toBth.  Ihey  are  caUad  Is  the  sacred  writings  Comaamiesy  and  ave  re- 
narkable  for  the  scries  of  awful  calamities  and  judgments  which  a  long 
and  uninterrupted  course  of  the  most  abandoned  profligacy  bad  brought 
upon  them.  They  were,  during  the  captivity  of  the  Israelites  in  Bgypt, 
(|pMnl035t«>49l»A.C.)coasideii9dasagfeataBdpowerfulpeQ|^.  Their 
menantile  spirit  and  excessive  riches  are  mentioned  by  the  prophets 
Isaiah  and  Ezekiel,  both  of  whom  denounce  the  impending  judgments  of 
the  Almighty  on  their  pride  and  obduracy.  Frafene  authors  speak  of  their 
gr^at  indnstiyy  and  represent  them  as  the  inventors  ef  letters,  arithmetic, 
commerce^  navigation,  and  almost  every  thing  that  is  useful. 

*  Tlavios  Josephus  was  bom  at  Jerusalem  A.  D.  37,  &nd  died  A.  D. 
S3 ;  he  was  equally  great  as  an  historiaa  and  an  orator,  as  is  witnessed  hy 
bis  "  History  of  the  Antiquities  and  Wars  of  the  Jews."  His  "  Discourse 
on  the  Martyrdom  of  the  Maccabees'*  is  a  masterpiece  of  elequetiee  5  he  is 
ealled  by  St.  Jerome,  <<  The  Livy  of  the  Greeks/' 
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a  knowledge  of  Arithmetic  in  the  East^  was  the  first  who 
instructed  the  Egyptians  in  the  art\  By  the  Egyptian 
priests  Arithmetic  was  cultivated  with  ardour,  and  con- 
stituted no  inconsiderable  part  of  their  theology  and 
philosophy.  The  Grecian  philosophers,  who  travelled 
into  the  East  in  quest  of  knowledge,  transmitted  this 
science  from  Egypt  into  Greece,  where  it  must  (in  com- 
mon with  the  other  sciences)  have  re<;eived  considerable 
improvements ;  among  which  the  invention  of  the  Mul- 
tiplication Table  is  ascribed  to  Pythagoras*,  and  a  me- 
thod of  determining  the  Prime  Numbers  to  Eratosthe- 
nes % 

*  Joseph.  Antiq.  b.  i.  c.  8.  Abraham  was  a  native  of  Ur  in  Chaldaea^ 
from  trfaence  he  was  driven  by  a  famine  into  Egypt.  If  the  account  given 
by  Josepfaas  be  trae,  we  are  sure  that  Arithmetic  roust  have  been  known 
and  practised  by  the  Chaldeans  about  the  time  of  their  first  settling  in 
that  country. 

'  '*  The  combinations  of  numbers  constituted  one  of  the  principal  ob- 
jects of  his  researches ;  and  all  antiquity  testifies  that  be  carried  them  to 

the  highest  degree." <<  He  attached  several  mysterious  virtues  to 

numbers,  and  swore  by  nothing  but  the  number  yotcr,  which  was  to  him 
the  number  of  numbers.  In  the  number  three  likewise  he  discovered  va- 
rious  marvellous  properties ;  and  s.'ud,  that  a  man  perfectly  skilled  in  Arith- 
metic possessed  the  sovereign  good."  It  is  supposed  by  some,  that  these 
eiprcssiotis,  and  others  of  a  like  tendency  ascribed  to  the  ancient  philoso- 
phers, are  not  to  be  understood  literallyi  but  that  they  have  a  figurative 
and  hidden  meaning  unknown  to  us. 

'^  Prime  lumbers  are  such  as  cannot  be  divided  by  any  number  greater 
than  unity  without  a  remainder ;  thb  rest  are  called  tompimte.  The  inge- 
nious method  alluded  to  above  was  called,  «  The  Siev€  of  Eratoithene^  :'* 
for  some  account  of  it,  see  Dr.  Horsley's  paper  in  the  Philosophical  Trans* 
actions,  vol.  68.  p.  3^.  Eratosthenes  was  a  native  of  Cyrene,  a  city  of 
Lybia ;  he  was  the  second  person  entrusted  with  the  care  of  the  Alexan- 
dnim  library:  grammar,  poetry,  philosophy,  and  mathematics,  were  the 
iobjects  that  engaged  his  alliections,  especially  the  latter.  He  measured  the 
obliquity  of  the  ecHptic.  making  it  only  about  20  j  degrees;  he  also  mea- 
sured a  degree  of  the  meridian,  and  thence  determined  with  tolerable  accu- 
racy the  circumference  of  the  earth.  The  invention  of  the  armillary  sphere 
is  ateribed  to  him ;  and  his  consummate  skill  acquired  him  the  names  of 
The  second  Piaio-^The  Cotmogropher  and  Geometer  of  the  fp^orld.  Sec. 
He  starved  himself  to  death,  A.  C.  194,  in  the  e2d  year  of  his  age.  Of  his 
compositions  a  few  fragments  only  remain. 
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The  Hebrews,  Greeks,  and  Rooiaos  represented  num- 
bers hy  the  letters  of  the.  alphabet  peculiar  to  each  na- 
tion. The  most  simple  method  of  notation  among  the 
Greeks  was,  by  making  their  24  letters  represent  each  a 
number  in  order,  from  1  to  £4 ;  this  method  may  be 
seen  by  referring  to  Homer's  Iliad,  or  Xenophon's  Cy- 
ropsdia,  where  it  is  employed  in  numbering  the  books  : 
higher  numbers  were  represented  by  small  letters  pointed 
underneatby  by  the  capitals,  and  by  inclosing  the  capi* 
lals  with  the  Greek  11,  &c. 

From  .Greece  Arithmetic  passed  to  the  Romans,  who 
do  not  seem  to  have  made  any  improvement  in  the  sci«- 
ence;  they  merely  adapted  the  letters  of  their  alphabet 
to  the  numbers  received  from  their  masters.  Their  mer 
thod,  which  is  still  employed  in  denoting  dates,  chap- 
ters, and  sections  in  books,  ought  to  be  understood  by 
every  one,  and  is  ^  follows.  I  stands  for  one,  V  Jive, 
X  ten,  L  ^ty,  C  one  hundred,  D  Jive  hundred,  M  one 
thousand^;  these  seven  letters,  differently  placed  or  marked, 
were  made  to  express  all  numbers.  As  often  as  any  cha- 
racter is  repeated,  so  many  times  its  value  is  repeated ; 
thus,  II  represents  two^  III  three,  XX  twenty,X.XX  thirty, 
CC  two  hundred,  MM  two  thousand.  A  less,  character 
placed  on  the  left  of  a  greater  diminishes  its  value ;  thus, 
IV  denotes /oMr,  IX  nine,  Xh  forty,  XC  ninety.  A  less 
character  to  the  right  of  a  greater  increases  its  value ; 
thus,  VI  denotes  six,  VII  seven,  XI  eleven,  LX  sixty, 

'  The  derivation  of  these  numerals  is  Urns  given  by  some :  !» denoting 
initiumy  the  beginning,  was  considered  as  the  only  fit  representative  of  the 
first  number,  or  one.  V,  (the  ancient  U,)  being  the  fifth  vowel,  was  with 
propriety  put  for  Jive,  X,  being  made  up  of  two  V's,  represented  two  fives, 
or  ten.  C,  centum,  or  one  hundred.  M,  miUe,  or  one  thoustrnd,  L»  being 
the  half  of  the  old  C,  whicb  was  square,  was  put  for  half  a  hundred,  or  Jifty. 
D,  dimidium  mille,  or  half  a  thousand,^^  hundred.  The  D  was  frequently 
^vritten  I3>  and  the  M,  CID ;  hence  these  latter  marks  are  sometimes  pat 
for  500  and  1000  respectively. 
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CXX  one  hundred  and  twenty ^  DX^ve  hundred  and  teUf 
DCC  seven  hundred,  M,DCCCC,XC,IX  one  thousand 
nine  hundred  and  ninety-nine*  In  some  ancient  books^  re^* 
cords^and  inscriptions,  and  on  antique  coins  and  medals, 
we  meet  with  the  C  inverted ;  thus,  JO  denotes^tre  Aun- 
dred:  every  0  added  increases  it  tenfold;  thus,  100  de- 
notes Jive  thousand ;  CIO  stands  for  one  thousand,  and  a 
C  and  0  added  at  the  ends  increase  its  value  tenfold  ; 
thus,  CCIOO  denotes  ten  tAousand,  CCCIOOO  one  hun* 
dred  thousand,  CCCC 10000  one  million ;  a  line  over 
any  number  increases  its  value  a  thousand-fold ;  thus, 
VIII  denotes  eight  thousand,  X  ten  thousand,  LXXX 
eighty  thousand,  CC  two  hundred  thousand,  MMM  three 
million,  &c. 

We  have  not  the  means  of  tracing  the  progressive  im- 
provements of  Arithmetic  among  the  ancients  ;  judging 
from  their  works,  (which  however  are  not  always  to  be 
depended  on  %)  there  is  reason  to  suppose  that  the  sci- 
ence advanced.  Beside  Addition,  Subtraction,  Multipli- 
cation, and  Division,  the  ancients  possessed  methods  of 
extracting  the  Square  and  Cube  Roots ;  they  were  ac- 
quainted with  the  theory  of  Proportions ;  Arithmetical 
and  Geometrical  Progression ;  and  in  general  with  the 
combinations  of  numbers,  the  reduction  of  ratios  to  their 
simplest  form,  8cc. 

The  ancient  methods  of  notation  were,  however,  but 
ill  adapted  to  the  practical  operations  of  Arithmetic ;  and 
hence  it  is  that  the  art,  with  respect  to  its  practical  part, 
must  have  made  but  slow  progress*    The  destractioa  of 

t  Although  the  greater  part  of  heathen  antiquity  has  descended  to  us 
through  the  hands  of  the  Greeks^  yet  their  evidence  most  be  received  with 
caution,  particularly  that  of  the  Helladians ;  they  were  a  bigotted  people, 
highly  prejudiced  in  their  own  favour.  There  surely  was  never  any  nation 
io  incurious  and  indifferent  id)Out  the  truth.  Bryant* s  Analifti$,\o\X 
p.  143,  155. 
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tbe  famous  Alexandrian  library,  A.  D.  642,  has  left  n^ 
DO  particular  treatise  on  the  subject ;  we  have,  however, 
some  of  the  most  plain  and  useful  properties  of  numbers 
in  the  seventh^  eighth,  ninth,  and  tenth  books  of  Euclid's 
Elements,  A.  C.  280,  and  in  the  Arenarius  of  Archimedes, 
A.  C.  220;  there  is  likewise  the  Commentary  of  Eutocias 
on  Archimedes'  Treatise  of  the  Circle,  some  fragments 
of  Pappus^  A.  D.  400.  The  writings  of  Nicomachus, 
A.  D.  100,  which  were  published  at  Paris  in  1538,  and 
the  treatise  of  Boethius*,  written  at  Rome  in  the  sixth 
century,  give  us  no  very  favourable  idea  of  the  ancient 
Arithmetic,  which  seems  to  have  consisted  principally  of 
dry  and  tedious  distinctions  and  divisions  of  numbers;. 
so  that  on  the  whole,  the  acquisition  of  any  considerable 
degree  of  knowledge  in  this  most  useful  branch  must 
have  been  attended  with  almost  insurmountaUe  difficul- 
ties ^. 

^  Pappus  was  an  eminent  mathematician  and  ptiiTosopber  of  Alexandria; 
he  lived  in  tbe  fourth  century  after  Christ ;  tbe  greater  part  of  bis  valuable 
writings  are  lost.  His  Mathematical  CoHectitmg^  in  eight  hooksy  except  the 
first,  and  part  of  the  second,  are  still  extant ;  parts  of  these  have  been  pub- 
lished  by  the  following  authors,  viz.  Commandine,  in  a  Latin  translation 
with  a  commentary^  1558;  Mersenne,  1664;  Meibomius*  1655;  Wallis^ 
1688;  David  Gregory,  1703;  and  Dr.  Hancy,.I706;  also  Dr.  Button  has 
given  a  brief  analysis  of  these  books  in  his  Mathematical  Dictionary,  p.  187, 
188.  vol.  ii. 

>  Boetbitts  was  a  celebrated  Roman ;  he  was  put  to  deaths  A.  D.  525»  by 
Theodoricy  king  of  the  Ostrogoths,  on  suspicion  of  a  conspiracy.  During^ 
his  confinement  he  wrote  that  excellent  work  De  eimmkUione  Phitos^kue, 
The  tot  editions  of  bis  frocks  are  that  of  Ui^nau,  4to«  1494,  apd  that  of 
L^den,  cum  notis  variorumy  1671. 

^  Aldhelm,  bishop  of  Shireburn»  and  one  of  the  most  learned  men  of  tbe 
agej  who  flourished  in  the  tim^  of  the  SaxoB  Heptarchgr,  A.  D.  700.  con- 
plains  bitterly  of  the  difficulties  he  met  with  in  learning  Arithmetic.  a» 
almost  surpassing  the  powers  of  tbe  human  mind.  He  thus  writes  to  his 
frieiMl  Hedda,  bssbop  of  Winchester.  "  What  shall  1  say  of  Arithmetic, 
whose  long  and  intricate  calculations  are  sufficient  to  overwhelm  the  mind» 
and  throw  it  into  despair  I  All  the  labour  of  my  former  studies,  by  which 
I  made  inyself  i^  complete  master  of  several  sciences,  was  trifling  in  com- 
parison of  what  this  cost  me."  /ingOa  Sacra^  t,  ii.  p.  6y  7«  ^fMt$d  hif  X)r. 
Henry, 
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Psellus,  who  lived  in  the  ninth  century,  wrote  a  com-^ 
pendium  of  the  ancient  Arithmetic  in  Greeks  which  was 
published  by  Xylander,  A.  D.  1556,  in  Latin;  and  a  si-* 
milar  work  was  written  shortly  after  in  the  same  lan« 
guage  by  lodocus  Willichios.  These  works  are  at  present 
objects  rather  of  learned  curiosity  than  nse;  few  person^ 
will  take  the  trouble  to  understand  them. 

The  Arabs,  who  had  shewn  themselves  the  most  in* 
Teterate  enemies  of  learning,  by  a  revolution  of  senti- 
nfeents  not  nncommon,  became  its  most  zealous  sup* 
porters.  From  them  Arithmetic  received  some  of  its 
most  useful  improvements;  among  which  the  method  of 
notation  at  present  in  use  may  be  considered  ^s  the  chief. 
It  does  not  appear,  however,  that  the  Arabians  ever  laid 
claim  to  the  invention;  they  refer  us  to  the  Indians ;  and. 
hence  the  figures  employed  in  our  calculations  are  some« 
times  called  Indian  characters. 

The  Arabs  were  in  possession  of  the  Indian  method  of 
notation  probably  for  the  space  of  three  centuries  before 
the  Europeans  knew  any  thing  of  the  matter.  The  lattec 
were  involved  in  the  darkest  ignorance,  which  the  genius 
and  learning  of  the  few  great  men  this  age  of  blindness 
produced  were  unable  to  dispel,  and  which  served  only  to 
render  that  mental  darkness  visible  in  all  its  horrors. 

Among  the  few  iHustrious  characters  which  appeared 
at  this  period,  Gerbert*  deserves  the  first  place.    This 

1  Gerbert  was  born  of  mean  parents,  but  it  is  uncertain  in  what  year. 
Having  spent  seventl  years  amon^'  the  Saracens  at  Corduba»  during 
which  he  iadustriou«||y  coUccted  aU  that  was  viAttable  of  theiv  Geo* 
metry,  Astronomy,  and  Arithmetic,  he  returned  to  France  in  970,  where 
he  was  casessed  by  the  wisef  p«rt  of  his  countrymen ;  but  the  generality  oC 
them  treated  hiai  as  a  redoubtable  Ma|^cian :  and  the  credulous  writeM 
of  those  tinnea  relate  many  ridiculouft  stones  about  hiii>;  as  that  he  under* 
stood  the  language  of  birds ;.  ^hut  he  could  raise  the  Devil,  was  very  £a^ 
miliar  with  biui,  and  bequeathed  his  soul  to  him  after  death,  &a»  &c.  See- 
Finceni*s  Lectures  against  Popery,  Lect.  Vil.  p.  191*  a  book  in  which  maay 
stories  of  the  kind  are  to  be  found.  • 
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Ikerary  beta  possessed  an  enlargement  of  imnd,  and  a 
thirst  for  knowledge,  rarely  to  be  met  with.  He  was  edu- 
cated in  the  monastery  of  Fleary ;  but  soon  discovering 
the  incapacity  of  bis  teachers,  he  fled  from  his  monas* 
tery,  and  went  to  Spain,  which  was  then  under  the  do* 
minion  of  the  Arabs.  Having  fixed  himself  at  Corduba^ 
he  applied  with  ardour  to  the  acquisition  of  the  Arabian 
language,  and  the  sciences  which  that  people  almost 
e^lusrvely  possessed;  he  succeeded  so  weU,  that  in  ar 
few  years  he  ,  returned  to  France^  and  enriched  the 
Chri-stian  world  with  the  literauy  spoib  obtained  fi?omt 
the  Mahometans,  A.  D.  96O.  To  him  the  nations  of 
Europe  are  indebted  for  the  most  valuable  of  all  his  ac-' 
quisitions,  a  knowledge  of  the  Arabian  numeral  figures,, 
on  the  use  of  which  depends  every  subsequent  improve^ 
ment  in  Arithmetic* 

The  Arabian  method  of  notation'  introduced  fromr 
Spain  by  Gerbert,  notwithstanding  its  advantages,  wa& 
not  so  eagerly  adopted  as  one  might  be  led  to  expect  ;^ 
150  years  having  elapsed  before  it  was  known  in  Britain, 
and  nearly  100  more  before  it  w^  brought  into  common: 
use,  as  is  shewn  by  Dr.  Wallis. 

The  first  writer  of  note  after  the  reception-  of  the 
Arabian  metbod,>  was  Jordanus^  of  Namur  in  Flanders^ 
about  the  year  1200^;  his  work  was  commented  on,  and 
published  shortly  after  the  invention  ef  printings  by 
Johannes  Faber  Stapulensis>  viz.  in  1480.  Johannes 
de  Sacro  Bosco,,  an  Englishman,  wrote  a  treatise  oa 
Arithmetic  in  the  thirteenth  century;  as-  did  Maximus 

Gerbert  was  preceptor  to  Robert  I.  Kitig  of  Frailce,and  to  Otho  III. 
Emperor  of  Germany.  He  was  Bishop  of  Rheitns,  and  afterwards  Arch- 
bishop of  Ravenna.  At  length,  on  the  death' of  Pope  Gregory  V.  A.  D.  998^ 
Gerbert  was,  by  the  influence  of  his  pupil  Otho)  diosen  to  succeed  him  on 
the  Papal  throne,  under  the  name  of  Sylvester  IL    He  died  about  the  year 

looe. 
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PIftnudes,  the  Scholiast,  either  in  that  century  or  the 
next. 

After  the  introduction  of  printings  the  diffusion  of 
knowledge  necessarily  became  much  more  extensive 
than  it  had  been  at  any  former  period,  from  the 
number  of  books  which  were  successively  publisbed. 
The  earliest  authors  who  wrote  on  Arithmetic  wese 
Lucas  De  Burgo,  1470.  Cardan,  Purbach,  Stifelins, 
Scheubelius,  Tartalea,  Maurolycus,  Peletarius,  8lc.  these 
were  foreigners.  Of  our  own  countrymen,  Recorde, 
Bulkley,  Digges,  and  Dee,  were  among  the  earliest  writ- 
ers. 'The  doctrine  of  Decimal  Fractions  was  intro- 
duced about  1464,  by  Regiomontanus":   but  the  first 

"  John  Muller  waa  horn  at  Mons  Regius,  in  Konidgsbei^,  in  14369  and 
received  the  name  of  Regioinontanus  from  his  birth-place^  where,  and  at 
Leipsic,  he  acquired  the  rudiments  of  Mathematics  and  Astronomy.  At 
fifteen  he  went  to  Vienna,  where  he  studied  to  good  purpose,  under  the  ce- 
lebrated Purbach,  to  whom  he  became  a  useful  assistant,  and  an  affectionate 
friend.  He  afterwards  accompanied  Cardinal  Bessarion,  the  friend  and 
patron  of  science,  to  Rome,  where  our  author  studied  the  Greek  tanguage, 
and  at  the  same  time  continued  his  Astronomical  labours.  In  146S  he 
went  to  Padua,  where  he  became  a  member  of  the  University,  and  explained 
the  works  of  the  Arabian  philosopher  Alfraganus.  Having  collected  a 
great  number  of  Manuscripts,  he  returned  to  Vienna,  and  resumed  the  di»« 
ties  of  his  office :  at  length  he  retired  to  Noremberg,  and  set  up  a  press,  in- 
tending to  print  and  publish  the  valuable  books  he  had  written  or  collected, 
and  of  which  the  catalogue  is  still  in  being.  Here  he  became  acquainted 
with  Bernard  Walther,  a  sincere  lover  of  the  sciences,  who,  entering  heart- 
ily into  his  views,  undertook  the  expence  of  erecting  a  printing-house,  and 
constructing  Astronomical  instmments.  He  now  printed  The  new  Theories 
of  Purbach,  The  Astranomicon  of  Manlius,  The  Cosmography  of  Ptolemy, 
with  select  Comm^Uaries  on  the  Almagest  j  also  TJie  new  Calendar,  and 
JEphemerides  of  his  own  composing. 

In  1474  Pope  Sixtus  IV.  invited  our  Author  to  Rome,  to  assist  in  re- 
forming the  Calendar.  To  induce  him  to  leave  his  retreat,  the  Pope  made 
him  large  promises,  and  nominated' him  Bishop  of  Ratisbon.  He  consented, 
and  arrived  at  Rome  in  1475,  but  died  the  next  year,  as  it  is  supposed,  by 
poison.  The  atrocioui  deed  is  ascribed  to  the  sons  of  George  Trabezondj 
in  revenge  for  their  father's  death,  who  is  said  to  have  died  of  a  broken 
heart,  in  consequence  of  some  severe  criticisms  made  by  Regiomontanus, 
on  his  Translation  of  Ptolemy's  Almagest* 
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who  wrote  expressly  on  the  subject  was  SioiOQ  Stevinns, 
of  Bruges^  about  1582.  Dr.  Wallis,  in  1657,  published 
his  mathematical  works,  wherein  he  has  the  first  of 
any  treated  at  large  of  Recurring  Decimals.  Some  hun- 
dreds of  books  on  the  subject,  possessing  various  de- 
grees of  merit,  have  from  time  to  time  appeared,  in 
many  of  which  the  fundamental  principles  and  rules 
have  been  laid  down  with  much  clearness  and  perspU 
cuity,  and  their  applications  to  mathematical,  mecha- 
nical, and  commercial  subjects  (which  were  mostly  re- 
ceived from  the  Arabians)  simplified,  extended,  and  im- 
proved. Omitting  a  long  list  of  names,  we  pass  on  to 
the  next  valuable  discovery  in  Arithmetic,  namely,  the 
invention  of  Logarithms,  or  numbers  whereby  the  most 
tedious  and  difficult  calculations  are  performed  with 
surprising  ease  and  facility.  For  this  invention  the 
world  is  indebted  to  the  skill  and  industry  of  John  Lord 
Napier,  a  Scotch  Nobleman,  who  first  published  it  in 
1614;  9nd  for  a  most  important  improvement  in' the 
system,  which  took  place  three  years  after,  to  Mr. 
Henry  Briggs,  Professor  of  Geometry  at  Gresham 
College.  Further  particulars  of  this  interesting  disco- 
very will  be  given  in  its  proper  place ;  and  we  wHI 
conclude  this  sketch  with  the  mention  of  a  few  names, 
to  one  or  other  of  which  most  of  onr  countrymea 
are  indebted  for  their  skill  in  the  science.  The  Arith- 
metic of  Mr.  Edmund  Wingate '  was  first  published  in 
1629;  and  after,  an  edition  of  the  same,  improved  and 
enlarged  by  John  Kersey  *,  teacher  of  the  Mathematics 

■  Mr.  Winjite,  a  zealous  cultivator  and  encourager  of  mathematical 
learnin;^,  flouiisbed  in  the  reigns  of  James  and  Charles  the  First.  He  car- 
ried the  knowledge  of  Logarithms  to  France,  where  he  published  some  Tracts 
on  the  subject :  he  likewise  applied  the  Logarithms  to  two  sliding  rulers,  so 
accommodatsd  to  each  other,  that  problems  may  be  meehanically  performed 
by  them  without  the  anistanee  of  compasses. 

•  Kersey  lired  in  the  reign  of  Charlet  the  Second.  He  was  the  author  of 
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in  London  :  this  book  had  a  good  sale,  and  was  consi* 
dered  as  a  useful  introduction  when  our  grandfathers 
were  boys  at  sohool.  The  arithmetical  part  of  the  Young 
Mathematician's  Guide,  by  Mr.  John  Ward '  of  Ches* 
ter,  is  remarkably  plain  and  clear  for  the  time  in  which 
it  was  written.  This  work,  which  appeared  in  1706,  has 
been  much  esteemed,  and  still  maintains  its  reputation* 
Mr.  Malcolm's  New  System  of  Arithmetic,  theoretical 
and  practical,  published  in  1730,  is  a  Tery  complete 
work,  and  served  as  a  model  to  some  of  our  best  ele* 
mentary  writers.  Dilworth's  **  Schoolmaster's  Assistant^ 
1743,  was  much  in  use  thirty  or  forty  years  ago ;  it  con* 
tains  an  ample  collection  of  easy  examples  under  every 
rule,  and  is  on  the  whole  a  good  old-fashioned  School* 
book.  Fenning's  Arithmetic  is  a  plain  and  easy  system 
of  rules,  with  very  few  examples.  Walkingame's  Tu* 
tor's  Assistant  has  had  a  great  run ;  indeed  it  has 
been  found  more  useful  to  the  practical  scholar  than 
books  more  scientifically  written.  Its  proprietors  have 
taken  great  pains  to  render  the  work  as  perfect  as  possi- 
ble :  a  few  alterations  in  its  structure  would  make  it  the 
best  school  book  on  practical  arithmetic  in  print.  Dr. 
Hutton's  Treatise  on  Practical  Arithmetic  needs  no 
better  recommendation  than  his  name.  The  same  may 
be  said  of  Mr.  Bonnycastle's  Scholar^s  Guide ;  in  this 
work  the  rules  are  not  only  exemplified,  but  demon- 
strated, and  the  taste  and  science  of  the  author  appear 

an  excellent  treatise  on  Algebra  in  folio,  wherein  the  Diophantine  Pro- 
blems are  very  skilfully  managed ;  be  also  wrote  an  Eni^ish  Dictioiiaiy. 

p  John  Ward  was  born  in  the  year  1648.  He  appears  from  his  manner  and 
style  of  writing  to  have  been  a  very  respectable  scholar,  but  I  know  no  par- 
ticulars of  his  life. 

«  Thomas  Dilworth  was  originally,  as  I  have  been  informed,  an  assistant 
to  the  Eev.  Thomas  Dyche,  who  kept  a  school  at  Stratford  le  Bow :  he  after- 
wards was  master  of  a  school  in  Wapping,  and  published  several  elementary 
books,  which  are  still  considefed  as  useful. 
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to  great  advantage.  The  questions  composed  by  the  late 
Martin  Clare,  F.  R.  S.  have  been  arranged  under  theic 
proper  rules  by  Mr.  Vyse,  in  a  work  entitled,  The  Tu- 
tor's Guide,  to  which  he  has  added  a  Key,  containing 
the  solutions,  the  whole  foraiing  a  very  comprehensive 
system.    The  ingenious  Mr.  Keith's  Complete  Practical 
Arithmetician  is  very  properly  entitled ;  the  work  toge- 
ther with  the  Key  certainly  form  the  completest  practical 
treatise  extant :  the  demQQstrations  added  at  the  end  are 
very  clear  and  satisfactory,  and  shew  that  the  author 
has  chosen  a  very  modest  title  for  his  work.    The  Rev* 
Mr.  Joyce's  System,  of  Practical  Arithmetic,  published  ia 
1808,  is  the  last  work  on  the  subjept  which  we  shall  no* 
tice;  this  is  a  very  complete  and  well- written  little  book, 
containing  a  large  collection  of  well-chosen  examples,, 
and  much  information  not  to  be  met  with  in  any  other 
work  of  this  nature* 

Arithmetic  may  be  considered  as  a  Science,  or  an  Art  r 
as  a  Science,  it  treats  of  the  properties  of  numbers,  of 
their  sums,  differences,  ratios,  proportions,  progressions^ 
powers,  roots,  &c.  in  the  most  general  and  abstracted 
manner ;  it  considers  them  purely  as  numbers,  and  has 
no  reference  to  any  application  or  use,  except  that  of 
deducing  one  property  from  another,  and  constituting  a 
necessary  link  in  the  chain   of  universal  science.     Al- 
though this  abstracted  consideration  of  numbers  is  pro- 
per for  the  mathematician,  it  will  be  of  little  use  to  the 
learner ;  he  will  find,  that  the  quickest  and  surest  way  to 
gain  a  good  and  useful  knowledge  of  numbers   is   to 
acquire   theory   from   practice,   and   apply   his  theory 
from  time  to  time  as  he  acquires  it  to  practical  pur* 
poses. 

Arithmetic  is   to  be  considered  as  an  Art,  when  it 
teaches  how  to  perform  operations  with  numbers,  and 
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to  apply  them  to  use  in  trade  and  business^  and  in 
the  common  aSairs  of  life.  Surely  arguments  cannot 
be  necessary  to  prove  that  no  art  is  more  generally 
useful  than  this.  Whatever  our  occupations  or  en- 
gagements in  life  may  be^  in  every  trade,  business,  and 
employment,  to  every  individual,  rich  and  poor,  the 
knowledge  of  numbers  is  necessary.  But  we  need  not 
enlarge  on  this  subject;  a  small  degree  of  experience 
and  observation  will  be  sufficient  to  convince  the  can- 
did enquirer  of  the  great  usefulness  of  Practical  Arith- 
metic* 

In  commencing  his  mathematical  studies,  the  learner 
will  begin  with  '  Notation ;  this  and  Numeration  he 
must  endeavour  to  understand  xvelly  as  what  are  usually 
called  the  four  fundamental  rules  depend  immediately 
on  the  structure  of  our  excellent  system  of  numbers. 
Addition  and  Subtraction  follow  in  order;  and  next  the 
Multiplication-table,  which  must  be  learned  sufficiently 
perfect,  that  it  may  be  repeated  through  from  one  end  to 
the  other,  either  backwards  or  forwards,  without  mistake 
or  hesitation.  Having  acquired  a  perfect  knowledge  of  the 
table.  Multiplication  and  Division,  which  follow  next  in 
order,  will  not  be  found  difficult.  To  pass  through  these 
rules  in  a  blundering  and  aukward  manner,  although  it 
may  satisfy  a  lazy  dunce,  will  not  be  sufficient  for  him  who 
aspires  to  knowledge  :  if  any  operation  is  not  perfectly 
understood,  so  as  to  be  performed  with  tolerable  ease, 
the  previous  examples  ought  to  be  worked  over  again, 
and  repeated  until  it  is.  Having  passed  through  the  rules 
in  the  order  they  stand  in  this  book,  and  occasionally 
consulted  the  notes,  so  as  to  understand  the  reasons  on 
which  the  rules  are  founded,  their  connection  with  each 

*  The  vord  Notation  is  derived  from  the  Latin  iwia,  a  mar]^,  and  JVume- 
roHon  from  numerus,  a  number. 
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€tha,  aad  dqpendcncc  oq  sdf-evident  principles^  the 
femer  waaj  proceed  to  Algebra ;  he  will  find  very  little 
difficult  in  that  if  he  miderftands  the  arithmetical  part 
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DEFINITIONS. 

1.  An  unit  is  that  which  is  known  by  the  name  of  one, 

2.  Number  is  either  an  unit,  a  collection  of  two  or  more 
units  5  or  one  or  more  parts  of  an  unit. 

3.  A  whole  number  is  that  which  consists  of  one  or  mora 
units. 

4.  A  broken  number  or  fraction  is  that  which  consists  of  one 
or  more  {)arts  of  an  unit. 

5.  An  even  number  is  that  which  can  be  divided  into  two 
•equal  whole  numbers. 

6.  An  odd  (or  uneven)  number  is  that  which  cannot  be  di<r 
vided  into  two  equal  whole  numbers. 

7«  An  integer  is  any  whole  quantity  or  thing,  considered  as  a 
whole;  the  word  is  used  in  opposition  to  a  part, 

WHOLE  NUMBERS. 

8.  Arithmetic  of  whole  numbers  teaches  how  to  calculate  or 
compute  by  whole  numbers. 

7  9.  The  fundamental  rules  of  Arithmetic  are  Notation  and  Nu- 
meration^  whence  are  derived  Addition^  Subtraction^  Multipli- 
cation^ and  Division :  in  the  proper  application  of  these  rules 
the  whole  art  of  Arithmetic  consists. 

NOTATION  AND  NUMERATION. 

10.  Notation  teaches  how  to  write  or  express  numbers  by  ap- 
propriate characters^  either  singly^  or  by  a  proper  combinatioA 
ei  two  or  inore  eharaeters  ^  and  Numeration  diews  how  to  read 
numbers  when  written. 

11.  There  are  ten  characters  called  digits  •  or  figuies,  by  one 
or  more  of  which  every  number  is  expressed :  they  are  wtittea 

■  From  tke  Latia  digitus^  a  finger.  The  want  of  figures  to  express  numbers 
probably  gave  rise  to  digital  or  manual  Arithmetic,  in  which  numbers  were  ex- 
pressed, and  calculations  performed,  by  the  different  positions  of  the  hands  and 
fingers.  This  appears  to  us  a  childish  play,  but  it  was  formerly  a  serious  study, 
as  appears  fipom  the  «htb(tfate  account  of  it,  giveii  by  Teaevable  Bsde,  ta  fait 
fiperUf.  fw  Si7r  Sec  Some  of  the  eastom  nations  sfeiU  empiay  this  method,  and 
tbc]F  are  saidiaswrpass  us  in  the  expedition  and  accuracy  of  their  calculations. 
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and  named  as  follows ;  1>  one,  or  unity  y  %  two ;  3,  three ;  4, 
fouTi  h,five ;  6, six ;  7>  seven ;  S,  eight;  9,  nine ;  and  0,  nought, 
(or  nothing.) 

12.  Unily>  or  one,  is  the  least  of  all  whole  numbers,  and  may 
be  considered  as  the  root  or  origin  of  all  the  rest  ^  for  if  unity  be 
increased  by  itself,  and  if  the  result  be  increased  by  unity,  and 
again,  if  the  last  result  be  increased  by  unity,  and  so  on  conti- 
nually, the  several  results  will  constitute  the  entire  system  of 
whole  numbers.  For  example,  unity  or  1  increased  by  itself  be- 
comes (1,  1,  or)  2  5  again,  2  increased  by  unity  becomes  (1,  1,  1, 
or)  3 ;  in  like  manner  3  increased  by  unity  becomes  (1, 1, 1,  1, 
or)  4,  and  so  on  indefinitely. 

13.  The  nine  first  numbers  are  all  that  can  he  expressed  by 
single  figures  -,  to  denote  all  higher  numbers  it  is  necessary  to 
combine  two,  three,  or  more  figures,  and  sometimes  to  employ 
one  or  more  ciphers. 

14.  It  has  been  shewn  in  the  preceding  article,  that  all  num- 
bers  originate  in  unity,  and  successively  arise,  by  the  continual 
increase  of  the  preceding  number  by  unity,  and  that  the  nine 
figures  represent  the  nine  first  numbers  j  also  that  higher  num- 
bers require  a  combination  of  two  or  more  figures.  Before  we 
explain  the  method  of  combination,  it  will  be  necessary  to  shew 
the  manner  of  classing  numbers,  which  has  been  universally 
adopted  for  the  convenience  of  computation,  and  is  indis- 
pensable where  high  numbers  are  concerned. 

15.  Numbers  are  classed  and  ranged  under  the  following  de- 
nominations, viz.  Units,  Tens,  Hundreds,  Thousands,  Tens  of 
Thousands,  Hundreds  of  Thousands,  Millions,  Sfc.  The  first  nine 
numbers  constitute  the  class  of  units :  the  number  which  next 
foMows  the  last  of  this  class  (or  9)  is  ten  j  this  is  the  first  number 
of  the  class  of  Tens;  this  class  proceeds  thus,  (1  ten,  or)  Ten  ;  (« 
tens,  or)  Twenty;  (3  tens,  or)  Thirty;  (4 tens,  or)  Forty,  (5  tens, 
or)  Fifty;  (6 tens,  or)  Sixty;  (7  tens,  or)  Seventy;  (8  tens,  or) 
Eighty;  (9  tens,  or)  Ninety;  and  the  next  number  in  this  order  is 
(10  tens,  or)  1  Hundred,  which  is  the  first  number  of  the  next 
superior  class  -,  this  class  proceeds  thus,  1  Hundred,  2  Hundreds, 
3  Hundreds,  and  so  on  up  to  10  Hundreds,  which  is  1  Thousand, 
or  the  first  number  oi  the  next  superior  class ;  which  in  like 
manner  proceeds  thus,  1  Thousand,  2  Thousands,  3  Thousands, 
ike.  up  to  10  Thousands,  which  is  the  first  number  of  the  next 
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class  superior  to  the  former ;  this  again  proceeds^  (1  ten  Thou- 
8ands>  or)  Ten  Tkoustmds ;  (2  tens^  or)  Twenty  Thousands;  (3 
tens^  or)  Thirty  Thousands;  and  so  on  up  to  10  ten  Tbou« 
sands>  or  One  Hundred  Thousands ;  which  is  the  first  of  the  next 
superior  class  5  whence  proceeding. as  hqfore  we  have«  1  Hundred 
Thousands,  2  Hundred  ThousandsyS  Hundred  Thousands,  &c  up 
to  Ten  Hundred  Thousands,  or  1  Million,  &c.  &c. 

16.  Hence  it  appears^  that  1  ten  is  ten  units  ^  2  tens,  twenty 
units}  3  tens^  thirty  pmits;  4  t^nSt  forty  unils»  &c. :  that  1  hun- 
dred is  ten  tens ;  2  hundreds,  twenty  tens ;  3  hundreds*  thirty 
tens,  &c.:  that  1  thousand  is  ten  hundreds;  2  thousands,  twenty 
hundreds:  3  thousands,  thirty  hundred^',  and  in  general  that 
every  superior  denomination  is  tenfold  the  nen^t  inferior  one ;  and 
also  that  any  part  of  a  superior  denomjinatioQ  is  in  like  ^tanner 
tenfold  the  same  part  of  the  next  inferior  one. 

17<  It  follows,  from  Art.  1^.  that  there  are  maoy  intermediate 
numbers,  which,  according  to  the  preceding  arrangement,  must 
fall  under  two  or  more  of  the  foregoing  denominations:  thus, 
twenty^five  consists  of  2  tens  and  5  units  ^  six  hundred  and 
seventy-eight  consists  of  6  hundreds,  7  tens,  and  S  uxiits ;  three 
thousand  four  hundred  and  fifty*sax  consists  of  3  thousands, 
4  hundreds,  5  tens,  and  6  units,  ^q,  &c.  Hence  a  distinct  idea 
of  the  value  of  any  numbers  may  be  formed  from  this  convenient 
and  beautiful  mode  of  arrangement. 

18.  Having  given  a  sketch  of  the  general  outline,  the  next 
thing  to  be  explained  is  the  method  of  expressing  all  numbers 
by  the  ten  digits  or  figures  3  in  order  to  which  we  observe,  that 
eacli  figure,  unconnected  with  any  of  the  other  figures,  stands 
merely  for  its  own  simple  value  ^  but  each  has  besi4es  a  local  va- 
lue, namely,  a  value  which  depends  ,on  t^e  place  it  occupies 
when  connected  with  others :  thus  a  figure  standing  jn  the  first 
or  right  hand  plaee  ^xprei^es  i^ly  its  simple  ^alue ;  but  ^f  an- 
other figure  or  the  cipher  be  placed  to  the  right  of  it,  then  the 
figure  first  mentioned  expresses  tex^  times  its  simple  l^alue,  that 
is,  as  many  tens  as  it  contains  units.  If  two  figures  or  ciphers 
be  placed  to  the  right  of  a  figure,  that  figure  expresses  ten  times 
what  it  did  when  it  had  only  one  on  its  right,  or  one  hundred 

^times  its  simple  value ;  and  so  on  continually. 

19.  Hence  appears  the  use  of  the  cipher,  which  although  it  is 
of  no  value  in  itself,  yet  when  placed  on  the  right  of  any  nun^r 
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ber>  it  increases  the  value  of  that  number  tenfold ;  thus  5  stand- 
ing  by  itself  expresses  simply  five ;  but  if  a  cipher  be  placed  on 
its  right,  thus  50,  it  then  becomes  fifty ^  or  ten  times  5 ;  if  two 
ciphers  be  placed^  thus  500,  it  becomes  j(oe  hundred,  or  ten  times 
fifty  its  former  value ;  let  another  cipher  be  placed  to  the  right 
of  the  last,  and  the  number  becomes  5000^  or  Jive  thousand^ 
which  is  ten  times  five  hundred,  &c. 

20.  From  the  two  precedii^  articles^  the  method  ctf  express* 
Ing  any  number  by  figures  may  be  easily  inferred :  tfaus>  if  it  be 
required  to  express  by  figures  the  ncimber  twenty-five,  or  two 
tens  and  five  units,  it  is  evident  (art.  18.)  that  five  units  must  be 
expressed  by  a  5  in  the  right  hand  place  of  the  number  to  be 
tvrttten,  and  that  the  two  tens  muil  be  expressed  by  writing  a  2 
in  the  second  place,  or  to  the  left  of  the  5 ;  thus  25.  Six  hun« 
dred  and  seventy-eight  (or  six  hundreds,  seven  tens,  and  eight 
units)  is  expressed  by  vmting  8  in  the  (right  hand  or)  first 
place,  7  in  the  second,  and  6  in  the  third }  thus  ^8 :  in  like 
fanner  three  thousand  four  hundred  and  filty«»six,  expressed  in^ 
figures,  is  3456,  where  the  6  represents  6  units,  the  5  five  tens, 
or  fifty,  the  4  four  hundreds,  and  the  3  three  thousands. 

21.  Numeration,  or  the  reading  of  numbers,  is  effected  in  the 
following  mahner;  point  to  the  first  (or  right  hand)  figure  of 
Smy  number^  and  call  it  nnits ;  point  to  the  second,  and  caU  it 
tensi  to  the  third,  and  call  it  hundreds;  to  the  fourth,  and  call 
it  thousands ;  to  the  fifth,  and  call  it  tens  of  thousands  ;  to  the 
sixth,  and  call  it  hundreds  of  thousands  -,  to  the  seventh,  and 
tsaSl  it  milliofis;  to  the  eighth,  and  call  it  tens  of  millions;  to  the 
ninth,  and  ca]ll  it  hundreds  of  millions ;  to  the  tenth,  and  cafl 
it  thousands  of  millions ;  to  the  eleventh,  and  call  it  tens  of 
thousands  of  milUons ;  to  the  twelfth,  and  call  it  hundreds  of 
thousands  of  millions,  &c.  &c.  Then  (beginning  at  the  left) 
read  the  figures  back  again  from  left  to  right,  adding  to  the 
name  of  each  figure  the  denomination  you  gave  it  when  read- 
ing from  right  to  left :  in  this  manner  the  numbf^rs  in  the  fbl>f 
jiowing  table  are  to  be  read. 
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Here  the  deaomuiations  sure  plaeed  over  die  figures,  those  ia  tbft 
first  coluom  beis^  uni»,  those  ia  tbs  secumd  <€W,  those  in  the 
third  hundrtds,  &c.  wherefore  iht  fint  IJxie  of  the  tabk  will  be 
fu»e  (uiiit8)>  the  seeoad  nvnetif-^ghtf^  third  niiM  hundred  and 
ngktif-seeen,  the  Iburlh  nme  tko^miti  iigkt  hundred  and  $eventif* 
Wi,  &c.  and  the  last  <md  hmdred  aei  tmemty-ihree  ikou$<mdsfovr 
hmdsted  andjifly-'sia  mtUiomi  ee»enhmdred  and  eigfUff^ine  Hunt* 
ionds,  five  hundred  and  $uUtf*§eeenk  When  »  number  contains 
one  or  more  ciphers>  the  denomiadufeieDs  whfch  the  ciphen  oc* 
cupy  are  to  beonucted  in  reading;  thvs^  40&  is  r«ad  four  hun^^ 
dred  emd  fioe;  here  are  no  tens  .^  SC^is  read  ihir^i  Jberer  ai^ 
no  umU :  70003  k  read  eeuentyf thousands  and  three;  here  the 
denominatioiis  of  tene^  hemdreds,  asut  tkoueands  are  vwatk^l 

98.  The  method  of  elassing  numbers  as  above  ezplaaaed  mej 
be  extended  to  ani^  lengUi :'  but  ^e  most  conveniei!^  method  of 
assisting  the  mind' to  fbnn  an  idea  of  laif;e  numbers  is  to  diride 
them  into  periods  of  six  figures  each,  beginning  at  the  rights  catt»> 
log  the:  first  period  uniist  the  second'  milUmte,  the  third  hillUm^^ 
&c.  accordiog  to  the  following  table ;  where  it  must  be  remarked^ 
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that  each  period  confaiiiB  imits.  tens,  hundredB,  thonsaiMb,  tens 
of  thousands/ and  hundreds  of  thoosands,  of  the  denominatioB 
marked  over  that  period. 
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6  1  7,8  3  4.  1  3  0,9  2  7.  ^  3  1,8  2  9.  4  O  3,1  7  2.  8  9  5,2  6  3. 


The  right  hand  place  of  each  denomination  is  units  of  that  de« 
nomination :  but  we  do  not  pronounce  the  word  units  in  read- 
ing, except  at  the  right  hand  place  of  all ;  instead  of  it  we  say, 
milUons,  biUUmsj  &c.  naming  the  right  hand  figure  of  each  pe- 
riod simply  by  the  denomination  marked  over  that  period. 

23.  When  any  number  expressed  in  words  is  required  to  be 
expressed  in  figures,  if  the  learner  it  at  a  loss  how  to  do  it,  he 
may  make  as  many  dots  (placing  them  in  a  line  firom  right  to 
left)  as  there  are  places  in  the  number  to  be  written,  calling 
the  right  hand  dot  the  place  of  units,  the  second  the  plate  of  tens, 
and  so  on  $  then  under  the  said  place  of  units  put  the  units  fi- 
gure of  the  number  to  be  written ;  under  the  place  of  tens  pat 
the  tens  figure  of  the  number;  under  the  place  of  hundreds  put 
the  hundreds  figure  of  the  number,  &c.  and  if  at  last  there  be 
any  dot  without  a  figure  under  it,  the  place  must  be  supplied  by 
a  cipher.  Thus  to  write  the  number  four  thoosand  three  hun« 
dred  and  fifty-six  in  figures-^here  are  units,  tens,  hundreds,  and 
thousands ;  four  dots  •  •  •  •  must  therefore  be  made ;  the  left 
hand  dot  representing  the  place  of  thousands,  4  must  be  placed 
under  it;  under  the  next  dot,  or  place  of  hundreds,  3  must  be 
l^aced ;  under  the  next,  which  represents  the  place  of  tens,  5 
roost  be  placed ;  and  6  under  the  right  hand  dot,  which  repre- 
sents the  place  of  units  3  thus  4356.  To  write  in  figures  cme 
million  two  thousand  and  thirty;  here  we  want  the  place  of 
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units^  tens,  &c.  up  to  millionfi;  nine  dots  will  therefore  be  neces- 
sary, thus, J  put  1  in  the  roillions  place,  2  in  the 

thousands  place,  and  3  in  the  tens  place,  and  you  will  have 
1  2  3;  then,  supplying  the  vacant  places  by  ciphers/the 
number  will  become  ioooO^OSO,  which  is  what  was  requircd. 

Examples. 

Write  in  figures  the  following  numbers. 

1.  Twenty* four.  2.  Three  hundred  and  sixty-two.  3.  S^yen 
thousand  two  hundred  and  forty.  4.  Ninety  thousand.  5.  Eij^ht 
hundred  and  ten.  6.  One  million  and  nine.  7.  Sixty-seven 
thousand  two  hundred  and  one.  8.  Two  hundred  million  three 
hundred  thousand  four  hundred.  9.  One  million  and  sixty-four. 
10.  Thirty  thousand  three  hundred  and  thirty-three.  11.  Five 
hundred  billions. 

Write  or  express  in  words  the  following  numbers. 

14. ..  23  ...  70  ...  123  ...  590  ...  509  ..  .  4321  .  .  . 
5040  .  .  .  1002  .  .  .  23456  .  .  .  30405  .  .  .  987654  . . .  100200 
.  .  .  234567  .  .  .  9080070  .  .  .  81726354  .  .  .  701820734  .  . . 
10200300040000. 

24.  The  following  characters  are  employed  to  mark  the  con* 
nection  of  numbers,  or  to  denote  certain  operations. 

The  mark-)-  (named  plus,  or  more)  denotes  addition.  The  mark 
—  (named  minitf,  or  less)  denotes  subtraction.  The  mark  x  (named 
into)  denotes  multiplication.  The  mark  -»-  (named  by)  denotes 
division.  The  mark  V  is  called  a  radical  sign;  and  a  line  drawn 
over  two  or  more  numbei^s,  (serving  to  connect  them,)  thus 
3  X  4,  is  called  a  vinculum*  The  mark  =  is  the  sign  of  equality. 
The  further  use  of  these  characters  will  be  explained  in  the 
proper  places. 
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ADDITION. 

S5.  Simple  Addition*  teaches  to  collect  two  or  moie  whole 
numbers  into  oncj  which  is  called  their  sum. 

The  mark  for  Addition  is  -f  plus,  {more,)  and  shews  that  the 
number  which  follows  the  sign,  is  to  be  added  to  the  number 
standing  before  it. 

26.  To  add  siMgleJiguret  together, 

k  SiTLB  I.  Begin  at  the  bottom,  and  find  what  number  win 


•  Tlic  word  AtUitum  is  derived  fitna  the  Latin  addo,  to  pat  to ;  mm  ficon 
sjtmma;  and  proof  fnmjrrobo,  to  proTe,  or  make  out. 

^  This  role  depends  on  the  method  of  notation  ;  (Art.  18.)  thos,  in  the  first 
example,  if  I  want  to  know  the  sum  of  7  and  A,  I  must  cridently  remiikft  each 
Into  the  nnits  of  which  it  is  eomposed,  tmi  ttMn  ooont  aH  Um  vnits  in  both,  ooe 
by  one,  to  find  the  amount ;  and  this  practice  I  most  follow  until  my  aund.  a^ 
quires  from  habit,  a  sufficient  dexterity  in  nombcring  to  do  without  it.  The 
only  method  that  a  penon  totally  ignorant  of  Addition  conld  employ^  woul4  be 
this  ;  he  wonld  write  down  all  the  oner  in  each  of  the  numbers  to  be  added,  and 
then  count  the  whole.  Thus  ex.  1 .  would  stand  according  to  such  a  method, 
3.  t.  5.  4.  7. 

11).         11.         11111.         IIU.         lUlin. 
These  oaet  being  counted,  are  found  to  amonnt  to  2i,  which  ii  the  snm  of  the 
giTcn  numbers.  Simple  as  this  explanation  may  appear,  it  is  plain  that  the  rea- 
son  of  the  mle  can  be  shewn  on  np  other  principle.  By  this  method  this  follow- 
ing Table  was  first  calculated. 

ThisiscaUed  7%e  Addiium 
TViM^and  its  us^is  to  find 
readily  the  swn  of  any  two 
numbers,  each  not  exceed- 
ing 9.  Thus,  look  for  th#- 
two  numbers,  Tis.  one  in 
the  teft  hand-  oolttnui,  and- 
the  other  in  the  top  liiie» 
and  at  the  point  where  the 
column  and  line  (in  which 
the  two  numbers  are)  meet, 
is  the  sum  of  the  said  two 
numbers.  Thus  to  find  the 
sum  of  4  and  5,  look  for  4 
in  the  left  hand  columny 
and  5  in  the  top  line,  and  at  the  point  where  the  two  rows  of  figures  (oq« 
vertical,  the  other  horizontal)  meet  stands  9,  which  is  the  sum  of  4  and  5. 
To  find  the  sum  of  7  and  6,  look  for  7  on  the  left,  and  6  at  top,  and  at  the  point 
where  the  lines  containing  7  and  f>  meet  stands  13,  their  sum.  In  like  manner 
Sand  9  are  found  to  be  14 ;  8  and  3  are  11  $  9  and  9  are  18,  &c.  &c.  Those  who 
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atise  by  takiiig  the  Quits  in  the  lower  figure,  tmd  tiie.uxuti  in 
the  next  figure  above  it^  into  one  sum. 

II.  Do  the  same  l?ith  thk  sum  and  the  third  fignre—itith 
this  last  susa.and  the  fimrth  figure*  aad  so  oa  uatU  all  tke 
%ures  have  been  taken;  set  dovm  the  last  smtt  between  twQ 
lines  faelow^  and  it  win  be  the  stun  reared. 

Method  of  proi^.  Draw  a  linfe  under  llbe  top  %ure  |  then  add 
up  ail  the  rest  of  the  figures  as  before^  and  place  the  Minx  under  Che 
former  sum,5  sidd  this  hist  sum  and  tfae  tof  figure  together,  and 
if  the  sum  is  the  same  as  the  sum  first  found,  the  wprk  is  right. 

Examples. 
1.  Add  the  figures  3,  2,  5,  4,  and  7  together. 
Operation.  MapUmatiMi, 

3  I  fhr«t  place  the  $iTea  igr*^  in  *  colamn  under  one  an- 
"^             other;  then,  beghinia^  ait  the  bottom,  I  say,  7  and  4  are  11, 

'  then  1 1  and  6  ar^  16^  then  16  and  9  are  is; ffien  18  and  3 

^  are  21,  which  (becan'se  all  fbe  figures  have  been  used)  is 

4  the  sum  ;  I  therefore  place  it  ait  the  bottom.  Next  I  cut  off 
'  7  the  upper  fi^pire  3,  and,  beginning  at  the  7, 1  add  all  up.  as 

o        ~  before,  except  the  3  cut  off,  and  place  the  sum  IS  below 

*5Mm  21^  ^^^  former.    Then  I  add  the  last  sum  18  to  the  8  cut  off, 

IS  and  the  sum  is  3T,  whidk  heitsg  the  iaifife  a^i  the  scOE^  first 

Proof  ^  found,  shews  that  the  work  is  right. 

9.  Add  up  the  following  columns  of  figures. 

2          4           &  2           1         ?        9        9        9 

974  8242        8.        7 

8           3           3  1           35879 

5           8.9  3           4*         ^3^6 

3^     7    j^    ji   2.   z_   a^  £S 

Smn  27        31       ^       ~       _      _      _      —      ^ 
'SS        27        23         _ 
Proof  27        31        2i        _  ~  ~      ~ 

26  B.  To  add  any  vihole  ntiniberi  together, 
Ikxrvi  I.  Flac6  Uie  numbers  under  one  another,  so  that  units 
may  stand  under  units,  tens  under  tens,  hundreds  under  hun- 
dreds, &c. 

'  II.  Adid  up  the  figures  in  the  imits  (or  right  hand)  colamn  by 
the  former  rule ;  take  out  all  the  tens  from  the  sum,  and  set 

■  -  ■  -      — —  I  -  I  iBJur      I  _  !■!    ■    rjr-      -    ~  i  j_i t^_i_^_  _    m 

cannot  readily  add  small  numbers,  ought  to  learn  this  Table  by  heart ;  thus  the 
method  of  adding  small  numbers  being  once  familiar,  that  of  adding  larger 
numbers  will  be  gradually  acquired  by  practice. 

C4 
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down  (below  the  figures  added)  what  is  o?er^  ot,  if  nothing  be 
over^  set  down  a  cipher. 

III.  Cany  as  many  units  (or  ones)  to  the  second  column  as 
there  were  tens  in  the  first;  add  these  up  with  the  second 
cohnnn  as  befoK;  take  out  the  tens  from  the  sam,  set  down  the 
remainder,  carry  1  Ibr  every  ten  to  the  third  column,  and  pro- 
ceed in  this  manner  till  die  left  hand  column  is  added^  under 
which  its  whole  sum  must  be  put  down  *. 

3.  Add  312,  498,  387,  068,  and  5^7  together. 
Operationt. 
312 

— — .  Expla»aiion,   ■ 

f  ^^  Having  placed  the  nombers,  I  find  that  the  sum  «f 

^87  the  units  oolumn  is  32,  or  8  tens  and  2  over  ;  I  pnt 

068  down  S,  and  carry  3  to  the  iceond  colnmn,  the  sum  of 

577  which  ^  34 ;  I  therefore  put  4  down,  and  carry  3  to  the 

^         r  last  column,  the  sum  of  which  is  37,  which  I  put  down. 

^um  2742  xbe  second  line  and  proof  are  done  as  directed  in  the 

«iJ433.  last  rule* 

.Proof  2742 


*  Having  explained  the  method  of  adding^,  it  remains  to  account  for  the 
method  of  carrying  prescribed  in  the  rule.  Thus,  in  eiamplc  3,  the  sum  of  the 
units  is  32,  or  3  tens  and  2  units;  I  must  evidently  put  down  the  2  units ;  but 
it  is  plain  that  the  3  tens  most  be  added  with  the  tens,  namely,  ^th  the  second 
cohmin,  which  consists  of  tens  :  again,  the  sum  of  the  second  oolumn  (with  the 
3  carried)  is  34,  that  is  34  tens,  or  340 ;  the  4  tens  then  must  evidently  be  put 
down  under  this  second  column,  (which  is  tens,)  and  the  3,  which  are  hundreds, 
must  be  collected  with  (or  carried  to)  the  hundreds,  the  sum  of  which  is  27 
hundreds,  or  (which  is  the  same)  2  thousand  7  hundred ;  this  sum,  it  is  phun, 
must  be  put  down,  as  there  can  be  no  further  carrying.  Thus  the  rule 
teaches  not  only  to  collect  several  numbers  into  one,  but  likewise  to  class  and 
arrange  the  different  denominations  in  the  sum,  by  continually  reducing  lower 
to  higher  denominations,  as  often  as  a  sufficient  number  of  the  former  arises. 

The  method  of  proof  in  this  and  the  foregoing  rule  will  be  easily  under- 
stood ;  for  having  cut  off  the  top  line,  and  added  up  all  the  rest  of  the  iSgures, 
the  result  will  be  the  sum,  exclusive  of  the  top  line  ;  wherefore  if  the  said  result 
and  top  line  be  added  together,  the  number  thence  arising  will  evidently  be  the 
sane  as  the  sum,  or  upper  line  of  the  work. 


Part  L 


SUBTRACTION. 
Add  tile  foIlowiDg  dums. 
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4. 

5. 

6. 

7. 

8. 

1234 

2357 

3142 

4135 

5341 

4133 

3512 

2314 

5413 

3415 

5412 

5124 

4231 

2541 

4153 

3541 

1243 

1423 

1254 

1536 

1354 

2431 

3142 

4125 

5361 

Sum  15664         14667 
14430         12310 


Proof  15664         14667  

9.  Add  the  numbers  4321,  8037, 2346,  6728,  and  1091  toge- 
ther.    Sum  22522. 

10.  Add  109,  1237»  34,  987,  and  12  together.    Sum  2379. 

11.  Add  nine  thousand  eight  hundred  and  sixty-seven  to  the 
sum  of  the  following  numbers,  98,  876,  129,  9086,  and  12345. 
^wm  32401. 

12.  A  has  39  marbles,  B  has  68,  C  24,  D  ]  90,  E  59,  and 
F  95 ',  how  many  have  they  among  them  ?     Ans.  475  marbles. 

13.  Received  of  G  12  shillings,  of  H  45,  of  K  130,  of  L  679, 
of  M  99,  and  of  N  nine  hundred  and  ninety-nine  -,  how  many 
did  I  receive  in  all  ?     Am.  1964  shillings. 

14.  A  person  to  maintain  himself  and  family  5  years  spent  as 
follows  5  viz.  the  first  year  6871.  the  second,  9891.  the  third,  8361. 
the  fourth,  10941.  and  the  fifth,  12091.  what  did  he  spend  in  all  ? 
Jns.  48151 


SUBTRACTION. 

27.  Simple  Subtraction*  teacheth  to  take  a  less  whole  number 
from  a  greater,  whereby  the  remainder  or  difference  is  known. 

The  mark  fot  Subtraction  is  —3  it  is  named  minus,  (or  less,) 
and  shews  that  the  number  following  the  sign  is  to  be  taken 
from  the  number  which  stands  before  it. 

Rule  I.  Place  the  less  number  below  the  greater,  and  let 
units  stand  under  units,  tens  under  tens,  &c.  as  in  Addition,  and 
draw  three  lines  at  proper  intervals  below. 

II.  Begin  at  the  right  hand  figui'e  in-the  less  number,  and  take 


*  The  name  Subtraction  come$  from  the  I^tin  sub  under,  and  tra^  to  draw. 
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it  out  of  the  figure  above»  ani  i0t  ivhat  feaiains  under  it :  do 
the  sauie  with  all  the  figores  iu  the  less  number,  settuo^  each  re- 
'  mainder  under  the  figure  from  whence  it  arises, 

III.  But  if  it  happiens  that  a  figure  in  the  lower  lihe  be  greater 
than  that  above  it,  add  ten  to  the  upper  one^  after  which  take 
the  lower  figure  from  the  sUm ;  set  down  the  remainder^  and 
cany  one  to  the  nest  lower  figvre  before  joit  subtract. 

IV.  Firooeed  in  this  nrpannpit  mitil  all  the  lower  figures  are  sub- 
tracted, and  the  result  will  be  tha  remainder^  or  difference  re- 
quired. 

Method  ofProrf.  Add  dK  diArence  fomd  and  the  less  num- 
ber together,  then  if  the  sum  be  equal  to  the  greater  mimbo', 
the  work  is  right  *. 


*     flf*<M*l 


«  To  iheir  that  this  ride  bas  iti  fmndation  in  Notataan,  let  H  be  recpiired  to 
take  3  from  7 ;  now  if  we  represent  the  7  by  its  nnits,  agreeable  to  art.  It,  and 
cat  off  firom  these  the  namber  of  oalti  is  S,  the  reft  «f  Ub  nniU  being  coaoied 
will  shew  what  remains,  thus, !» 1,1 1 1, 1, 1, 1*  where  bairina  cut  off  3,  the 
rest  of  the  nnits  being  connted  I  iind  amount  to  4 ;  therefore  3  taken  from  7,  4 
reihains ;  and  the  same  may  be  shewn  of  other  numbers. 

When  each'  fignre  in  the  lower  line  is  le^s  than  its  correspondent  figure  in  the' 
upper,  it  is  plain,  that  by  tdiftng  each  toweC  figure  from  that  aboVe  it,  we 
obtam  tlw  tereral  difefences  of  all  the  parts,  which,  takea  tegefher  in  order, 
wUi  endently  constitote  the  diilecence  of  flke  ivlivte. 

Bnt  when  any  fignre  in  the  upper  Koe  if  less  than  its  cotreipendeBt  one  in 
the  lower,  we  borrow  10,  which  is  evidently  i  of  the  next  higher  denomination, 
after  which  we  carry  1  (to  make  up  for  the  borrowing)  to  the  lower  figure  of 
the  next  higher  denomination ;  by  thus  increasing  the  number  to  be  subtracted, 
we  eTcntnally  take  the  1  away  fron  that  deaomiaailion  from  whence  it  had  be- 
fore been  nominally  borrowed! 

For  the  method  of  proof.  If  a  less  number  be  taken  from  agreater,  what  re- 
mains will  be  ihe  difference ;  and  if  the  difference  of  these  two  numbers  be 
addeS'tb  tlie  less,  the  sum  will  be  t'he  greater :  Cbisis  too  plain  to  require  illus- 
tfatibti ;  ^  will  barely  apply  H;  to  the  fii^t  esfiunple,  where  ^e  upper  line  is 
the  gttsat^  niAhb«r,the  leMnd  IM^^e  lesser,  the  t&tfati  Hue  th<p  diffb^ce,  s&d 
the  fourth  line  (which  is  equal  tb  the  gniitrfr}*ie  the  attin  of  ihe  ffiffeitonbe  and 
lest  number. 

The  Table  in  the  note  on  art.  96.  aa^  be  made  a  SukiraeHdn  TMe :  thnt'Ur 
find  the  difference  of  two  numbers^  look  for  the  least  at  top,  and  in  the  same 
column  find  the  greatest ;  then  the  number  in  the  left  hand  column,  which 
stnndf  hi  the  saihe  line  with  the  greatest,  is  the  diffierence  required :  thus  to 
t^e  7  from  IS,  look  for  7  at  U^i,  and  IS  in  the  tame  colnmn^thtooppuiite"  \t 
in  the  left  hand  column  stands  6|.the  difference. 
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1.  From  4738  take  2123. 

Operation,  Eaplanatton, 

4738  Having  placed  tlie  legg  nuoiber  imdcr  tfae  greater,  I 

2123  ^"^  ^  ^^"^  ^'  ^"^^  ^  renuBii  to  put  down ;  ihm  t  from 

-.  8>  and  1  remaiaa ;  1  from  7>  and  6  remain ;  ft  from  4, 

Di^.  2615  and  S  remain;  tbe  whole  remainder  then  is  7615.  I  then 

D*^^^  >i^qq'  <^  ^^  tecond  fine  siss  aad  fhU  reuaiater  ttgetlMV^ 

Proa/ 4738  which  gives  the  proof . 

e.  From  13S107  take  1910B,  and  from  720981  Ulce  IIK)29.   ' 

OpsRATIOMS.  EMftamtiim^ 

135 1^       720dSl  ^  ^^  ^'^^  ^^  these  operations  the  work  it 

1 0livet.          i£knoo  **^y»  *^  ^®  cot[i^  to  the  9,  where  we  say  9 

^^^^^          *^*^^  from  9  I  caiuiet,  b«l  botrewiog.  10»  and  ad4- 

Diff.  116064        7109&2  intf  it  to  the  f,  the  SKm  is  16  \  thevefbre  9 

I^.»^#>    iQgi#iy       i^cwiMfti      ^"^  ^*»  ^'^^  ®  remain  J  put  down  6,  and 
i^oo/.    135167       /20t>61     carry  1  to  the  next  figore  I,  ^iefc  nake»  fy 

then  2  from  3,  and  1  vemains  to  pat  down. 
There  being  no  figure  under  tha  left  hand  %ttre  1, 1  say  0  from  1,  and  l  re- 
mains to  put  down.  In  the  second  operation,  I  say  9  from  1  I  cannot,  borrow 
10,tfaeii'9from  ll,aod«  ftmawatopttt  dnwii;  ttasi cwtf  k  to  the  ft  Makes  3« 
9  fran  8y  and  5  remain  to  put  down :  the  rest  as  before.  ■ 

3.  4.  5.  6. 

From  37485    30748    48005    607346 
Take   12301    10091     2301     59840 


Biff, 
Proof 
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7*  If  from  one  thoffBund  two  hmuired  and  thHrty-foury  aeven 
hundred  and  e^hty-nine  be  tabea^  wbatwill  be  left  ^    Ans,  445. 

8.  ff  tbree  hnndred  and  sixty-five  ite  taken  from  i«re  huadred 
and  sisly-ti^reej  what  is  tlie  leaiainier  ?     jins\,  198. 

9.  If  onetkoasaad  two  faandred  and  tkirty-fiiur  wheat  corns 
be  taken  out  ef  a  bin  eotttainibg  one  miilion,  how  many  will  be 
Ieft>    j^.9mf9S. 

10.  A  nian  w^  hefPA  in  ^  year  1767«  and  died  ia  1799;  what 
was  his  ag^  >    Jfy9,  32  fmrs. 

IT.  Oner  war  bom  iir  1773>  and-  another  in  T801 3  required 
the  diflTerence  of  theil*  ages  ?    Arts,  20  years. 

12.  The  art  oif  printing  was  discovered  in  1449>  hbw  many 
years  is  itsince,  this  being  1812  ?    Ans.  S63  years. 

13» .  A%60uiaer  travelled  three  thousand  miles  in  one  year>  and 
oni^'eae'  ^(Mfland  nine  himdised  and  nine  in  the  next  $  how  mucfar 
does  the-fonkiier  distttnce  exeeed.  the  ktter }    Atu.  1091-  miles. 

14.  Outof  a  thotisand  pounds, a*  person  pald'awayeifht  hutt^ 


28  ABimMEIia  PartL 

dred  and  fifty-two;  how  many  poonds  had  he  remaining? 
Ant.  148  pounds. 

15.  Borrowed  one  thousand  two  hundred  and  thirty-four 
guineas,  and  paid  in  part  nine  hundred  and  eighty-seven ;  what 
sum  is  there  still  remaining  doe  ?    Ans.  247  ^taaor. 

16.  There  is  a  person,  who  if  he  lives  until  the  year  1880 
will  be  seventy-five  years  old;  in  what  year  was  he  born? 
An$.  in  1745. 

17.  King  George  the  Second  came  to  the  throne  in  I787f  and 
died  in  1760 ;  how  long  did  he  leign  ?    Ans.  33  years, 

18.  The  western  empire  was  destroyed  byOdoaoer,  king  of 
the  Heruli,  in  the  year  476,  and  the  eastern  empire  submitted 
to  IVIahomet  the  Second,  emperor  of  the  Tarks  in  1453  >  how 
many  years  did  the  latter  exist  after  the  former  ?  Ans.  977  years. 

MULTIPLICATION. 

28  Multiplication '  is  a  short  method  of  addition  -,  it  teaches 
how  to  find  the  sum  that  anses  from  repeating  one  number, 
called  the  multipUcand,  as  often  as  there  are  units  in  another 
number,  called  the  muUiplier. 

The  number  sought,  or  that  which  arises  from  the  operation, 
is  called  the  product. 

The  multiplicand  and  multiplier  are  frequently  called  Temu  or 
Factors,  and  the  product  is  sometimes  called  the  Factum. 

The  mark  denoting  Multiplication  is  x  ;  it  is  named  into,  and 
diews  that  the  number  standing  before  the  sign  is  to  be  multi- 
plied into  (or  by)  the  number  which  follows  it  -,  thus  3x4  de- 
notes that  3  is  to  be  multiplied  by  4,  or  ttkea  4  times'. 

To  perform  the  operations  in  this  rule  with  ease,  a  table  of 
the  products  of  every  two  numbers,  each  not  exceeding  12,  has 
been  contrived ;  it  is  called  the  Multiplication  Table,  and  must 
be  well  understood,  learned  by  heart,  and  remembered. 


f  The  name  MuUipticotion  comes  from  the  Latin  imdtu*  many,  and  plicQ  to 
fold  \  froduct  from  produco  to  produce ;  factor  a  maker  or  doer,  waA  factum  a 
thing  done  or  made. 

f  When  two  or  more  numbers  are  to  be  multiplied  by  any  number,  the  vtn« 
culum  is  placed  over  all  the  former,  and  a  point  is  frequently  interposed  be- 
tween the  ^Kton  instead  of  the  sign  x;  thns  8-f  4.5  denotes  that  the  sum  of 
3afld4(or7)btobc  moltiplJcd  by  5 ;  also  3+7-h2-^^«h«ws  that  the 
•M  of  3, 7,aiid  3,  (m.  12,)  U  to  be  noHipUed  by  the  diieience of  6  and 4, 
(▼ix.  2 ;)  and  the  like  in  other  cases. 
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1» 


THE  MULnPLKATION  TABLE  *. 


1 

2 

3 

4 
8 

5 

6 
12 

7   • 
14 

8 

9 

10 
20 
30 

11 

12 

2 
3 

4 

6 
9 

12 

10 

16 

18 

22 

24* 

6 

8 

12 

15 
20 
25 

]8 

24 

.30 

36 

42 

2,1 

24 

27 

53 

44 

36: 

4 
5 

16 

28 

32 

36 
45 
54 

40 

48 
60 
72 

10 

15 

20 

35 

42 

40 

48 

50 
60 

55 

6 

12 

18 

24 

30 

66 

7 

14 

21 

28 
32 

35 

49 

56 
64 

72 

63 

72 

70 
80 

77 
88 

84 
96 

8 

16 

24 

40 

48 
54 

56 

9 

18 

27 

36 

45 
50 

63 

81 

90 

99 

108 

10 
11 

20 

22 

30 

40 
44 

60 
66 

70 

SO 
88 
96 

90 
99 
108 

100 

110 

120 

33 
36 

55 

77 
84 

110 
120 

121 

132 

■ 

132 
144 

24 

|48 

60 

72 

£splanaiion  of  tie  Table, 

To  fiod  the  product;  of  two  numbers,  look  for  one  of  them  tn  the  top  line  d 
the  Table,  and  for  the  other  in  the  left  hand  oohimn  ;  then  the  number  which 
stands  directly  under  tlie  first,  and  level  with  the  second,  is  the  product  re-^ 
quired  :  thus  to  find  3  times  5,  look  for  3  at  top,  and  5  on  the  left,  then  nnder  S 
and  leyel  with  5  stands  15,  which  is  the  product  of  3  and  5.  To  find  10  times 
9,  under  10  and  lerel  with  0  stands  90,  the  product.  To  find  6  times  11,  un- 
der 6  and  level  with  J 1  stands  66,  the  product,  &c. 


^  To  shew  that  Multiplication  is  derived  immediately  from  Notation^  let  it  be 

required  to  find  3  timfs'4 ;  put  down  the  units  in  4  —-three  times,  and  then 

count  the    whole,    (Art.    1«.)    thus,    1>  1,1, 1  .. ..  1, 1, 1,  i  .. ..  l,  j,  i,  i . 

these  counted  amount  to  \%  therefore  3  times  4  are  IS;  and  the  likt  may  be 

shewn  in  all  cases. 

But  the  rule  is  commonly  derived  from  Addition  thus  ;  to  find  the        4    >' 
product  of  3  times  4,  put  4  down  three  times,  and  find  the  sum.    So  if        4 
I  want  to  find  9  times  8, 1  must  put  nine  eights  under  each  other,  add      ^ 
them  together,  and  the  sum  will  be  78,  or  the  product  of  9  times  S;  by      }^ 
this  method  the  MuItipUcatioa  Table  was  first  formed. 


ao  ABirHBfBnc.  PartI. 

Simple  Multiplication,  or  MultiidkatioQ  of  whole  nomben^  is 
perfixrmed  by  the  foUowiag  rulas. 

99*  When  the  mnUipher  doa  not  exceed  18. 

Rule  I,  Under  the  right  hand  figure  of  the  multiplicand 
write  the  multipliu*. 

II.  Multiply  eneiy  figure  in  the  multiplicaBd  by  the  muldj^ier, 
and  $et  the  product,  if  it  be  less  than  10,  under  the  figure  niul« 
tiplied. 

III.  But  if  the  product  be  10,  or  more,  set  down  the  units  on]y» 
an^  carry  l  for  every  10  to  the  next;  nMiltiply the  next  figure, 
and  afUr  tfou  hao€  fnuUiplied  ii,  (not  before,)  cany  the  mte§  to 
the  product. 

IV.  Proceed  in  this  manner  till  all  the  figures  are  multiplied ; 
at  the  last  (or  left  hand)  figure,  the  whole  product  must  be  set 
c)own^ 

'  The  Mm  of  aqmben  is  CYidently  of  the  same  denominatioB  with  the  nun- 
bers  added;  It  cannot  be  of  any  other ;  conseqaently  the  prodnct  of  any  nomber 
moltiplied  by  another  matt  be  of  the  same  dcpomioation  with  the  nnmber  nral* 
tiptied.  Hence  if  nnits  be  mnltiplied  by  any  whole  number,  the  prodnct  it 
units  $  if  tens  be  multiplied,  the  prodnct  will  be  tens ;  if'  hundreds  be  nndti* 
plied,  the  product  will  be  hundreds,  &c.  Let  it  be  required  to  multiply  574  by 
4 ;  now  the  4  nnits  mnltiplied  by  4  produces  16  units ;  the  7  tens  multiplied  by 
4  prodnoes  3S  tens,  or  SSO ;  and  the  5  hundreds  multiplied  by  4  produces  80 
hundreds,  or  3000.  Whereftire  these  several  products  when  added  together  will 
l^tva  Iha  psodnct  of  the  two  fivcn  nambeis. 

^  S74\  where  the  674 

Itfa     4X4  574tpTenwui^  4 

280««  70X4  574  f  bar  U  taken  ^^ 

g000«, 500X4  574 J  4timss>  --^ 

8396a574x4  289tf 

From  this  example,  the  truth  and  reason  of  the  Rule  will  be  manliest.  With 
respect  to  tbenwthodof  owryuigyitU  plain  from  Notation  that  lOuniUace  I 
Un^  SO  units  2  tans,  Icfi*.  iO  tensaxe  1  hnndnid,  20  tens  8  hundreds,  &c  And  in 
general,  any  niyqbei^  of  tern  of  an  inlsrior  denomination  will  be  so  many  uniu 
of  i\»  naxt  sofeiior ;  andtbv«fin»B  1-  i&  ahrayp  carried  for  every  ten>  from  the 
inferior  to  the  next  superior  deqominationi  as  directed  in  the  Rule. 
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SI 


Examples. 
1.  Multiply  375294  by  2, 


Opsbation. 

MuUvplwmA  375294 
Muliiplitr  2 

Product  750588 


EsplmuUion. 

Havio;  writttn  the  multiphw  s  im4er  ibe  ri^ 
band  fipjreof  the  multiplicand,  nainelyi  nnder  tlsMt 
4, 1  begin  by  multiplying  that  figure ;  thus  I  say 
twice  4  are  8,  and  put  it  down  \   next  I  i^y 


twice  9  art  18,  p^t 


8  Wd  ovnj  1 }  then 


twice  2  are  4  and  1  I  carried  6,  put  down  5  ;  tbcn  twice  5  are  10,  put  down  0 
and  carry  1 ;  then  twice  7  are  14  and  1  carried  15,  put  down  S  an^  carry  l  ; 
laitly,  twice  3  are  6  a^d  1  carried  7,  \  pu|  it  down,  and  the  MforlL  is  finished. 

2.  Multiply  968754  by  3. 

Operation.  Esplanati<m. 

Multiplicand    968754  Here  I  say  3  times  4  are  12,  put  down  9  and 

Multiplier  3      <^<u^  ^  ;  3  Ui^es  5  are  1 5  and  1  carried  make  16, 

Iiir«Ai/.#"oQn«OfiO      P"^  ^^^^  ^  ^^  ^*^  ^ »  ^  ^'™*»  7  are  21  and  1 
rroauct  ^90b»^      carried  2«,  put  down  2  and  ca^  2  ;  ^  times  8 

are  24  and  2  carried  26,  pat  do^n  6  and  carry  2  ; 

9  times  6  are  18  ttpd  2  carried  ^0,  ^ut  ^own  0  and  carry  2 ;  lastly,  3  times9 are 

27  and  2  carried  make  29, 1  put  down  the  whok  29,  and  the  work  is  fiaiihed. 

3.  4.  5.  6. 


Mult. 
By 

2793812 

4 

7849265 
5 

• 

5381497 
6 

SS76491 
7 

Prod. 

11175248 

39.246325 

32288982 

58635437 

7. 

8. 

9. 

10. 

Mult. 

By 

2738469 
2 

3182735 
3 

4170826 

4 

5742873 

Prod. 

n. 

12. 

13. 

14. 

Mult. 
By 

6179064 
6 

7410826 

7 

8»IS298 

8 

9123947 
9 

Prod. 

15. 

16. 

17. 

18. 

Mult. 
By 

1982745 
2 

2936807' 
3 

3869071 
4 

496&72S 
5 

Prod. 

19. 

.  ■ 

20. 

^1. 

22. 

Mah. 
By 

6843672 
6 

6172Q8?. 

•  7 

7123^614. 
8 

8076945 
9 

Ptvdi 

23. 

•■ 

' 

24. 

25^ 

26. 

Muk. 

9138765 

192QS67 

2374563 

394S657 

By 

11 

11 

12 

12 

Prod. 

m 
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43.  44. 

Multiply  273814  381725 

By      4567  6789 

1916698  3435525 

16428S4  3053800 

IS6907O  2672075 

1095256  2290350 

Product  121^508538  2591531025 

■  •h   ■  ■  ■ 

32.  To  prove  the  truth  of  these  operations  by  casting  out  the 

nines. 
Rule  I.  Having  made  a  cross  like  the  sign  for  multiplica'- 
tion^  add  the  figures  in  the  multiplicand  together^  rejecting^ 
every  nine  as  it  arises,  and  reserving  only  the  remainder  to 
carry :  set  the  last  remainder  on  the  left  of  the  cross. 

II.  Add  the  figures  in  the  multiplier  together,  casting  out.  the 
nines  as  before,  and  set  the  last  remainder  on  the  right  of  the 
cross. 

« 

in.  Multiply  the  two  remainders  together,  and,  having  cast  oat 
the  nines  from  the  product,  set  the  remainder  at  the  top  of  the 
cross  i  if  there  are  no  nines,  the  product  itself  must  be  set 

IV.  Lastly,  cast  the  nines  out  of  the  product,  and  set  the  re- 
mainder at  the  bottom  of  the  cross :  if  the  bottom  and  top  fi- 
gures are  alike,  the  operation  is  right,  except  you  have  made  a 
mbtake  of  nine  exactly  5  but  if  they  are  not  alike,  the  work  is 
certainly  wrong. 

Thus  to  prove  Ex.  43. 1  say,  2  and  7  are  9;  tbis  I  omit;  and 
go  00,  3  and  8  are  U ;  (omitting  tbe  9)  1  carry  S  to  the  1,  which 
make!  3,  and  4  are  7 ;  this  I  put  down  on  the  left  of  the  cross. 

Next,  bellying  with  the  multiplier,  1  say,  4  and  5  are  9,  which  I  omit ;  and 
go  on,  6  and  7  are  13,  which  is  4  above  9 ;  omitting  the  9, 1  put  down  4  on  the 
right  side  of  the  cross. 

Thirdly  I  moUiply  7  by  4,  and  the  product  is  38 ;  in  this  number  I  find  there 
are  8  nines  (which  1  omit)  and  1  over;  thevelbre  I  put  1  at  the  top. 

Lastly,  I  cast  the  nines  out  of  the  product;  thus,  1  and  2  are  3  and  5  are  8 
and  5  are  13,  which  is  9  and  4  over;  (omitting  the  9)  I  carry  4  to  the  8  are  13i 
which  is  9  and  3  over;  (omitUng  the  9)  I  cairy  3  to  5  are  8  and  3  are  U,friiich 
is2above  9  (omitted) ;  carry  2to8  ace  10,  which  is  1  above  9;  this  1 1  set  down 
at  the  bottom  of  the  cross,  and  finding  that  it  agrees  with  the  figure  at  the 
top,  I  conclude  that  the  operation  is  right,  except  I  have  made  a  mistiOre  of  9. 

The  proof  of  £x.  44  is  8N/3  which  is  done  eiactiy  in  the  same  manner. 


^ 
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33.  When  dpken  ate  intermixed  mUh  the  other  figwree  in  the 
muUipiier,  tbey  need  not  be  regarded,  provided  the  fi^t  figure  of 
each  line  in  the  multiplying^  be  pot  under  the  figure  you  mul- 
tiply by». 


45. 
Muhiply  830724 
By     ^3021 

830724 
1661448 
249^172 
1661448 

Prod.  19124097204 


Proof. 


46. 

312905 
1110035 

1564525 
1138715 
312905 
625810 

Prod.  65721001675 


^spiaHaHoh. 


£z.  45.  Although  here  are  5  figuws  in  the  multipfier^  yet  one  being  a  ct- 
"pher^  there  are  only  4  figures  to  multiply  by :  the  difference  made  by  the  eipher 
is,  that  it  occasions  the  third  and  fourth  lines  to  stand  one  place  more  to  tbe  left, 
than  they  would  if  the  cipher  was  not  there. 

£z.  46*.  Here  are  6  figujres  in  the  multiplier,  but  only  4  multiplyiQg  figures  ( 
the  two  ciphers  remove  the  third  and  fourth  lines  two  places  to  the  left. 

In  examples  of  thn  kind,  when  ciphers  are  subjoined  to  the  right  of  both 
f^tftors,  they  are  to  be  omitted  in  the  multiplying,  and  all  of  then  are  to  be 
-written  to  the  right  hand  of  the  adding. 


47. 
Multiply  1329470 
By         340 

53 1788 
398841 


Prod.  452019800 


48. 

210300 
57000  6 

14721 
10515 

Prod.  11987100000 


In  Ex.  47, 1  multiply  by  34,  and  take  no  notice  of  the  two  ciphers  in  the  m«l- 
tiplyii^  part ;  but  1  bring  them  both  down  to  the  right  hand  of  the  adding. 

Ex.  48.  Here  are  5  ciphers  subjoined  to  both  factors ;  they  are  omitted  in  the 
^ork,  and  set  down  at  the  end  of  the  adding,  as  before. 

34.  When  the  figures  11  or  12  stsraid  together  in  a  multiplier, 
the,  multiplication  by  both  figures  may  be  performed  in  one 
line,  (see  E%.  24. 25.  Art.  29.)  provided  the  right  hand  figure  of 
every  product  stand  under  the  units  place  of  its  respective  multi- 
plier, as  before  directed  *. 


*■  This  rule  is  snfficienUy  evident  firoia  the  note  on  Art.  31. 
■  This  rule  depends  on  the  reasons  given  in  the  note  on  Art.  Sir 
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99. 

Multiply   S7W54 
By      lUH 

4451448 
14a3ai6 
4080494 

Prorf.  40967773048 


50. 

158643 
191811 

1416073 
1543716 
1543716 

Prod.  1559294667S 


JSsplanaHon, 

Ex.  49.  In  this  example  the  multiplier  consists  of  11,  4,  and  12.  I  mnltl* 
ply  first  by  13,  putting  the  right  hand  figure  8  of  the  product  under  the  units  2. 
I  next  multiply  by  4,  putting  the  right  hand  figure  6  of  the  {trodad^  tinder  the 
said  multiplier  4.  Lastly,  I  multiply  by  1 1,  putting  tiie  right  hand  figure  4  of 
the  product  under  the  right  hand  1  of  the  1 1.  And  note,  that  always  in  mnlti'> 
plying  by  a  double  figure,  the  units  place  of  the  product  must  stand  under  the 
right  hand  figure  of  such  multiplier. 

Ex.  60.  Here  the  multipliers  are  12,  12,  and  U.  Tlic  ttruth  of  the«e  opera- 
tions may  be  proved  by  multiplying  by  erery  figure  singly  {Art.  8 1  .),«r  by  chang- 
ing the  places  of  the  fectors,viz.  multiplying  the  multiplier  by  the  maHiplicand. 

35.  ^f^en  the  multiplier  is  a  composite  number  •,  that  is,  the 
product  of  two  or  mare  numbers  in  the  table. 

Rule.  Multiply  by  one  of  the  component  parts,  and  naultiply 
the  product  by  another,  and  this  last  product  by  another^  and  so 
on,  when  there  are  several  component  parts  ',  but  this  rule  is  sel« 
dom  applied  when  the  multiplier  is  found  to  consist  of  more 
than  two  parts,  or  three  at  most '.    * 

The  operations  may  be  proved  by  Art.  31. 


«  A  number  which  is  the  product  ol  two  or  more  sumben  (each  greater 
tbftn  unity)  is  catted  a  cmnpoHte  number  ;  and  th«  numbers  of  which  it  is  the 
product  are  called  its  comptment  pccrtt.  Thus  4ft  is  a  composite  noaber,  the 
component  parts  of  which  are  9  and  5  ;  for  9  X  5  =  45.  The  terms  eomposUe 
and  component  are  derived  from  the  Latin  con,  with,  and  pono^  to  place. 

p  Soppoee  it  were  requii^pd  to  multiply  334  by  14 :  by  Art.  28,  if  I  add  234 
taken  successively  7  times,  the  sum  will  be  the  same  as  S34  multiplied  by  7. 
Now  if  I  double  this  sum,  or  multiply  it  by  2,  the  result  will  be  the  same  as 
though  I  had  taken  down  934  14  times,  and  added  the  whole  to^etlier^  that  is, 
284  multiplied  by  14  is  the  satae  at  if  it  were  multiplied  by  7  and  the  product 
multiplied  by  2.  Again,  if  234  be  multiplied  by  2>  and  the  pr^diiuit  be  taken 
7  times,  the  result  will  evidently  be  the  same  as  it  would  had  I  taken  the  |iven 
number  14  times  ;  and  the  same  thing  may  be  shewn  in  every  similar  case. 
The  truth  of  the  rule  may  llkewbe  be  pfoved  by  Axi,  Sir 
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51.  Mtiltiply  6S958  by  24. 

•Here  we  liave  a  midtiplier  S4,  which  may  be  divided  into  two  component 
parts  a  variety  of  ways;  thus  3  X  8»  or  4  X  6',  or  2  X  12 ;  and  these  may  he 
taVen  in  a  different  order,  thus  8  X  3,  6X4,  and  12x2;  wherefore  the 
operation  may  be  performed,  according  to  this  rule,  six  different  wa\-s :  t)}QS, 


1                       -            *              » 

First,  %  3  X  8. 

63958 
3 

191874 
8 

1534992 

Secondly,  by  4x6. 

63958 
4 

255832 
6 

1534992 

Thirdly,  by2x  12. 

63953 
2 

127916 

1534992 

! 

Fourthly,  by  Sx 

63958 
8 

3.        Fifthly,  by  6x4, 

63958 
6 

383748 
4 

Sixthly,  by  12  x  2. 

63958 
12 

511664 
3 

767496 
2 

1534992 

By  Art.  Si, 

63958 
24 

1534992 

Proof. 

V  6  / 
4\(^6 

153499-4 

255832 
127916 

1534992 

/6\ 

52.  Multiply  52794  by  21  j   viz.  3x7  and  7x3.     Product 
1108674. 

53.  Mult^Iy  28537  by  35;   viz.  5x7  and  7x5.     Product 
998795. 

54.  Multiply   81764   by  48:   viz.  6x8  .- .  8x6  . . .  4xl2> 
and  12  x  4.     Product  3924672. 

55.  Multiply  39468   by   132  5    viz.   11x12   and    12  x  11^ 
Product  5209776. 

56.  Multiply  13S96  by  1728  ;  viz.  12  X  12  x  12.     Product 
240122SS. 

36.  When  the  multiplier  is  any  number  between  12  and  20>  the 
IP  operation  may  be  performed  in  one  line. 

Rule.  Multiply  by  the  right  hand  figure,  and  (besides  what, 
you  carry)   to  each  particular  product  add  the  figure  which 
stands  next  on  the  right  (in  the  multiplicand)  of  that  which  you 
multiplied  3  if  the  last  product  be  a  siagk  figure^  the  le&  hand 

l>  3 
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figure  of  the  multiplicand  must  be  placed  on  its  left ;  but  if  it  be 
a  double  figure,  the  left  hand  figure  of  the  multiplicand  must  be 
added  to  its  lasti  or  left  hand  figure  *».  The  opemtions  to  be 
proved  by  Art.  51. 


57. 
Multiply  351482 
By 


13 


Prod  4569266 


JExplanation. 

I  say  3  times  2  are  6,  and  put  it  down  ; 
then  3  times  8  are  24  and  2  (the  right 
band  figure)  26,  put  down  6  and  carry  2 ; 
then  3  times  4  are  12  and  2  carried  14 
and  8  (the  right  band  figure)  22;  put 
down  2  and  carry  2;  3  times  I  are  3  and  2  carried  5  and  4  (the  right  band 
figure)  9,  put  it  down ;  3  times  5  are  J  5  and  1  (the  right  hand  figure)  16,  put 
down  6  and  carry  1  ;  lastly,  3  times  3  are  9  and  1  carriied  10  and  5  (the  right 
band  figure)  1 5  ;  put  down  5,  and  to  the  1  canied  add  the  last  figure  3  ;  this 
makes  4,  which  1  put  down  in  the  last  place. 


53. 

Proof. 

59.          Proof. 

Multiply    743896 
By             14 

\  5  / 

1  X  ^ 

524183    \3y/ 
15    5X^ 

Prod.   10414544 

/5\ 

7862745    /  3  \ 

60. 

61. 

62. 

Multiply     647184 
By             16 

813625 
17 

471283 
13 

Prod. 

63. 

64. 

65. 

Multiply     314762 
By             14 

248937 
18 

127968 
19 

Prod.     ' 

Promiscuous  Examples  for  Practice. 

66.  Multiply  371948  by  28  three  ways.  (Art.  35,  31.)     Pro^ 
duct  10414544. 

67.  Multiply  185974  by  14  four  ways.  (Art.  31, 35,  30.)    Pro- 
duct 2603636. 

68.  Multiply  671612  by  114  two  ways.  (Art.  31,  34.)     Pro^ 
duct  76563768. 

69.  Multiply  230605  by  819000.     Product  1S8S65495000. 
.    70.  Multiply  128121  by  72001.     Product  9224840121. 

71.  Multiply  241643  by  1212  two  ways.    Product  29287lift>. 


4  In  this  rule  the  operation  of  adding  continually  the  back  figure  amounta 
exactly  to  the. same  as  though  the  top  line  were  taken  down  one  place  to 
the  left  and  added ;  which  is  the  process  directed  in  Art.  33.  by  that  article 
it  is  recommended  that  each  of  these  examples  should  be  proved. 
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72.  Multiply  five  million  forty-six  thousand  and  one,  |by  four 
thousand  and  eight.    Product  20224372008. 

73.  Multiply  eight  hundred  and  seventy  thousand  four  hun« 
dred  and  ten>  by  two  thousand  and  fifty.    Product  1784340500. 

74.  Multiply  nine  thousand  eight  hundred  and  aerea*  by  nine 
hundred  and  e^ht.    Product  8904756. 

75.  Find  42378  x  100,  and  4237800  x  30000. 

76.  Find  385746  X  463,  and  178600398x1200. 

77.  Find  3526  x  2534,  and  8250704  x  301. 
?8.  Find  10802  x  10203,  and  12345x6789. 

79.  A  beggar  collects  478  halfpence  in  a  week ;  how  many 
halfpence  is  that  a  year  }     Am.  24856. 

80.  There  are  12  signs  in  the  ecliptic,  and  every  sign  con- 
tains 30  degrees  ^  how  many  degrees  does  the  ecliptic  measure  ? 
Am.  36Q. 

81.  A  clerk  calls  at  14  places,  ^nd  receives  at  each  1201.  i 
how  many  pounds  does  he  carry  home  ?     Am,  168Q. 

82.  The  workmen  on  an  estate  eat  2167  penny  cakes  in  a  day ; 
how  many  will  be  sufficient  to  ^erve  them  128  days?  Answer 
277376- 

DIVISION. 

37.  Simple  Division'  teaches  to  find  how  often  one  whole 
number,  called  the  dioUfor,  js  <;ontained  in  another  whole  number, 
called  the  dividend^  or  to  divide  a  whole  number  into  any  pro- 
posed namber  of  equal  parts  ^  and  is  a  short  method  of  perform- 
ing  coBtinaal  subtraction '. 

The  nunvber  arising  from  the  operation  is  called  the  quotient; 
it  shews  how  often  the  divisor  is  contained  in  the  .divi4end,  that 
is,  into  how  many  equal  parts  the  dividend  is  divided. 

'  The  term  Divmon  comes  from  the  Latin  divido  to  divide,  distiibute,  or  part  ; 
^and  quotient  from  quoties,  how  many  times  ^  also  renudnderfrom.  rettMOifiOy  to  tarry 
behind. 

"  This  mle,  like  all  the  former,  is  derivable  immediately  from  Notation. 
Tho»,  to  divide  13  by  5,  resolve  the  13  into  its  eonstituent  units }  l^en  count 
off  as  many  fives  from  these  as  you  can,  putting  a  st^V^e  bet^eeipi  ^e  divisions ; 
there  will  then  be  as  many  fives  in  1 3  as  there  ?n'e  diyisions  j  tbuf ,  1 . 1 . 1 . 1 . 1 .  | 
1. 1. 1. 1. 1.  I  1.1.  here  are  two  complete  divisions,  ^nd  3  nniU  over,  therefore 
there  are  2  fives  in  12  and  2  remainder ;  and  tiie  like  may  be  thewv  in  every  iar 
stanoe  under  this  rule. 

n  4 
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If  any  thing  be  over  after  the  division  is  j^exfqirmG^^  it  is  09iihd 
the  remainder. 

.  T)ie  maik  for  division  is  +  j  it  i^  named  hf/t  an4  she^s  t|iat 
the  oumber  standing  before  the  ^ign  is  to  be  divided  by  the  Qum« 
ber  v(?b)ch  foUows  it. 

37.  B.  TVhen  the  divisor  does  not  exceed  12. 
Rule  I.  Write  down  the  dividend  with  a  small  curve  line,  at 
each  end,  draw  a  line  below,  and  place  the  divisor  on  the  left 
hand  of  the  dividend. 

II.  Find  how  often  the  divisor  is  contained  in  the  first  or  left 
hand  figure  of  the  dividend,  or  (if  it  be  not  contained  in  thiat)  in 
the  two  or  (if  necessary)  three  first  figures. 

III.  Set  the  quotient,  or  number  denoting  how  many  times,  be- 
low the  number  divided. 

IV.  If  there  be  any  remainder  (it  will  be  less  tha^  the  divi- 
sor,) carry  as  many  tens  to  the  next  figure  as  there  are  ones  iQ 
the  remainder. 

V.  Divide  the  sum  33  before,  set  down  the  quotient  under- 
neath, carry  tens  for  the  units  in  the  remainder  to  the  ne>,t 
figure,  divide,  and  so  on  until  the  worlt  is  finished,  and  if  there 
be  a  remainder  at  last  it  may  be  placed  to  the  right  over  the 
divisor,  with  a  small  line  between  them  ^ 

*  We  here  suppose  the  dividend  resolved  into  parts  or  denominations  j  then, 
b6giwiitig  hi  th«  superior  denomination,  we  find  by  trials  how  many  times  the 
diTipotr  is  ooqtaiBed  in  it(  if  ther«  be  a  remainder,  we  ioorease  tht  next  inferior 
denomination  by  it,  observing  (according  to  the  estahlvslied  pnilGipkt  of  Nota- 
tjonj  that  every  nnit  of  the  snperiorjieccunes  ten  of  the  next  ii|feri«r ;  in  this 
manner  we  proceed  through  all  the  parts  or  denominations  in  the  diyi4fi;uk 
Tha3  let  9(S3  be  divided  by  3  ;  here  the  dividend  resolved  into  its  constituent 
denominations  is  900 -J- 60  +  3 ;  now  there  are  300  threes  in  900,  20  threes  in 
60,  and  I  three  in  3  ;  therefore  the  quotient  will  be  360  +  tO  4-  1 ,  or  321 .  Let 
bj^  be  divided  by  4 ;  this  number  resolved  into  parts,  of  which  each  c^  the  aiipe-! 
rior  denominations  is  a  multiple  of  4,  wiU  be  400  4- 1€0  4»  13,  tafh  of  w^ich 
divided  by  4,  we  obtain  100,  40,  and  3  for  the  quotients,  with  1  remaining 
from  the  last  division  ;  therefore  100  -|-  40  -f  3  or  143  is  the  quotient,  and  1 
the  remainder.  We  can  easily  prove  that  theef-  are  respectively  the  tru0  quo* 
tients  ;  for  (since  multiplication  ^d  division  are  converse  ru]ej^  it  follows  that) 
the  quotient  multiplied  by  the  divisor,  with  the  remainder  add^d  ip,  viU  jife  Uie 
dividend;  thus^  821  X  3=963, and  143  X4-i- 1«673,  wWch  s^athe|»n>po8^ 
dividends ;  and  since  thi9  is  the  ixiode  of  openition  prescribed  in  li^c  ro)^  U  i« 
shewn  to  be  right.  * 
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Method  of  Proof. 
Multiply  the  quotient  by  the  divisor,  and  to  the  right  hand 
figure  of  the  product  add  the  remainder;  the  result  will  be  like 
the  dividend,  if  the  v^ork  is  right. 


EXAMPLBS. 


1.  Divide35ir3lby2. 


Opesation. 
2)361731 ( 


Quoiient     I75b()54- 
Proof  ~35173l 


S^epianatioH, 

Having  placed  the  divisor  2  to  the  left  hand  of 
the  dividend,  I  begin  thus  ;  twos  in  3  will  go  once, 
and  1  over ;  I  set  the  1  under,  and  carry  the  1  re- 
mainder, calling  it  10,  to  the  6,  which  makes  15  ; 
then  I  say,  twos  in  15  will  go  7  times,  and  1  over ; 
put  down  7  suid  carry  1  ;  I  call  this  I ...  10,  and  carry  it  to  the  1,  which 
makes  1 1 ,  then  I  &ay  twos  in  1 1  will  go  5  times,  and  I  over  ;  put  down  5  and 
carry  1 ,  that  is  10,  to  the  7,  making  17  ;  twos  in  17  will  go  8  times,  and  1  over ; 
put  down  8  and  carry  1,  or  rather  10,  to  the  8,  which  make  13  ;  then  twos  in 
13  will  go  6  times,  and  1  over;  put  down  6  and  carry  I,  or  10,  to  the  1,  which 
make  1 1,  twos  in  1 1  will  go  5  times,  and  I  over ;  put  tiie  6  under,  and  the  1 
remainder  above  the  2  divisor,  makii^  ^, 

To  prove  the  operation,  I  multiply  the  lower  line,  or  quotient,  by  2  the  di» 
▼isor,  adding  i,  the  remainder,  to  the  right  hand  of  the  product,  and  the  result 
agreeing  with  the  dividend,  (or  top  line,)  ahews  that  the  work  if  right. 


9.  Divide  198412  by  3. 

Operation, 
3)198412( 


Quotient     '661S7^ 
Proof     198412 

3. 

4)  543235 ( 

Proof  543235 

7. 


Explanation. 

I  say  threes  in  1  will  not  go ;  I  put  a  dot  under, 
and  carry  the  1  as  10  to  the  9,  which  make  19,  then 
threes  in  19  will  go  6  times,  and  1  over,  and  so  on. 
From  the  last  igure  but  one,  viz.  the  1,  thfK  tic  2 
over,  which  in  carrying  I  call  20. 


4. 

5)<?67130( 
' 53426 
267130 

8. 


5. 
6)81241 5( 


6. 

7)150125( 


a)45l324(         3)612357( 


11.  12. 

6)131824(        7)817243( 


135402 S 
$12415 

9. 
4)3ai23a< 

•2144  6f 
150123 

la 

5)912561 ( 

18. 
J)980726( 

14. 

9)  109278  ( 

(IS 
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15.        16.  ir.       18. 

2)135^40(    S)d210ir(    4)90080S(    5)ai8425( 


19. 
6)701246( 


20.         21.         22. 
7)369214(    8)54S210{    9)837612( 


23. 
8)764009( 


24.         25.         26. 
9)300132(   11)231806(   12)493807( 


38.  When  the  divisor  is  a  composite  *  number. 

Rule.  Divide  by  one  of  the  component  parts>  and  the  quo- 
tient by  another^  and  (if  there  are  more  than  two)  this  last 
quotient  by  a  thirds  and  so  on  till  you  have  divided  successively 
by  all  the  component  parts ;  the  last  quotient  is  the  answer  ^. 

To  estimate  the  remainder  when  the  dioisor  consists  of  two  com* 
ponent  parts.  Rule.  Multiply  the  first  divisor  by  the  last  re- 
mainder^ and  add  the  first  remainder  to  the  product  5  the  re- 
0ult  will  be  the  remainder^  which  may  be  placed  over  the  ori« 
ginal  divisor>  as  directed  in  the  preceding  rule^  (Art.  37.  B.)' 

"  A  cpmposite  number  is  that  which  is  the  product  of  two  or  more  nnm* 
hen,  each  greater  than  unity,  which  latter  are  called  its  component  parts. 

'  Division  being  the  converse  of  Multiplication,  the  truth  of  this  rule  will 
be  evident  from  Art.  35.  To  make  it  still  plainer,  we  observe,  that  in  ex.  87. 
the  dividend,  which  is  required  to  be  divided  by  14,  is  divided  by  9,  and  the  quo- 
tient by  7.  Now  dividing  by  2  gives  the  half,  and  dividing  the  half  by  7  gives 
the  seventh  part  of  the  half,  which  is  evidently  the  fourteenth  part  of  the 
whole ;  whence  dividing  successively  by  i  and  7  is  equivalent  to  dividing  by  14. 
And  the  same  may  be  shewn  in  all  other  cases. 

y  The  method  of  proof  is  thus  accounted  for  from  ex.  87.  ^ere  every  unit 
in  the  first  quotient  evidently  contains  8  units  of  the  dividend ;  consequently 
each  unit  in  the  remainder  will  likewise  be  equivalent  to  8  ;  and  therefore  the 
second  remainder  must  be  multiplied  by  8,  (to  make  it  units  of  the  divii> 
dend,)  making  10,  to  which  adding  1  (unit  of  the  dividend) ,  the  remainder  is  1 1 . 

Likewise  in  ex.  899  ^very  unit  in  the  first  quotient  may  be  considered  as  con* 
taining  1 1  units  of  the  dividend  ;  every  unit  in  the  second,  1 1  units  of  the  first ; 
and  every  unit  in  tlie  third,  1 1  units  of  the  second ;  therefore  by  the  foregoing 
•bservations  7  X  H  4* 7*^  84  the  remainder^  supposing  the  two  last  operations 
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39.  If  the  divisor  consist  of  several  component  partSy  the  re- 
mainder is  found  as  follows  5  Multiply  the.  last  remainder  by 
the  preceding  divisor,"  add  the  preceding  remainder  to  the  pro- 
duct^ multiply  this  sum  into  the  next  preceding  divisor^  and 
add  the  next  preceding  remainder,  and  so  on  3  the  last  sum  is 
the  remainder^  and  may  be  placed  over  the  whole  divisor  as  ^be- 
fore. 

The  method  of  proof  is  by  changing  the  order  of  the  divisors, 
that  is^  by  performing  the  operation  again^  dividing  by  that 
number  Jirst  which  you  divided  by  last  in  the  preceding  ope- 
ration ',  if  both  quotients  agree,  the  work  is  right. 

27.  Divide  824135  by  14,  viz.  by  2  x  7  and  7  X  2. 

Ope  RATIONS.  Explanation. 

First      2)824135(1  '°  ^^®  ^'^^  operation,  I  divide  first  by  2,  and  the 

'         ^  qaotient  by  7.     I  place  each  remainder  to  the  right 

7)412067(5  opposite  its  respective  dividend  ;  and  then  to  find  the 

"    Ouot*       58866*  *  *"*®  remainder,  I  multiply  the  first  divisor  2  by  the 

I T^  last  remainder  5,  (which  make  10,)  and  add  the  first 

2x54*1^^11   Rem»  remainder  1,  making  11  for  the  whole  remainder, 

which  is  placed  over  the  divisor  at  the  right  hand  of 

Second.  7)824135(4  *^«  quotient. 

: ^  In  the  second  operation,  I  divide  first  by  7,  then  by 

2)117733(1  2.     To  find  the  remainder,  I  multiply  7  by  l,and 

Ouot        58866  *  *  ^^^  ^  ^  ^^^  product,  which  gives  1 1  for  the  remain- 

! 7^  der  as  before. 

7x1+4  =  11   ^6771.  Both  quotients  agreeing,  and  likewise  both  re- 
mainders, the  work  is  right. 

28.  Divide  813713  by  72  four  ways  5  viz.  6  x  12  . . .  12  x  6  . .  • 
j?x9^  and  9x8. 

6)813713(5  I2)813613($ 

12)135618(6  9) . 67809(3 

.  11301  11301 


6x6+5==41  Rem,  3x12  +  5=41  Rem. 

8)813713(1  9)813713(5 

9)101714(5  8)  .  90412(4 

.ITSOI  11301 


5x8  +  1=41  Rem.  4x^+5=41  Rem. 


only.  Wherefore  also.  84  X  11+9=933  the  remainder,  supposing  all  three 
operations :  and  the  same  may  be  shewn  for  four,  or  any  number  of  successive 
operations. 

Another  method  of  finding  the  remainder,  is  by  multiplying  the  quotient 
by  the  divisor,  and  subtracting  the  product  from  the  dividend  ^  the  result 
will  be  the  true  remainder. 
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€9.  Diffde  9M688  by  iSSl;  m.  bjr  11  x  11  K  11. 

OpsRAtIOK.  BiBfiamtim. 

2  1  )D046SQ(d  *^^  4W\wn  beii^  all  ttlik<|  tke  o^rati«n  gmi* 

^  not  be  varied.     To  get  the  remainder,  I  mul- 

1 1 )  Jb2^43(7  tiply  thifi  tov^er  7  by  the  miiWle  11,  and  ndd  thfc 

J  J  \   ^  747^(7  upper  7  to  th«  prodw*^  wfatoh  gives  84.    1  next 

'  -I ^^  nniltiply  84  by  the  upper  1 1 ,  and  add  in  the  9, 

Qbtotknt        .  679A^A-  trtiich  givts  9.«  for  the  remalndet ;  thns  7X11 

4-7  =  84.    Then  84  X  11+9=933. 

SO.  Div5tleSl€71SbylS,or3x5aiidr3x3.  Qnotiem^\\\4^\-, 

31 .  DWide  801234  by  28,  or  4  x  7  atid  7x4.  Quotknt  2St5l  .'5 14. 

•^.  Divide  81477(5  by  66,  or  15x11  and  11  x  6.  Quotient 
12345^. 

33.  Divide  9794B8  by  96>  or  12X8  tiftd  Sxl^.  Quotient 
10203. 

40.  ^/icn  /ftere  are  ciphers  at  the  right  kmd  of  the  divisor. 

Rule.  Cttt  off  the  ciphers  by  a  thin  stratght  sttx^ke  drawn  be- 
tween them  and  the  other  figures  5  and  cut  otf*  as  maey  iigui^€8 
from  the  right  hand  of  the  divide^ftd  as  there  are  ciphei-s  cut  off 
£tx)m  the  divisor ;  then  divide  the  remaining  ^gores  in  the  divi- 
dend by  the  remaining  fignres  in  the  divisor. 

If  nothing  remain  after  the  opemtion,  the  fignres  cut  off  from 
ike  dividend  win  be  the  remaindra-  $  but  if  dny  thing  remain, 
the  figures  cut  off  must  be  placed  to  the  right  of  it  for  a  re- 
mainder •. 

The  method  of  proof  is  by  multiplying  the  quotient  by  the 
divisor,  and  adding  in  the  remainder  j  or  by  dividing  by  the 
component  parts  of  the  divisor  when  it  can  be  done. 


*  Cutting  off  one  figure  from  both  terms  is  equivalent  io  dividing  both  by  10  ; 
cutting  off  two  figures  from  each  is  equivalent  to  dividing  both  by  100,  &c.  as 
is  obvious  from  the  method  of  Notation;  and  it  is  plain,,  that  as  often  as 
the  whole  divisor  is  contained  in  the  whole  dividend,  so  often  mnst  any  part  of 
the  divisor  be  contained  in  a  like  part  of  the  dividend.  Now  the  cutting  off 
directed  in  the  rule  is  nothing  more  than  taking  like  parts  of  both,  the  figures 
cut  off  from  the  dividend  being  (from  tbe  nature  of  Notaition)  the  riglit  hand 
A^trres  of  the  tttmainder ;  wberefbre  the  rule  is  evident.  This  uwIbI  mode  itf 
coiitfttetkm  Bates  a  nmltitude  of  ciphers^  and  shortens  tlie  trork  amatnngly. 
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34.  Divide  1571^4  by  90. 

OpexATION.  Bspianatum* 

QtnM'>T1Q.^Ur  ^^^  having  cat  off  the  cipher  from  ih»4h\§orf 

y\^J ^^/*^|'*V  and  the  last  figure  4  from  the  dividend,  I  divide  the 

Quotient  •  785614-^  remaining  figures  in  the  latter  by  2.    Having  divided 

p^f.f.f       IKTIOQA  *^®  ^f  ^  ^•^^  ^  remaining,  which  is  placed  before  the 

x-rwj        lo/i^j^  ^  ^^^  ^^^  making  the  remainder  14;  this  is  placed 

over  20,  the  divisor,  at  the  end  of  the  quotkaot»  a»  in 
the  former  rules.  The  proof  arises  by  multiplying  the  quotient  by  the  divisor 
50,  (Alt.  30.)  and  adding  in  the  remainder  14.  For  other  proofs,  divide  by  4  X  S 
and  5x4.  Art.39. 

35.  36.  37. 

3|(X))100123[43(      4|OQO)791236[I31(     6|Q00Q)1234|5678( 
Quotient  -  33374444  197809Vi^oV  '  24ef§4W 


Proof      10019343  791236131  12345678 

■  I         III  >  I  '   II  "I'll    I       I  > 

36.  Divide  1234567  by  210. 

Operations.  EtcptanmUm, 

3)123456|7(       7)123456|7(4     ^.  ^^°f  ^"i*,  *»1*\^  f!P/f  '^^^  *»»« 

' L_^         '  \ 1 il^        divisor,  for  the  21   I  divide  by  3  X  7 

7)' 41152    (6     3) '17636    (2     and  7  X  3,  having  first  cut  off  the  7 
•  f\fi7f(i±l.  *  fcQ'TQ  t  n  7  •     from  the  dividend.    For  the  remainder, 

^^"^  ^*^^*^      m  the  first  operation,  I  say  6  times  3 

are  18,  and  place  it  before  the  7}  mak* 
ing  187.  In  the  second  operation^  I  say  twice  7  are  14  and  4  are  18;  this 
placed  before  the  7  cut  off  makes  187)  which  in  both  is  placed  over  the  divis(»'« 

39.  Divide  2468123  by  60.     Qw>t%mt  41135^^. 

40.  Divide  12345200  by  700.    Quotient  17636. 

41.  Divide  98765432  by  11000.     Quotient  SBJS-^^^. 

42.  Divide  852768000  by  120.     Quotient  7106400. 

41.  TVhen  the  divisor  is  any  number  greater  than  12. 

RuLB  I.  Having  placed  the  divisor  on  the  left  as  before,  find 
how  many  times  it  is  contained  in  the  least  number  of  figures 
possible  of  those  on  the  left  of  the  dividend,  and  set  the  quotient 
figure  to  the  right. 

II.  Multiply  the  divisor  by  the  quotient  figure,  and  set  the 
pAduct  under  the  forementioned  left  hand  figures  of  the  divi« 
dend. 

tl.  Subtract  the  said  product  from  the  figures  above  it,  and  to 
the  right  of  the  remainder  bring  down  the  next  figure  (viz.  the 
next  to  those  already  used)  in  the  dividend,  and  find  how  often 
the  divisor  is  contained  in  this  number. 

IV.  Set  the  quotient  figure  to  the  right  of  the  dividend  as  be- 
fore;  multiply  the  divisor  by  it ;  place  the  product  uodir  the 
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last  found  number  j  subtract,  bring  down,  divide,  &c.  as  before, 
until  all  the  figures  in  the  dividend  are  brought  down*. 

-^-^  ■■  ■  -  ■  I      I     ■  iiii  iM   1^  I  -  I  ■».■  -  •    r  I        •     •  -  -  -        •  1 

*  This  rale  differs  from  the  operalioD  directed  in  Art.  37  B.  only  in  one  par- 
ticular, namely,  there  tbe  work  is  for  the  most  part  performed  mentally,  whereas 
here  the  whole  process  is  put  down. 

Learners  usually  experience  some  difficulty  in  finding  how  many  times  the 
divisor  will  go  in  the  figures  to  be  divided ;  the  rule  is,  when  the  divisor  is 
contained  in  its  own  number  of  inures,  find  bow  often  ii»»  first  figure  of  the 
divisor  is  contained  in  the  firtt  of  those  to  b$  divided  ;  but  when  the  num- 
ber of  figures  in  the  divisor  Is  one  less  than  the  number  of  figures  to  be  divided, 
find  how  often  ihe  first  figure  of  the  former  will  go  in  the  two  first  of  the  latter. 
This  method,  if  proper  allowances  be  mad«  for  carrying,  serves  to  determine  the 
qnotient  figures  very  readily.  Another  method  is,  to  multiply  the  divisor  (pre- 
vious to  the  operation)  by  %  3,  4,  &c.  to  9,  and  set  the  products  in  their  order 
in  a  column  under  the  divisor,  and  their  respective  multipliers  opposite ;  then 
at  every  step  of  the  work  yon  have  only  to  take  that  product  which  is  nearest 
to,  but  not  greater  than,  the  numbec  to  be  divided ;  place  it  under  the  said  num- 
ber, and  put  the  opposite  multiplier  in  the  quotient.  For  example,  to  divide 
42031687  by  23  ;  thus, 

23 )  42021687(1827029  Here  the  left  hand  column  containsthe  multi- 
pliers of  the  divisor ;  the  second  colomn  con- 
tuns  the  products,  each  opposite  its  pn>per 
multiplier;  to  the  right  of  this  stands  the  ope- 
ration. First  then,  to  find  how  often  23  goes 
in  42,  I  look  among  the  products,  and  find 
that  23  is  the  only  one  not  greater  than  42 ;  I 
therefore  put  23  under  the  42,  and  its  opposite 
multiplier  1  in  the  quotient.  Hating  sub- 
tracted, and  brought  down  the  Q,  the  number 
next  to  be  divided  is  190 ;  the  nearest  num- 
ber not  greater  than  this  among  the  products 
is  184;  this  I  put  below  190,  and  its  multiplier  8  in  the  quotient:  the  next* 
number  which  arises  to  be  divided  is  62 ;  the  nearest  product  for  this  is  46, 
which  I  put  below  it,  putting  the  corresponding  multiplier  2  in  the  quotient : 
I  proceed  in  this  manner  until  the  work  is  finished. 

The  first  method  of  proof  is  obvious ;  for  it  is  plain,  that  if  the  dividend  eon- 
tain  the  divisor  tome  number  of  times  exactly y  that  number  will  be  the  qno- 
tient ;  and  (this  rule  being  the  converse  of  Multiplication]  the  divisor  multi- 
plied by  the  quotient  will  produce  the  dividend  exactly  when  the  work  is  right. 
But  if  there  be  a  remainder,  it  is  plain  that  the  dividend  exceeds  the  aforemen- 
tioned product  by  that  remainder,  which  therefore  must  be  added  to  the  product 
in  order  to  produce  the  dividend. 

The  second  method  by  casting  out  the  nines  wiU  be  demonstrated  algebrai* 
eaUy  in  its  proper  place. 
The  third  ndhod  of  proof  by  adding,  depends  on  this  consideration,  that  tha 
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Methods  of  proof, 

I.  Multiply  the  quotient  and  divisor  together*  add  in  the  re- 
mainder, and  the  result  will  be  like  the  dividend  when  the  work 
is  right. 

II.  Cast  the  nines  out  of  the  divisor  and  quotient^  setting* 
the  remainders  on  opposite  sides  of  a  cross,  as  in  Multiplication. 
Multiply  these  together,  and,  having  cast  out  the  nines  from  the 
product,  set  what  is  over  at  the  top  of  the  cross.  Cast  the  nines 
out  of  the  remainder;  subtract  what  is  over  from  the  dividend^ 
and  cast  the  nines  out  of  what  remains;  put  the  remainder  at 
the  bottom  of  the  cross,  and  it  will  be  like  the  top  figure  when 
the  work  is  right. 

III.  Add  the  remainder,  and  all  the  lower  lines  of  figures  toge- 
ther, and  if  the  work  is  right,  the  sum  will  be  like  the  dividends 

43.  Divide  550914  by  ^4. 

Operation. 

Divisor  Dividend  Quotient 

334  )  550914  ( 2354  Proof  by  Multiplication. 

468  Quotient  2354 

829  Proof.                 Divisor     234 

7(^  \0y/                               9416 

1271  ^yC^  ^^^ 

1170        yo\  4708 


1014 


Rem,         78 


936  Dividend  550914 


78  Remainder 


550914  Proof  by  Addition. 

EsplantUion, 

First,  I  take  as  many  (and  no  more)  of  the  left  hand  figurei  of  the  dividend 
(viz.  550.)  as  contain  the  divisor  234 ;  I  then  try  how  often  S34  will  go  in  550, 

product  of  the  divisor  and  quotient,  with  the  remainder  added,  equals  the  divi-* 
dend ;  now  the  numbers  here  actually  added  are  the  remainder,  and  the  pro* 
ducts  of  the  divisor  into  the  several  quotient  figures,  placed  in  order;  and  since 
the  simi  of  the  products  of  the  parts  into  any  number  equals  the  product  of  the 
whole  into  that  number,  it  follows  that  the  sum  of  these  products  and  the  re* 
mainder  wiU  be  equal  to  the  dividend,  if  the  operation  be  correct. 

Another  method  of  proof  is,  to  subtract  the  remainder  firom  the  dividend,  and 
divide  the  result  by  the  quotient ;  the  resulting  quotient  wiU  be  like  the  divisor 
when  the  work  is  right.  Thus  in  ex.  43.  if  the  remainder  78  be  taken  from 
the  dividend,  and  the  result  550836  be  divided  by  the  quotient  S3549  the  quo- 
tient of  this  division  will  be  d34|  which  is  equal  to  the  fiv«a  divisor* 
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«Ih1  find  it  will  go  twice ;  I  therefore  pat  2  in  the  quotient,  (via.  on  the  right  of 
the  dividend,)  and  multiply  the  divisor  234  by  it,  the  product  468  I  then  place 
under  the  550.  Next  I  subtract  468  from  550,  and  the  remainder  is  82 )  to 
this  I  bring  down  th«  9,  making  829 ;  I  try  how  often  the  divisor  will  go  in  this, 
and  find  it  will  go  3  times ;  I  pttt  3  in  the  quotient,  and  multiply  the  divisor  by 
it ;  the  product  702  I  place  under  the  829,  and,  subtracting  the  lower  from  the 
upper,  the  remainder  is  127  >  I  bring  down  1  to  this,  and  it  becomes  1271 ;  I 
try  how  often  the  divisor  will  go  in  this,  and  find  it  will  go  5  times ;  I  therefore 
put  5  in  the  quotient,  and  multiplying  the  divisor  by  it,  I  put  the  product  1170 
under,  and  subtract  it  from  1271 ;  to  the  remainder  101  I  bringdown  the  last 
figure  in  the  dividend,  viz.  4,  making  1014 ;  I  find  that  the  divisor  is  contained 
4  times  in  this  number ;  I  put  the  4  in  the  quotient,  multiply  the  divisor  by  it,  . 
place  the  product  under  the  1014,  and  subtraet  as  befdre ;  there  being  no  more 
figures  in  the  dividend  to  bring  down,  the  78  is  the  remainder. 

In  the  proof  b}  Multiplication,  the  quotient  2354  is  multiplied  by  the  divisor 
334,  and  the  remainder  78  added  to  the  product,  and  the  result  being  like  tb« 
dividend  shews  that  the  work  is  right. 

In  the  proof  by  Addition,  I  add  the  remainder  and  the  lower  lines  of  figures 
(not  the  upper)  together,  as  they  stend  vertically,  or  under  each  other ;  thus  8 
and  6  are  14;  put  down  4,  and  carry  1  to  7are  8  and  3  are  11  and  Oare  11 ;  put 
down  1,  and  carry  1  to  the  9,  7»and  2,  which  make  19 ;  put  down  9,  and  carry  I 
to  the  1 ,  0,  and  8,  which  make  10 ;  put  down  0,  and  clury  1  to  the  1,  7,  and  6, 
which  make  15 ;  put  down  5,  and  carry  1  to  the  4  is  5,  which  I  put  down. 

In  the  proof  by  the  cross,  I  cast  the  nines  out  of  the  divisor  234,  and  the  0 
which  remains  I  place  on  the  left  of  the  cross ;  I  then  cast  the  nines  out  of  th» 
quotient  2354,  and  place  the  renudnder  5  on  the  right.  I  next  multiply  $  and  0 
together,  and  put  the  result  0  at  the  top.  I  then  cast  the  nines  out  of  the  re* 
mainder  78,  and,  subtracting  the  6  that  is  over  from  the  dividend,  I  cast  the 
nines  out  of  the  remainder,  and  the  result  is  0  tike  the  top ;  wherefore  the  work 
is  right. 

44.  Divide  304932  by  13. 

Opbratiok. 

Divisor  Dividend  Quotient 

13  )  304932  (  23456 

26  13 

44  70368 

39  33456 

59  4  Rem. 

52  804932  Proof 

73  Proof. 

65 


82 
78 


4  Rem. 


304932  Pro&f  k^  Addition 
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45.  Divide  1700698  by  33. 

Operation. 

iHvittr.    DUndend.    QuoHeni* 
«3  )  1760598  (  76547 
161  23 

150  229641 

138  153094 

125  17  Rem. 

115  1760598  Proof. 


109 
92 

178 
161 


Proof. 


17  Rem. 


1760598  Proof  hy  Addition. 

46.  Divide  123456789  by  9876. 

Opbration. 
9876)  123456789(12500  Proof i. 

9876  \6>/  ^^'^^ 

24696  ^  X^  ^^^ 

19752  X  ^  ''^^^^ 

"Toii^  87500 

^^^^  100000 


49380 


112500 


6789  i^em.  ^,73^  ^^^ 


123456789  Proo/  123456789 

47.  Jiiy\A&  382701  by  31.     Quoi.  12345.  rem.  6. 

48.  IMWde  814483  by  23.     Quot.  S5412.  f «».  7. 

49.  Divide  24753819  by  26.     Quot.  952069.  rem.  25. 

50.  Divide  80132457  by  29.     Quot  2763188,  rem.  5. 

51.  Divide  15185088  by  123.     Quot.  123456. 

52.  Divide  85691764  by  243.     Quot.  352641.  rem.  1. 

53.  Divide  73671248  by  857.     Qwt.  85964.  rem.  100. 

54.  Divide  175729358  by  3542.     Quot.  49613.  rem.  112. 

55.  Tw^e  oaen  divide  20736  pounds  equally  wmmof^  them- 
selves ;  wliat  is  the  share  of  each  ?    An9.  17282. 

56.  A  baker  has  5138  pounds  of  doagh^  of  which  he  intends 
to  make  loaves  weighing  14  pounds  each  3  how  many  will  he 
have  ?     An$.  367. 

57.  In  a  certaia  frigate  there  are  176  commmi  sailors^  and 

VOL.  I.  £ 
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they  share  308001.  prhse-money  equally^  what  sum  does  each 

receive  ?    Ans.  175Z. 

58.  How  many  times  will  a  watch,  which  goes  31  hours,  re- 
quire winding  up  in  28458  hours  ?     Ans,  918  times, 

59.  The  crop  of  wheat  on  an  estate  is  1164  quarters  5  what 
quantity  was  sown,  supposing  eveiy  corn  to  have  produced  97  on 
an  average  ?     Ans,  12  quarters, 

60.  How  many  times  is  the  number  999  contained  in  the  ten 
digits,  arranged  in  their  natural  order  ?  Ans.  1235803  times,  and 
693  over. 

REDUCTION. 

42.  Reductiofn^  teaches  how  to  change  numbers  from  one 
denomination  to  another,  without  altering  their  value  3  and  is 
performed  by  multiplication  and  division. 

When  numbers  are  brought  from  a  higher  denomination  into 
a  lower,  the  operation  is  called  Reduction  descending,  and  is  per> 
formed  by  multiplication. 

When  numbers  are  brought  from  a  lower  denomination  into 
a  higher,  it  is  called  Reduction  ascending,  and  is  performed  by 
division, 

43.  To  bring  great  names  into  small,  that  is,  to  reduce  numbers 
from  a  higher  denomination  to  a  lotoer. 

RuLB.  Multiply  by  the  number  denoting  how  many  of  the 
lower  denomination  make  one  of  the  higher. 

Thus  to  bring  pounds  into  shillings,  I  multiply  the  pounds  by  20»  because 
SO  shillings  make  one  pound :  to  bring  shillings  into  pence,  I  multiply  the  shil- 
lings by  ISJ,  because  12  pence  make  one  shilling :  and  to  bring  pence  into  for- 
things,  I  multiply  the  pence  by  4,  because  4  farthings  make  one  penny  ^, 

-  ■--■■■  ■         -    . 

^  From  the  Latin  reduco,  to  restore,  or  bring  back. 

*  The  reason  of  this  fule  will  be  readily  understood.  Suppose  it  were  required 
to  reduce  any  number  of  pounds  into  &rthing8 ;  the  most  conrenient  method 
would  evidently  be,  by  reducing  the  given  number  first  into  shillings,  then  into 
pence,  and  next  into  farthings.  Now  1  pound  contains  (once  twenty,  or) 
twenty  times  1  shilling ;  2  pounds  contain  (twice  twenty,  w)  20  times  9  shil- 
lings ;  in  like  manner  3  pounds  contain  20  times  3  shillil^ ;  and  in  general  luf 
number  of  pounds  wiU  contain  20  times  that  number  of  shillings.  By  similar 
reasoning  it  appears,  that  any  number  of  shillings  contains  12  times  that  num- 
ber of  pence ;  and  any  number  of  pence,  4  times  that  number  of  farthings. 
Wherefore,  since  there  are  20  shillings  in  1  pound,  and  12  pence  in  I  shiOing, 
it  follows,  tbat  there  are  80  times  12,  or  240  pence,  in  I  powd ;  and  likewise 


Part  I.  REDUCTION.  51 

44.  When  there  are  intermediate  denlnmnatians  between  the  given 
denominaHony  and  that  to  which  you  would  reduce  it. 

Rule.  Reduce  the  given  number  step  by  step  in  order, 
through  all  the  intermediate  denominations,  (by  the  foregoing 
rule^)  until  you  have  brought  it  down  to  the  proposed  denomi- 
nation. 

Thus  to  bring  pounds  into  farthings,  I  first  reduce  the  pounds  Into  shillings, 
then  the  shillings  into  penoe,  and  lastly  the  pence  into  fiiithingt  *. 

45.  When  the  given  number  consists  of  several  denominations. 

Rule.  Begin  at  the  highest  denomination,  reduce  it  to  the 
second,  and  to  the  result  add  the  second  denomination  in  the 
given  number  3  reduce  this  sum  to  the  third  denomination,  and 
to  the  result  add  the  third  denomination  in  the  given  num- 
ber ;  proceed  until  you  have  arrived  at  the  denomination  re- 
quired. 

Ilins  to  bring  pounds,  shillings,  pence,  and  fiulhings,  into  farthings ;  I  ht* 
gin  with  the  pounds,  reduce  them  into  sidllings,  and  add  the  giren  shillings  to 
the  result ;  I  then  reduce  this  number  into  pence,  and  take  in  the  given  pence ; 
and  lastly  I  reduce  this  last  number  into  forthings,  and  take  in  l£e  given  far- 
things. 

46.  To  bring  small  names  into  great ;  that  is,  to  reduce  numbers 
from  a  lower  denomination  to  a  higher. 

Rule.  Divide  by  the  number  denoting  how  many  of  the  lower 
denomination  make  one  of  the  higher. 

Thus  to  bring  farthings  into  pence,  I  divide  the  fiufthings  by  4,  because  4 
farthings  make  one  penny  ;  to  bring  pence  into  shillings,  I  divide  the  pence  by 
12,  because  12  pence  make  one  shilling;  and  to  bring  sbilliags  into  pounds,  1 
divide  the  shillings  by  ^0,  because  20  shillings  make  one  pound  *• 


(since  4  farthings  make  1  penny)  there  will  be  20  times  12  times  4,  or  960 
farthings,  in  1  pound ;  consequently  any  number  of  pounds  multiplied  by  340 
will  produce  the  number  of  pence,  and  by  960,  the  number  of  fiEurthings,  in 
those  pounds. 

^  When  there  are  shillings,  pence,  or  fiarthings,  connected  with  the  given 
number,  ^  is  plain  that  these  must  be  added  in  successively,  each  with  its  like  } 
viz.  shillings  with  shillings,  pence  with  pence,  and  farthings  with  farthings. 
This  being  understood,  the  reason  of  the  rule,  as  applied  to  weights  and  mea- 
sures, will  likewise  be  evident. 

<  Because  there  are  4  farthings  in  1  penny,  8  farthings  in  2  pence,  18  far- 
things in  3  pence,  and  in  general  4  times  the  nuquber  of  farthings  in  any  num- 
ber of  pence ;  it  follows  that  there  will  be'  in  any  number  of  farthings  one 

£  £ 
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4n.  Whttf  'thete  tire  ¥vh9f^ne^AaU  ^denamMtmm  behoain  ^  ^ven 
one,  and  ^Mt  td  ^htehiiis  reijuifed  i9  he  reduced. 

Rule,  ftedace  the  giveto  fimnbcnr  «tep  by  Btep  in  order  from 
tke  givea  de^aottunaitioil  upward,  through  all  ^e-  inlienttediatt 
attes,  until  ym.  hkve  tamght  it  to  tlie  proposed  denomiiiatioB. 

Thus  to  bring  ferthingt  into  pounds,  I  first  redace  them  to  pence,  tk«ft  tbt 
pence  to  shillings,  and  then  the  shillings  to  pounds. 

When  there  is  a  lemainder,  it  is  of  the  same  denominatioa 
with  the  dividend  from  whence  it  arises  ^ 

MONEY'.       . 

4  farthings  (q.)  make  I  penny,  d.  4ss  1  d. 

l^  pence 1  shilling, «.         48=  12  =  1  #. 

5  shillings 1  <crown>  er,       S40=s  60  =  5  =1  cr» 

20  shillings 1  pound,  X.       Dao=240=:20=:4=:l  L. 

21  shillings  ........  1  guinea,  gum. 

27  shillings 1  moidore,  moid. 

^  denotes  one  fotkivig  i  ^  two  IMhingBy  or  me  hal^pesay : 

and  i  three  farthings. 

Examples. 

1.  In  531.  how  many  £irthings } 

Opbration.  Explanation. 

•^*  Here  we  have  to  redace  great  ibto  small,  conse- 

53  qneuNy  xnultipHeation  mutt  be  used.  I  fiivt  mol- 

20  tiply  53  by  20,  which  produces  shillings ;  these  I 

, .  „ .  multiply  "by  1 2,  which  produces  pence ;  and  these 

1060  snUltngS,  I  multiply  by  4,  which  produces  farthings,  or 

12  what  was  required  in  the  question.    This  opera- 

12720  nfincp  ^^^^  **  proved  by  that  of  the  following  example  ; 

A  P^  they  mutually  prove  each  other,  and  may  serve  as 

^  a  pattern  to  shew  how  other  examples  in  this  nite 

Am.  tiOSSO  farthings,  are  proved.  , 

fourth  that  number  of  pence ;  in  like  manner,  in  any  number  of  pence  there 
will  be  one  twelfth  that  number  of  shillings  ;  and  in  any  number  of  shillings  one 
twentieth  that  nuuiber  of  pooiids.  Hiis  rule  Is  therefore  evident,  as  heing  the 
converse  of  the  former  rule. 

''  This  will  be  plain,  from  the  consideration  that  every  remainder,  being  a 
part  of  the  dividend,  is  evidently  of  the  same  name  with  it.  * 

>  Here,  as  well  as  in  each  of  the  weights  and  measures,  there  are  two  tables, 
the  first  of  which  is  mostly  tised  in  reduction ;  the  second -shews  what  number  of 
every  in/erwr  denomination  is  contained  in  each  superior  one. 

Pounds,  shillings,  pence,  and  farthings,  are  usuaHy  denoted  by  the  Latin  ini- 
tials L,  s.  d,  q.  L  denoting  /t6ra,  a  pound  ;  9^  solidut,  a  shilling ;  dy  denU' 
riuSf  a  penny  i  and  q-,  quadrant,  a  farthing. 
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2.  In  50680  telhiBgs^  kow  vfiuiy  jpoyMk^ 

Operation. 

4)50880( 


12)187^0(  pence. 
g[0)  106[Q(  shillings. 
Ami.  53  pounds. 


H^rc  we  brk|g  aa^aU  into  g^at^  and  therefore 
divide.  I  divide  the  fertbipes  by  4«  ivhich  pro- 
duces pence ;  the  pence  by  19,  which  girt*  shil- 
lings; anl  the  shiU^ifs  by  ^^  which  gives  pounds^ 
or  tb^e  amw^r  required. 


fieurtluiigs 


Operation. 
23    14    5^ 

474  shillings, 
13 


&6i93  pence. 
4 


jins,  22773  farthings. 


JBxplOMOttOH. 

1  maltiply.the  ponndi,  vis.  33,  by  80,  and  t» 
the  prodjaci;  I  add  the  14  sbilliogs,  tftlqiig  in  the 
4  in  the  place  of  uuiits,  and  1  in  the  place  of  tens. 
Next  I  multiply  474  riiUUngs  by  12^  and  take  in 
the  5  pf ocft  to  thf  product,  I  then  multiply 
5693  pence  by  4>  and  to  the  product  ta^e  in  the 
I  lartfaing,  and  the  result  jis  the  apswer  rep 
quire4. 


4.  BriBg  4554d  fiaurthings  into  pounds. 

Operation.  Espfanation. 

farthings.  I  divide  by  4, 12,  and  20,  as.  before,  (Ex.  S.)    The 

4)45546(2  2  remainder  after  the  first  division  are  3  farthings,  or 

la^ii^fifi/iA  "9^*  *^*  10  remainder  afte^  the  second  are  p^nce,  and 

avyiwovv^M  the  »  cut  off  in  the  third  division  areshiUirigs.  These 

S|0)    94)8  are  opUected  wit^  tHif  last  ^pmrt^qt,  bui|^  tf^«MlCi 

J^mSs.  lOrf.^  47''  ^-  iOi^theanswty. 

5.  In  123i.  how  m^any  pence  ?     Ans.  29520. 

Multiply  by  20  and  by  12. 

6.  In  4561/.  Uow  vmny  farthings  ?     4ns,  497760^ 

Multiply  by  20,  12,  md  4. 

7.  In  59040  pence,  how  many  pounds  ?     4«s.  2^6. 

Divide  by  1%  and  20. 

8.  In  266880  farthings,  how  many  pounds  ?    .^n«.  278. 

'   Divide  by  4,  12,  and  20. 

9.  la  345  crQMfna,  how  many  ^tWi^ga  ?    4ns,  828Cia 

Multiply  by  5,  12>  and  4. 

10.  In  165600  &rthings,  how  many  crowns  ?    4ns.  690, 

Divide  by  4,  12,  and  5. 

11 .  In  487  halfcrowns,  how  many  halfpence  ?    Ans.  29220, 

Multiply  by  30  and  2. 
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12.  In  97440  halQpence^  how  many  halfercmns  ?  Ans:  1624. 

Divide  by  2  and  30. 

13.  Ill  243  guioeas,  how  many  &rthings  ?  Ans,  244944^ 

Multiply  by  21^  12>  and  4. 

14.  In  734832  farthings,  how  many  guineas  ?  Ans.  729. 

Divide  by  4,  12,  and  21. 

15.  In  157  moidores,  how  many  halfpence  ?  Ans,  101736. 

Multiply  by  27>  12,  and  2. 

16.  In  610416  fkrthings,  how  many  moidores  ?  Ans.  471. 

Divide  by  4,  12,  and  27. 

17.  In  41,  Ss,  2(2.-^,  how  many  farthings?  Ans,  3993. 

See  Example  3. 

18.  In  11979  ferthings,  how  many  pounds  ?  Ans.  121, 9s.  6d,^ 

See  Example  4. 

19.  In  61,  12*.  Sd.^,  how  many  ferthings  ?  Ans.  5390. 

SO.  In  16170  farthings>  how  many  pounds?  Ans.  161. 16s.  lOd.4- 

21.  In  SI,  lbs,  4d.4-,  how  many  halfpence  ?  Ans.  4209. 

22.  In  12627  halfpence,  how  many  pounds  ?  Ans*  26Z.  6s.  Id.^ 

23.  In  one  thousand  guineas,  how  many  £uthings?  4^* 
1008001). 

^4.  In  ten  thousand  farthings,  how  many  crowns  ?  Ans*  41 
crowns,  and  3s.  4d.  over, 

49.  Sometimes  it  is  necessary  to  reduce  numbem  from  one 
denomioation  to  another,  such,  that  there  is  no  number  of  the 
one  contained  exactly  in  one  of  the  other :  operations  of  this 
kind  require  both  multiplication  and  division,  and  are  therefore 
called  Reduction  ascending  and  descending. 

Rule.  Having  considered  what  denomination  is  given,  and 
what  is  required,  reduce  the  given  one  to  son^e  inferior  denomi- 
nation common  tg  them  both,  that  is,  to  one  which  is  contained 
some  number  of  times  exactly  in  each  of  them^  by  Art.  43.  then 
reduce  i)t  from  this  into  the  denomination  required  \  by  Art.  46* 


^  The  truth  of  this  method  will  be  plsun  from  the  preceding  notes. 
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56.  Reduce  54130  guineas  into  pounds. 
Operation. 

guin. 

54120  MsptanaHm. 

<21  1  fiQ<i  that  a  shilling  is  the  greatest  denomination 

~ contained  some  number  of  times  without  remainder 

54 120  in  both  a  guinea  and  a  poond  ;  I  therefore  bring  54 1 20 

108240  guineas  into  shillings  by  multiplying  by  21 ;  (Art.  43.) 

#in\iiQ^eoirk  *"*<*  lastly,  I  bring  the  thillingf  into  pounds  by  dirid* 

X|O|U3653|0  in    bT  30.  fArt.  46.^ 


Ans.  56826  pounds* 


26.  How  many  half  guineas  are  there  in  1234  crowns  > 

OPEAJk^TIOK. 


cr. 


^QOA  JSsplanation. 

1^  Here  the  greatest  denomination 

.._____L  commoQ  |o  half  a  guinea  and  a 

21)12340(587  half  gum,  Ans.  crown  is  6d.|  there  are  40  six- 

][Q5  pences  in  a  crows,  and  21  in  half  a 

guinea;    I    therefore    reduce    the 

184  crowns  into  sixpences  by  multi- 

168  plying  by  10,  (Art.  43.)  and  the 

~~7j^  sixpences  into  half  guineas  by  divid- 

*"^  ing  by  21  (Art.  46.) ;  the  answer  is 

'■^7  587  half  guineas,  and  1 3  sixpences, 

13  sixpences,  or  6s.  6d.  over.  **'  ^«-  ^^  ^^• 

27.  In  2142  pounds,  how  many  guineas  ?  Ans.  2040. 

Multiply  by  20,  and  divide  6y  21. 

28.  In  3420  guineas,  how  many  half  crowns  ?  Ans.  28728. 

Multiply  by  42,  and  divide  by  5. 
29*  In  840  moidores,  how  many  guineas  ?  Ans.  1080. 
Multiply  by  27^  and  divide  %  21. 

30.  In  3072.  I6s.  how  many  moidores  ?  Ans.  228. 

31.  In  57015  crowns,  how  many  guineas  ?  Ans.  13575. 

32.  In  10500  moidores,  how  many  pounds  ?  Ans.  14175. 

TROY  WEIGHT*. 

49.  Troy  weight  is  used  for  weighing  such  commodities,  as 

are  of  a  pure  nature,  and  very  little  subject  to  waste,  as  gold, 

^— ^— ^— »         I  111      ■»  111  11 1       I     ■  ^i»j— .■  I 

^  Troy  weight  (called  in  the  old  books  TVisiie  weight)  is  supposed  to  have 
originated  in  France,  and  to  hare  tadcen  its  name  from  TVoyes,  a  considerable 
«ity  in  the  department  of  Aubc. 

Tlie  origin  of  all  English  weights  was  a  com  of  sound  ripe  wheat  taken 
out  of  the  middle  of  the  ear;.  3S  of  these  well  dried  were  to  make  ]  penny* 
weight,  20  pennyweights  an  ounce,  and  12  ounces  a  pound,  according  to 
51  Henry  m.  31  Edward  I.  and  12  Henry  VII.;  but  afterwards  the  penny 
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silver^  and  jewels ;  it  is  likewise  emfAoyei  to  cbsiennine'  the 
comparatiye  strength  of  liquors. 

24  grains*  (grO  iiwike  1  pennyweight  (dto^)  ^4  =  Idwt. 
5^0  pnnywcights  ;  .  1  ounce,  (ot.)  480=  20  sr  loz. 

12  ounces l  pound,  (lb,)  6760=240=»12=1J6. 

33.  In  123/6.  46t,  Bdwt  Sgr,  how  many  grains  ? 
Operatiok. 

/o.      oz,  dwt,'gr, 
123     4     5     6 
12  Explanation* 

TiSO  ounces*  ^  begin  nt  the  highest  denomination  (/S.),  and 

OjQ  '  multiply  by  12,  taking  in  the  4;  this  gives 

ounces.    The  ounces  I  multiply  by  20,  and  take 

20605  penntfwU,     '^  the  S  for  pennyweights.    The  pennywe^hts  I 

24  multiply  by  24,  and  take  in  the  6  6>r  gi^nf* 

which  gives  the  answer. 


118426 
59210 


AnJs.  710626  grains. 

34.  In  39483  grains^  how  many  pounds  ? 
Operation. 

gr,       2|0)  Expianation. 

24  )  39483  (  164|5  |  divide  grains  by  24,  and  the 

2^     12)  82  (  quotient  1645  is  dwts.  these  I  di- 

"TTZ     '^ TT  tfj    X  a       ^^^^  ^y  2®'  ^^^  ***®  quQtient  is 

'        '  ^^'*  ^'  ounces;  these  I  divide  by  12,  and 

144  the  quotient  is  pounds.    The  3  re- 

1QQ  maining  after  the  first  division  are 

q^  grains,  the  5  cut  off  in  the  seemid 

. are  dwts.  the  10  over  in  the  third 

123  are  ounces  $  these  placed  ia  order 

120  S^^®  ^^'  lOoz.  5dwt,  Zgr, 

3  grains, 

35*  In  6lb.  1002.  Sdwt  Sgr,  how  many  grains  ?  Ans.  39483. 
36.  In  710526  grains^  how  many  pounds  ?  Ans,  123^.  4oz. 
Ijdufi.  Sgr, 

„'        1,1     Jill  mm  II       I     1     <         .  I  f  I  I    '.  »■!  I     II    ■    »  ■    II  I    I  ■    I    ■      XII.  I   ■      m   ■■"  % 

weight  was  divided  into  S4  parts,  called  graitu,  as  at  present.  This  seems  to 
have  been  the  only  leg«|  weight  used  in  EngliBgad  from  the  Gorman  conquest 
t9  the  year  1 533,  when  9m  act  was  passed,  authorizing  the  use  of  avoirdupois 
weight,  by  which  meat  was  to  be  bought  and  sold.  RapirCf  Hist,  qfEng* 
vol.  vi, 
.  ^  Th«  grai^  tr4^  is  thus  divided  aod  subdividj^d  by  the  inoneyers  \  viz.  a 
grain  into  ^  mites,  a  mite  into  24  droits,  a  droit  into  20  pej-iots^  and  a  periot 
into  34  blanks. 


I 
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37.  Reduce  175^.  ittto  gfnim^  As^.  1008000. 

38.  How  many  pounds  are  there  in  201600  gniiof  ?  iAM.  35. 

APOTHECARIES'  WEIGHT. 

50.  The  Apothecaries  compound  their  medicines  bjr  this 
weighty  but  never  use  it  for  buying  or  selling :  the  pound  and 
ounce  are  exactly  the  same  as  the  pound  and  ounce  tray  \  but 
the  smaller  divisions  in  this  weight  have  the  adfantffgt  in  point 
of  convenience,  where  gre»t  accujcycy  is  required  ^. 

eo  grains  (gr.)  mok^  1  scruple.  9.      ^0  =5     I     5 

3  scruples 1  dram.  3.  60=     3=  1      $ 

8  drams  ........  1  ognce.  |,  480^  24=  8=  1     ft 

12  ounces 1  pound,  ft.  5760=288=96=  12= ^ 

39.  In  10ft  115  73  23  l%r.  how  many  grains  ? 
Ofi:eation. 

10  11  7  2    19 

12  £xpla»ation» 

131  ounces,  Bcgmning  at  tjie  pounds,  I  multiply  by  12, 

Q              '  and  take  in  the  1 1  for  ounces ;  these  I  multiply 

2  by  S,  and  take  in  the  7  for  draas ;  tha  drams  I 

1055  drams,  multiply  by  s^  and  take  in  tba  9  for  scruples  ; 
3  i;vhich  latter  I  multiply  by  80,  and  take  in  the  19 
_  for  grains. 

3167  scruples. 
20 

Ans.  63359  grains. 


'm     '  ■»«    '        ■  II    »  ]  !■ 


k  Drugs  of  every  description  are  bought  apd  sold  by  Avoirdupois  weight. 
Physicians,  as  well  as  their  learned  brethren  the  lawyers,  conceal  their  secret 
from  the  vulgar  under  the  disguise  of  abbreviated  Latin ;  a  practice  derived  from 
•  the  Schoofanen :  thus,  in  their  prescriptions, 

J^  denotes    rerf/w,  ortAe. 

a,4A,oriifut, of  each  the  sama  quantity. 

•s wmtf,  half  of  any  thing. 

coch cocAfcore,  a  spewsful. 

cong ccngiMtf  a  galVm. 

p^ ....••..  ,,9ugilf  as  much  as  can  be  held  between  the  thumb 

and  two  fingers. 

M numijmiu*,  a  handful. 

q.» fiMMAim  Mf/M^,  a  sufBciapt  quantity. 

^j a  scruple. 

5j  or  911)  ........    a  dram. 

I  j  or  5viij an  ounce. 

ftj  er  {xij apeuod. 
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40.  In  159024  grains,  how  many  pounds  ? 
Operation. 

gr,  Esplanation, 

2|0(15902[4(  I  divide  grains  by  20  for  tcruples,  scruples  by 

3)7951(1  *^^^  drams,  drams  by  8  for  oances,  and  ooncet 

— -  by  12  for  pounds.    There  are  4  orer  in  grains, 

8)2650(2  1  in  scruples,  3  in  drams,  and  7  in  ounces ;  these 

12^33l7  placed  in  order  after  the  pounds  gi^e  the  answer. 

Ans,    27fe  75  25  19  4gr. 

41.  In  63359  grains,  how  many  potinds  ?  Ans.  10*  ll5  75 
29  19gr. 

42.  In  27ft  75  23  l9  4gr.  how  many  grains  ?  Ans,  159024. 

AVOIRDUPOIS  WEIGHT. 

51.  Avoirdupois  weight  is  used  for  almost  all  kinds  of  mer- 
chandise; it  seems  to  have  been  adopted  for  the  purpose  of 
giving  sufficient  weight  in  selling  commodities  of  a  coarse  and 
drossy  nature^  a  pound  in  this  weight  being  equal  to  14oz*  lldto^. 
I6gr,  troy  nearly*. 

16  drams  {dr.)      make  1  ounce,  oz. 

16  ounces 1  pound,  lb. 

28  pounds  . 1  quarter,  qr, 

4  quarters 1  hundred  weight,  cwt, 

20  hundred  weight  .  .    1  ton.  t 

dr. 

16=       loz. 

256=     16  =115. 

7168=  448  =  28  =  Iqr, 

286*72=  1792  =  112  =  4  =  Icwt. 

573440=35840=2240=80=20=  l^on. 

1  Avoirdupois  weight  began  to  be  used  for  butchers'  meajt  only  about  the  end 
of  the  15th  century,  and  became  a  legal  weight  for  that  purpose  by  the  24 
Henry  VIII.  by  degrees  its  use  was  extended  to  all  kinds  of  coarse  and  heavy 
merchandise,  so  that  now  all  kinds  of  grocery  and  chandlery  wares,  meat, 
bread,  corn,  tallow,  pitch,  tar,  turpentine,  iron,  brass,  copper,  lead,  tin,  &c.. 
&c.  are  weighed  by  Avoirdupois  weight. 

A  pound  Troy  equals  13o«f.  2^r,  nearly  Avoirdupois,  and  an  ounce  Troy  is 
about  loz,  l^dr.  Avoirdupois:  also,  an  ounce  Avoirdupois  equals  ISdwts. 
5t^.  Troy;  1/5  pounds  Troy  =:»  144  pounds  Avoirdupois;  175  ounces  Troy 
■si 92  ounces  Avoirdupois;  consequently  the  Troy  pound  is  less,  aqd  the 
ounce  greater,  than  the  pound  and  ounce  Avoirdupois. 

The  name  Avoirdupois  is  derived  from  the  French  avoir,  to  have^  and  du 
poids,  weight. 
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Some  commodities  for  which  this  weight  is  used  have  deno- 
minations peculiar  to  themselves ;  as  the  following. 


Bread  and  Flour.  ^    ^^ 
A  peck  loaf    weighs     17    6 

Half  peck 8  11 

Quartern 4    54- 

Half  quartern 2 

A  peck  of  flour  . .  .  ,   14 

A  hushel 56 

A  sack>  or  5  bushels^  ^80 


Wool. 
14  pounds  are  a  stone. 
2  stone  ...'.•  .a  tod. 

6^  tod  , a  wey. 

2  weys a  sack. 

12  sacks a  last. 


24 
O 

o 

0 


Butter^  Cheese^  and  Meat. 
8  potmds    are    a  clove. 

2  cloves a  stone. 

56  pounds  ....  a  firkin  of  butter. 
224  pounds  ...  a  barrel. 

32  cloves a  wey  in  Suffolk. 

42  cloves  ....  a  wey  in  Essex. 
8  pounds  ....  a  stone  of  but- 
cher's meat. 

Hay  and  Straw. 
36  pounds  are   a  truss  of  straw. 
56  pounds  ....  a  truss  of  old  hay. 
60  pounds  ....  a  truss  of  new  hay. 
36  trusses  ....  a  load. 


Iron^  Steely  and  Lead. 
14  pounds  are  a  stone. 
120  pounds  ...  a  faggot. 
194-  cwt a  fother. 

43.  In  1*.  9>cwt.  Sqr,  4lb.  how  many  pounds  ? 
Operation. 


/.  cwt,  qr- 
12    3 
20 

22  cwt 
4 


lb. 
4 


91  qr. 
28 


JSxpltmatifM. 

1  multiply  the  ton  by  20,  and  take  in  the  2,  which 
gives  cwts.  these  I  multiply  by  4,  and  take  in  the  S, 
which  gives  quarters ;  these  I  multiply  by  28^  and 
take  in  the  4  for  pounds. 


732 

182 


Ans.  2552  W. 


CO 
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'Pait  I. 


44.  In  993575  dramit  how  many  cwt,  ? 

Opekatioh. 

rf*-.       16)       28)      4) 
16)393575(18348(1146  (  40 


16 


16 


133 

128 


23 
16 


^^^      lOcuft.  Oqr.  2616.  law.  7<lr.  .^m. 
26 /iT 


55 

48 

77 
64 


135 

128 


74 
64 

108 
96 

12  ounces. 


f  draims. 


Or  thuB. 
^^r  41293575 13 


7339^1 
1^14118348 
^4 


J},*. 


4587 


^  >  12  oz. 
3^ 


la  the  first  operajtioi^  I  divide  drams  by  16, 
and  the  qaotient  is  18:M8  eancee;  these  I  dU 
Tide  by  16,  and  the  quotient  is  1 146  lbs. ;  these 
I  divide  by  38,  and  the  quotient  is  40  quarters  ; 
these  I  divide  by  4,  and  the  quotient  is  10  cwt.; 
this,  with  0  over  in  quarters,  96  in  pounds,  12 
in  ounces,  fui4  7  ua  dnunsji  constitutea  the  auv 
swer. 

In  the  secoiid  operation,  instead  of  the  tw« 
»lKteeQS,  I  divide  twice^^  by  4  ^  4,  and  in«tea4 
of  28,  by  7  X  4,  which  makes  kbort  division  of 
it :  the  remaii|iders  are  calculated  by  Art.  39» 
in  Division. 


»{I 


1146  5 


16313 


}26  lbs. 


4    40 


Ans.  lOcwt.  Oqr.  262&».  12oz.  7dr, 


45.  In  32cu;^.  how  many  pounds  ?     Ans,  3584. 

See  Example  43.    . 

46.  In  10752  pounds,  how  many  cwt.  ?    Ans,  96. 

Divide  by  28  and  4. 

47.  In  14cw^  how  many  drams  ?     Ans.  401408. 

Multiply  by  4,  28>  I6>  and  16. 

48.  In  200704  dramfl>  hew  tway  ^t.    Ans.  7« 

Divide  by  16,  16>  28,  and  4. 

49.  In2cu7^.  Sqr.  4lb.  Boz,  6dr.  how  many  drams  ?  Aus.  79958. 

50.  In  11^.  l^cwt.  Sqr.  I4lb.  htiw  many  ounces?  Ans.  417312. 

51.  In  12760Z&.  how  many  tons?   Ans.Bt  IScwi.  Sqr.  %M. 

52.  In  4t.  Scwt,  2qr.  lib.  how  many  drams  ?  Ans.  2394368. 


PAm?  1  B£DUCriON.  ei 

6«.  LONG  MEASURE. 

In  estimating  the  contents  of  magnitudes^  x)iff^ent  measures 
are  employed  3  some  are  measured  by  their  length  only,  some  by 
their  length  and  breadth  conjoin!tly,  and  some  by  thetr  length, 
breadth,  and  thickness  conjointly. 

Long  MeaMnre*  is  that  which  measures  any  one  of  these  di- 
jnensions,  being  applied  to  distance  only. 

4  Kties  (Z.)  make  1  barley-corn,  he, 

3  barley-corns,  or  1^  lines   .  1  inch,  in. 

4  inches 1  hand  ".  h. 

9  inches 1  span.  ^, 

1^  inches 1  foof./. 

18  incbes 1  cubit  ^,  cub. 

5  feet 1  yaixi''.  yd* 

6  feet *  1  fethom  rfath. 

54.  yards  . . i  rod,  pole,  or  perch  •.  r  or  p. 

40  poles 1  furlong. /Mr. 

6  farkmgs 1  mile.  m. 

3  miles 1  league. 


*  LoDg  Measure,  wfaich  is  that  from  whence  all  the  other  measures  are  de- 
rived, owes  its  origin  to  the  length  of  a  grain  of  barley :  three  grains  of  sound 
ripe  barley  being  taken  out  of  the  middle  of  the  ear,  well  dried,  and  laid  eod  to 
end  in  a  tow,  were  considered  as  an  inch,  which  in  this  measure  is  called  tke 
fnecuurhug  unit.  As  the  length  of  the  barley-corn  cannot  be  fixed,  so  the  inch 
accorduig  to  this  method  will  be  uncertain ;  but  to  remedy  this  inconvenience, 
there  are  ^tumkupd  measures  as  "well  as  weights  kept  in  the  Exchequer  cham- 
ber, Guildhall,  for  the  purpose  of  comparing  the  weights  and  measures  used  by 
dealers  ;  this  helps  to  secure  the  public  from  imposition  and  fraud,  as  the  use 
•f  measures  or  weights  less  than  the  Hm^dard  is  prdiibited  by  law. 

n  The  hand  is  used  in  measutiag  the  height  of  horses. 

*  The  foot  is  supposed  to  be  taken  from  the  length  of  the  human  foot. 

p  The  cubit  is  a  measure  used  by  the  ancients,  and  often  mentioned  in  their 
writings ;  it  is  supposed  to  have  been  originally  taken  from  the  length  of 'that 
part  of  a  man's  arm  between  the  potat  of  the  elbow  and  the  extFemity  of  the 
hand. 

n  The  yard  is  said  to  have  been  taiE«n  from  the  arm  of  King  Henry  I.  in 
1101. 

^  The  fathom  is  taken  from  the  utmost  extent  of  both  arms,  when  stretched 
into  a  right  line ;  it  is  applied  to  measuring  mines,  wells,  pits,  and  depths,  in 
general ;  also  the  length  of  ropes,  &c. 

■  The  length  of  the  pole  differs  in  different  parts  of  England  ;  in  the  neigh- 
bourhood of  London  it  is  5t  yards ;  in  some  counties  it  is  6,  in  lancashirs  7, 
and  in  Cheshire  8  yards. 
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ARITHMETIC. 


I^A&T  I. 


lines. 

12=      1  inch.  - 
144=     12     =     a  foot. 
432=     36     =     3    =    lyard. 
2376=    198    =   16-5-  =  5-^-  =   1  pole. 
95040=  7920  =  660  =  220  =  40  =  1  furlong. 
760320=  63360  =  5280  =1760=320=  8=1  mile. 
2280960=  190080=  15840=5280=960=24=3= 1  league. 

63.  In  12m.  3/wr.  4p,  lyd,  how  many  yards? 


Operation. 

m.  fur.  p,    yd. 
12     3     4      1 

8 

99    furlongs, 
40 


3964  poles, 
54- 


19821 

1982 


Ans.  21803  yards. 


jExplimation, 

The  miles  are  here  multiplied  liy  S^  (because  8 
furlongs  make  a  mile,)  and  the  3  furlongs  are 
added  to  the  product,  this  gives  fitrtongs ;  these 
are  multiplied  by  40,  (because  40  poles  make  a  fur- 
long,) and  the  4  taken  in,  this  gives  poles ;  these 
are  multiplied  by  54^  (because  54-  yards  make  a 
pole,)  and  the  1  is  taken  in  to  the  product,  thi» 
gives  yards. 

To  multiply  3.964  by  H>  I  first  multiply  it  by  5, 
then  divide  it  by  2,  and  lastly  I  add  the  product 
and  quotient  together. 


54.  In  96800  yards,  how  many  miles  ? 


> 


Operation. 

yards.      8) 
22|0)9680l0(440 

^^      Ans.  55  miles. 

88         

88 


0 


Explanation, 

The  division  by  54.  cannot  be  perfonned 
conveniently  without  fractions;  I  therefore 
divide  by  220,  (because  220  yards  make  a  fur- 
long,) this  gives  furlongs ;  these  I  divide  by  8, 
(because  8  furlongs  make  a  mile,)  and  the  re- 
sult is  miles. 

If  you  wish  to  bring  the  yards  into  poles,^ 
multiply  by  2,  and  divide  the  product  by  1 1  ; 
then  dividing  successively  by  40  and  by  8,  wil) 
produce  the, very  same  answer. 

55.  In  50  leagues,  how  many  yards  ?     Ans.  264000. 

Multiply  by  3,  8,  40,  and  54-. 

56.  In  2661120  barley-corns,  how  many  miles?     Ans.  14. 

.Divide  by  3,  12,  3,  220,  and  8. 

57.  In  Iw.  2/Mr.  3p.  how  many  yards?     -4»s.  22164^. 

58.  In  4755801600  barley-corns,  how  many  leagues  ?  Ans.S340. 

59.  In  7  miles,  how  many  lines  ?     Ans.  6322240. 


PartL  reduction.  65 

.  53.  CLOTH  MEASURE. 

9^\  inches  inake  1  nail,  n, 
4  nails 1  quarter,  qr. 

1  Flemish  ell.  F.  E. 

1  yard '.  yd. 
.  1  English  ell  E.  E, 

1  French  ell.  Fr.  E. 


3  quarters  .  . 

4  quarters  .  . 

5  quarters  . 

6  quarters  .  . 

60.  In  ^Byds.  Sqr,  2n.  how  many  nails  ?     Ans.  414. 

Multiply  the^b  by  4,  and  take  in  3 ;  multiply  the  result 
by  4,  and  take  in  2. 

61.  In  1720  nails,  how  many  English  ells  ?     Ans.  86. 

Divide  by  4  and  5. 
€%  In  137  Flemish  ella,  how  many  nails  ?     Ans,  1644. 
Multiply  by  3  and  4. 

63.  In  3456  nails,  how  many  French  ells  ?     Ans.  144. 

Divide  by  4  and  6. 

64.  In  1264  yards,  how  many  Flemish  ells?  Ans,  1685  F,E.  1  qr. 

Multiply  by  4,  and  divide  by  3. 

65.  In  17d2  Flemish  ells,  how  many  yards  ?     Ans.  1344. 

Multiply  by  3,  and  divide  by  4. 

66.  In  480  English  ells,  how  many  Flemish  ells  ?     Ans.  800. 

67.  In  12300  yards,  how  many  English  ells  ?     Ans.  9840. 

68.  52£.£.  ^qr.  3n.  how  many  nails  ?     Ans.  1051. 

SQUARE  OR  SUPERFICIAL  MEASURE. 

54.  Square  Measure  is  used  to  measure  sur&ces  in  which  both 
length  and  breadth  are  estimated,  as  land,  flooring,  roofing, 
walling,  wainscotting,  plastering,  painting,  &c. 

The  smallest  measure  (called  the  measuring  unit)  here  used  is 
a  square  inch,  or  a  little  square,  every  side  of  which  is  an  inch 
in  length'. 

■  As  in  Long  Measnre  a  line  of  an  inch  in  length  was  taken  for  the  meOMtr- 
ing  tmUf  BO  here  a  square  surftkce  of  an  inch  in  length,  and  consequently  the 
same  in  breadth,  is  assumed  as  the  meanaring  unii ;  and  as  many  times  as  this 
little  sqnare  is  contained  in  any  superficial  space,  so  many  square  inches  is  that 
space  said  to  consist  of:  thus  a  square  foot  contains  144  square  inches ;  for  if 
the  sides  of  a  square  of  afoot  each  way  be  divided  each  into  12  equal  parts,  each 
if»xi  will  be  an  inch ;  and  if  the  ^posite  divisions  be  joined,  the  square  foot  will 
h»«  divided  into  144  equal  squares,  each  a  square  inch.     Hence  a  square  foot 
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144  square  iocheft  make  1  square  foot. 

9  square  feet  .  .  .  .  ^ .  1  square  yard« 
SO^  square  yards  ....  1  square  pole,  w  percb. 

40  square  poles i  rood.  r. 

4  roods  . ,  ,  1  acre.  a. 

640  acres 1  square  mile. 

inches. 
144=    1  foot 

1296=     9     =  lyard.  .; 

39204=  272^=  SOi^  =   1  pole* 

1568160=10390=1210=  40  =1  rood. 

6272640=  43560=  4840=  1 60=4=  1  acre. 

69*  In  12  acres,  how  many  square  yards  ? 

Operation. 

a, 
12 
4  Explamation* 

•     48     roods »  MWtiplyiag  acres  l)y  4  prodnces  rood* ;  roods  by 

AQ  40  produces  poles ;  poles  by  30-^  produces  yards* 

Tile  mvItipltoUion  by  30^  U  thus  perfofnMd ;  I  first 

1920  poles.  maltiply  IdSO  by  30,  thea  I  divide  it  by  4  for  the  4.. 

304-  I  place  the  latter  result  under  the  former,  and  add 

77655  *l«m  togtUM^r. 

480 
Ans.    58080  yards. 

70.  In  12345  square  poles,  how  many  acres  > 

Operation.  _    _       . 

JEaplananim,  * 

^\0)l^o^\o\^  ^o^  j,y  4  foy  acres.  The  9  over  in  perches 

4WO8  together  With  the  5  cut  off  make  25  perches 

Ans,    17a,  Or.  25/).  "^^^^ 


^«»' 


71.  In  27a.  3r.  35p.  how  many  perches  ?     Ans.  4473* 

72.  In  4637  pexches,  how  many  acres  ?    Ans.  28a.  3r.  37p. 

73.  In  25  square  yanis,  how  many  square  incbea }  Ans.  32400. 


■•»«•• 


1    -II'-  "■■ — — — — ■ — .....    .  ...-^ 


*19  X  18  inches;  a  square  ywd»:9 X  9  squaw «»et;  a  aqaaw  polettS^-x  S4> 
square  yards,  &c. 

Land  is  ussaliy  measured  by  a  chain  ioT^nlied  by  the  Rer.  Mnuod  €Mittter» 
Pnrfessor  of  Asttonomy  at  Gresham  College^  and  therefore  cnHMl  Owitei'i 
chain ;  this  chain  is  eS  feet  long,  and  consiits  «f  100  eqnd  Kaltt.  T«n  «lnlns 
in  Icngtbyandoiic  in  breadth,(oriOOX  lOOX  10-100000  fiBk8)«iakcoiwn«r». 


Pajrt  L  reduction.  6S 

CUBIC  OR  SOLID  MEASURE. 

55.  CuIhc  Measure  is  used  for  measuring  solid  bodies*  in  which 
length*  breadth*  and  thickness,  are  estimated. 

The  smallest  measure  here  used*  and  which  is  therefore  called 
the  measuring  unit,  is  a  cubic  inch,  or  a  solid  4ii  the  shape  of 
dice*  of  an  inch  long*  an  inch  wide*  and  an  inch  in  depth  \ 

1738  cubic  inches  make    1  cubic  foot. 

27  cubic  feet 1  cubic  yard. 

40  cubic  feet  of  rough  timber  'i 

50  cubic  feet  of  hewn  timber  /  ^  ^""'^ ''''  ^'^' 

42  cubic  feet 1  ton  of  shipping. 

106  cubic  feet 1  stack  of  billets. 

128  cubic  feet 1  cord  of  ditto. 

74.  Id  180  cubic  yards»  how  many  cubic  inches  ? 

Operation^ 

yord§. 
12Q 

3240  cMcfeet,  Here  I  multiply  jmrds  l>y  37*  ^ich  pro- 

1728  duces  feet,  and  feet  by  1728*  which  pro. 

^^„^  duces  inches. 

25920 

6480 
22680 
3240 

Jins,    5598720  cubic  inches. 


*  Every  thing  in  nature  to  which  measuring  can  be  applied  has  tlfree  dimen- 
siens*  namely*  lengthy  breadthy  and  thickness:  but  for  the  sake  of  eonvenieace 
some  things  are  considered  of  one  dimension  only*  viz.  leogth ;  sfich  as  distances 
of  places*  ropes,  cloths,  tapes,  ribbon,  &c.  to  these  lipng  Measqre  js  applied: 
others  are  considered  as  of  two  dimensions,  viz.  length  and  breadth ;  as  land* 
painting*  paring*  Sec.  these  are  estimated  by  Square  M^M^re :  ,bui  ^tbece  .are 
many  things  which  require  to  be  estimated  by  aU  three  of  their  dimensions* 
such  as  timber*  stone*  the  capacity  of  vessels,  &c.  these  are  the  subject  of  Cubic 
Measure.  If  each  side  of  a  cube  (which  is  a  solid  contained  by  6  equal  squares) 
be  13  iaehes  long*  and  divided  into  inches,  and  if  the  simUar  divisions  of  the 
c^posite  sides  be  joined  by  straight  lines*  (as  has  been  shewn  in  the  preceding 
note*)  the  given  cube  will  be  divided  into  1728  equal  cubes*  each  a  cubic  inch. 
Hence  acttbic  foots  12  x  12  X  IS-cubic  inches;  a  cubic  yardsS  X  3  X  3  cubic 
feet*  Sic 
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75.  In  2799360  cubic  inches,  how  many  cubic  yards  ?  Ans.  60. 

Divide  by  1728,  and  27. 

76.  How  many  cubic  inched  arle  there  in  a  load  of  rough  tim- 
ber ?     Jns.  69120. 

Tf .  How  many  bales  of  cotton  of  a  cubic  yard  each  can  be 
stowed  in  a  ship  of  100  tons  Imrthen  ?     Ans.  135,  and  15  ouer^ 

WINE  MEASURE. 

56.  Wines,  spirits,  cider,  perry,  mead,  vinegar,  oil,  and  milk, 
are  sold  by  this  measure  \ 

4  gills  make  I  pint.  pt. 

2  pints 1  quart,  qt. 

4  quarts 1  gallon,  gal. 

10  gallons 1  anker,  a. 

18  gallons 1  mndlet.  run. 

42  gallons 1  tierce,  tier. 

63  gallons 1  hogshead,  hhd. 

2  tierces ;  1  puncheon,  puh. 

2  hogsheads  ....    1  pipe.  p. 

2  pipeis 1  tun.  *. 


"  The  measure  for  dififerent  kinds  of  wine  differs  considerably,  ttie  pipe  con- 
taining from  1 10  to  140  gallons :  hence  it  is  usual  for  dealers  to  charge  for  what 
the  pipe  contains,  which  is  found  by  actual  guaging. 

A  statute  made  in  the  reign  of  Henry  III.  ordained,  that  the  wine  gallda 
should  contain  eight  pounds'  troy  of  wheat  taken  from  the  middle  of  the  ear, 
and  well  dried.  During  many  ages  Wine  Measure  was  the  only  measure  sanc- 
tioned by  law  for  measuring  any  commodity  whatever ;  at  length  other  mea- 
sures were  introduced  for  less  pure  liquors,  and  for  dry  goods. 

A  law  was  niade  in  the  reign  of  Queen  Atine,  whereby  the  wine  gallon  is  re- 
quired to  measure  231  cdbic  inches ;  consequently  a  pint  measures  28 1^  ctibic 
inches. 

A  tun  of  distilled  water  \^eighs  18cwt.  avoirdupois,  and  a  tun  of  wine  abotit 
Igcwt.  3tirs.;  tofasequently  a  pint  of  wine  will  weigh  about  iCoz.  0^  drams. 


pA&r  I. 


HEBUCTTON. 


esf 


pints. 
2=     1  quart.  * 

8=     4  =   1  gallon. 

336=  168=  42=1  tierce. 

504=  252=  63 =U=1  hogshead. 

672=  336=  84=2  =U=1  puncheon. 
1008=  504=126=3  =2  =U=1  pipe. 
2016=1008=252=6  =4  =3   =2=1  tun. 

78  In  I3t,  Ip.  Ihhd.  l2galL  of  wine»  how  many  pints? 

Operation. 

/.       p.  hhd.  galL 
13     1     1     12 
2 


27  pipes 
_2 

55  hogsheads. 
63 


167 
331 


3477  gallons. 
4 


JSaplanation, 

In  ibtlltipljiDg  by  63  to  reduce  hogsheads 
iDtogaUona,  I  have  12  gallons  to  take  in; 
the  2  is  taken  in  in  the  first  place  of  the 
mtkltiplioation  by  8,  and  the  1  in  the  first 
place  of  the  multiplication  by  6.  The  rest 
is  obvious. 


13908  quarts. 
2 


Ms.    ^Sie  pints. 

79.  In  126720  gills,  how  many  ankers  ? 

gills. 
4)126720 

2)31680  pints. 

4)15840  quarts. 

10)3960  gallons. 

Ans.  396  ankers. 

80.  In  ^hhds.  43gall  ^t.  Ipt,  how  many  pints  ?      Ans.  2869. 

81.  In  5738  quarts,  how  many  tuns  ?  Ans.  bt.  lp»  48gall.  ^qt. 
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BEER  MEASURE. 
57.  't&s  measure  is  used  for  ale>  strong-beer,  and  small  *. 

2  pints    make  1  quart. 
4  quarts  ....  1  gallon. 
9  gallons  ....  1  firkin.^r. 
2  firkins    ....  1  kilderkin,  k* 
2  kilderkins  . .  1  barrel,  bar. 
14.  barrel  . . .  •  1  hogshead. 
2  hogsheads  . .  1  butt 

pints. 
2s:  1  quart. 

8=  4=1  gallon. 

72=  36  =  9  =  1  firkin. 

144=  72  =  18  =  2  =1  kilderkin. 

288=  144=  36  =  4  =2  =  1  barrel. 

432=216=  54  =  6  =3=H=1  hogshead. 

864=432=108=12=6=3  =2=1  butt. 

82.  In  14  hogsheads  of  beer^  how  many  quarts  ?    Ans,  3024. 

Multiply  by  14-,  2,  2^  9,  and  4. 

83.  In  12345  pints  of  ale^  how  many  k&derkins  ?    Ans.  85Ap. 
Ifr.  AgaL  \pt.       Divide  by  %  4,  9,  and  2. 

84.  in  216  barrels  of  ale,  how  many  hogsheads  ?    Ans.  144. 

Multiply  by  2>  and  dvoide  by  3. 

85.  In  216  hogsheads  of  beer,  how  many  barrels  ?    Ans.  324. 


«  Formerly  the  ale  firkin  consisted  of  8-^  gallons,  and  the  beer  firldn  of  9.  A 
late  writer  has  shewn,  that  this  distinction  is  not  at  present  attended  to,  hut 
that  the  firkin,  whether  of  9^<t  or  beer,  contains  9  gallons.  A  gaUon  beer  mea- 
sure contains  282  cubic  inches;  consequently  a  pint  contains  3d^  cubic  inches. 
The  wine  gallon  bears  nearly  the  same  proportion  to  the  beer  gaUoo,  that  a 
pound  troy  does  to  a  pound  aToirdupois ;  for  the  troy  pound  is  to  the  avoirdupois 
pound  as  144  to  175;  and  the  wine  galkm  is  to  the  beer  galloa  as  231  to  283; 
which  is  nearly  the  same. 

A  cubic  foot  of  water  weighs  1000  ounces  avoirdttpois,  and  a  cubic  foot  of 
beer  1028  ounces ;  consequently  a  butt  of  beer  will  weigh  about  17880}  ounces^ 
or  Qcwt,  3qr.  Sblb.  8f  osr.  avoirdupois :  hence  2  butts,  weighing  19cu^'*  Sfrt. 
2S/6.  ioz,  (or  nearly  20ctff/.)  are  called  a  tuu^  or  ton. 


1 


Pabt  L  REDUCrriON.  69 


DRY  MEASURE. 

58  Dry  Measure  is  used  for  all  measurable  coimxiodities, 
except  liquilr8^ 

2  pints      make  1  quart. 

2  quarts 1  pottle,  pot, 

3  pottles 1  gallon. 

S  gallons 1  peck,  pk, 

4  pecks 1  bushel,  bu. 

2  bushels 1  strike,  sir. 

4  bushels  . . .  /.  1  coom^  or  sack  of  corn.  «. 
2  cooms 1  quarter,  qr. 

5  quarters .....  1  wey  or  load. 
2  weys 1  last. 

]Hnts. 
8=    1  gallon. 
16=    2=    1  peck. 
64  =£    8=     4=  1  bushel. 
S56=s  aSss  16=  4=   1  coom. 
j  512=  64=  32=  8=  2=  1  quarter. 

J  2660=320=160=40=10=  6=1  wey. 

6120=640=320=80=20=10=2=1  last. 


y  The  standard  weights  and  measures  were  formerly  kept  at  Winchester,  as 
they  are  now  at  the  Exchequer.  By  a  law  of  king  Edgar,  made  nearly  a  century 
before  the  Conquest,  it  was  enacted,  that  all  measures  of  capacity  should  agree 
with  the  measures  kept  at  Winchester.  Hence  the  measure  for  dry  goods  is  called 
^  WimkuUr  measure.    The  gallon  contains  268f  cubic  inches,  and  conse- 

quently the  pint  will  be  33t  cubic  inches  nearly. 

The  dry  gaUon  is  somewhat  greater  than  ft  mean  between  the  wine  and  beer 
gallons. 

By  an  act  of  Parliament,  made  in  1697»  it  was  ordered,  that  the  standard 
bushel  should  be  a  cylinder  of  18t  inches  diameter,  and  d  inches  deep,  which 
are  the  legal  dimensions  of  the  com  bushel  at  present  in  use. 

A  bushel  of  wheat  weighs  1000  ounces,  or  62t  pounds  |  a  bushel  of  barley,  50 
.  pounds ;  a  bushel  of  oats,  38  pounds ;  a  bushel  of  flour  or  salt,  M  pounds.  A 
sack  of  flour  is  5  bushels^  and  weighs  S80  pounds. 

Both  5  bushels,  and  40  bushels,  of  corn  are  reckod^  a  load ;  the  former  for 
a  man,  the  latter  for  a  cart. 

It  may  be  remarked,  that  any  measure  heaped  vp  is  allowed  to  contain  one 
third  more  than  when  it  is  ttruck  off, 
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COALS*. 

4  peckft  foake  1  busheL 

3  busheb 1  sack.  sa. 

12  sacks 1  chaldron,  ck, 

21  chaldrons 1  score,  sc, 

pecks. 

4=  1  busheL 

12=  3  =  1  sack. 

144=  36  =  12  =  1  chaldron. 

3024=756=252=21  =  1  score. 

86.  In  5  quarters  4  bushels  3  pecks  of  wheat,  how  many 
gallons  ? 

Operation. 

qr,  bu,  pk, 

5     4     3 

g  Esplanatum. 

44  bushels  ^  multiply  first  by  8,  because  (2  cooms,  or)  8  bushels 
*                      are  a  quarter,  and  take  in  the  4 ;  next  by  4,  and  take  in 
^                     3  ;  and  lastly  by  9,  where  there  is' nothing  to  take  in. 

J  79  pecks, 
2 

Ans.  358  gallons. 

/• 

87.  In  4321  pecks  of  coals,  how  many  chaldrons  ? 

Operation. 

peck».  MdfplaniUwm. 

4)4321(1  I  fir»t  divide  by  4  for  basMs,  aiM) 

36)1080(30cA*  Obu.  Ipk.  Arts.        ^^  ^*.  ^  PfJ'  7f,'  *^  *?  3^> 

^  ^j   ^  '^  which  gives  30  chaldrons,  ana  uo- 

'**^  thing  over. 

0 

88.  In  15  quarters  of  wheat,  how  many  quarts  ?    Ans,  3840. 

89.  In  91  lasts  of  corn,  how  many  pecks  ?    Ans.  29120. 

90.  In  12c^.  36m.  Ipk.  of  coals,  how  many  pecks  ?   Arps.  1741. 

91.  In  537  pecks  of  wheat,  how  many  quarters  ?  Ans,  I6qr, 
6^u.  Ipk, 

92.  How  many  pecks  are  there  in  20  score  of  eoak  ?  Ans.  60460. 

■  The  standard  coal  bushel  is  8  inches  deep,  and  19t  wide :  the  measure  is  al- 
ways heaped  up ;  and  for  erery  5  chaldrons  bought  at  one  time  the  seller  must 
give  63  sacks. 


P4»tI.  BEDUCTION.  71 

59.  Q9OO8   SOhTt  BT  TAI.S. 

9  things are      a  pair^  pouple^  or  brace. 

19  tbyuEig^ a  dozen. 

13  things , a  long  dozen. 

20  things a  score. 

12  dozen a  groc^. 

12  groee a  great  groce. 

5  score a  hun4rpd. 

6  score a  gre^t  huo^r^d* 

12  hundred  of  some  things  .  .  a  thousand. 

60.  Paper,  Parchment,  and  Books. 
24  sheets  of  paper      make      a  quir^. 

20  quires a  ream. 

214.  quires  . : a  printer*s  ream. 

2  reams    a  bundle. 

5  dozen  sl^ios  of  parchment  a  roll. 
72  words  in  common  law    '\ 

80 in  the  Exchequer   >  a  sjieet. 

90 in  Chanceiy  J 

Of  the  differeat  sizes  of  books^  ft^o  is  the  largest. 

A  sheet  of  paper  v^takes  in 

folio  (fol.)    2  leaves,  or  4  p^ges. 

quailo  (4to.) 4  leaves,  or  8  pages. 

.octavo  (8vo.) 8  leaves,  oj  16  pagp§. 

di^odecimo  (12ino.)  .  1%  leaves,  or  24  p^^ 

CMStodecimo  (ISjno.)  18  leaves,  or  36  pages, 

twenty-fours  (84to.)  24  leaves,  or  48  pages. 

93.  In  50  dozen  of  eggs,  how  many  score  ?     Ans.  30. 

94.  In  720  score  of  corks,  how  many  grqce  ?     A^s,  liXH. 

95.  How  many  great  gi  oce  are  there  ^n  one  hujadred  tbou- 
eand  ?     Ans,  57  g.  groce,  15(04  over. 

96.  In  forty  great  hundred  of  tallies,  how  many  dozen  ?  Am. 
400. 

97.  How  many  score  in  one  hundred  long  dozens  ?   Ans.  65. 

98.  In  twenty  tl^ousai^id  kmojfis,  how  ^lany  loipg  dozens  ? 
Ans,  l.'^38  L  doz.  Q  aper. 

•  Oranges,  lemons,  lead-pencils,  tobacco-pipes,  corks,  &c.  are  usually  sold 
by  the  groce ;  eggs,  tallies,  nails,  and  many  other  small  articles,  are  sold  by  the 
great  hundred. 
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99.  How  many  sheets  of  paper  are  there  in  a  Mio  Tolnme  of 
SMpages?    jtu.90. 

100.  How  many  sheets  of  paper  are  than  in  one  thousand 
reams  ?    j^,  480000. 

101.  A  quarto  work  contains  12600  pagesf  how  many  sheets 
of  paper  are  there  in  it  ?    Jn$.  1575. 

109.  Thirty-live  sheets  are  employed  in  an  octavo  book ;  how 
many  pages  does  it  contain  ?    Jn$.  560. 

103*  How  many  common  reams  are  there  in  fifty  printer^s 
reams  of  paper?    Ans.  53  reams,  15  quire$. 

104.  An  octavo  work  of  20  sheets  contains  eight  hundred 
thousand  letters  5  bow  many  are  there  in  a  page  ?    Am.  2500. 

61.TIME^ 

60  seconds  C)    nuike  1  minute,  m. 
60  minutes  .......  1  hoar.  A. 

24  hours 1  day.  d. 

7  days 1  week.  w. 

4  weeks 1  month,  mo. 

365  days  6  hours  ....  1  Julian  year. 
ISmo.  Id.  6h. 


i.    J 


^^  f  1  Julian  year. 

B2w.  Id.  6ft. 


^  A  day  is  the  lengtii  of  time  which  elapses  while  the  earth  reTolves  once 
about  its  aads,  which  is  about  23k.  56n».  4".  altiiongh  commonly  recfconed  34 
hoorsw  HbuiBy  minutes,  and  seconds,  are  divisions  and  subdivisions  of  a  day, 
an  hour  being  one  twenty*fourth  part  of  a  day ;  a  minute,  one  sixtieth  part 
of  an  hour ;  and  a  second,  one  sixtieth  part  of  a  minute.  The  week  is  a  reli- 
gious institution,  appointed  by  the  Almighty  immediately  tifter  the  creation ; 
and  the  dbserranoe  of  every  seventh  day  as  a  day  of  holy  rest  is  repeatedly 
enjoined  in  tha  Scriptures. 

A  month  u  properly  a  portion  of  time  regulated  by  the  moon :  thus  a  lunar 
periodical  month  is  27d.  7A*  4dm.  8".  being  the  time  the  moon  takes  in  going 
from  any  point  in  the  ecliptic  to  the  same  point  again. 

A  kmar  tj^odical  month  or  htnatitm  coosists  of  9Qd.  12A.  A4m.  3".  II'". 
being  the  space  of  time  which  passes  from  one  new  moon  to  the  next ;  to  these 
may  be  added  the  tolcr  monik,  of  SOd.  lOA.  SSm.  5".  which  is  the  time  the  sun 
takes  to  pass  through  one  sign,  or  one  twelfth  part  of  the  ecliptic ;  and  likewise 
the  eMl  monik  of  28  days,  as  in  the  Table.  A  year  is  the  space  of  time  in 
which  the  evth  makes  one  complete  revolution  round  the  sun,  and  in  which  aU 
the  seasons  return:  this  is  called  the  solar  year,  and  consists  of  3Shd.  5A.  48ai. 
48".  The  Julian  yaar  of  365<f.  6k.  is  commonly  reckoned  365  days  only  s  and  for 
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seconds 

60s=     1  minute. 
300(hs    60    =  I  hour. 
86400=  1440  =  24  =s  1  day.    ^ 
6048003S 10080=  168=  7=1  week. 
2419200=403«0=6T2=28=4=1  month. 

105.  In  12  weeks,  liow  many  seconds  ?    Ans.  7257600. 

MulHply  by  7f  24,  60,  and  60. 

106.  In  1234567  seconds,  how  many  weeks  ?  Ans,  2to.  6h. 
bSm.  7".  Dwide  by  60,  60,  24,  and  7. 

107.  In  Into.  2tD.  3d.  4/i.  5m.  how  many  minij^es  ?  ^i».  65045. 

108.  How  many  seconds  are  there  in  a  Julian  year  ?  Ans. 
31557600. 

109.  October  the  25th,  1809,  the  King  completed  the  49th 
year  of  hb  reign  $  how  many  minutes  are  there  in  that  space  of 
time,  reckonmg  Julian  years  ?     Ans.  25772040. 

110.  How  many  hours  have  elapsed  since  the  birth  of  Christ 
to  Christmas  ISIO,  allowing  the  years  to  be  pf  the  Julian  kind  ? 

COMPOUND  ADDITION. 

62.  A  compound  number  is  that  which  consists  of  different 
denominations  in  money,  weights,  measures,  &c. 


the  odd  6  houn,  a  day  is  added  to  February  crery  fourth  year,  which  year  is 
called  Bwextik,  or  Leap  year.  Thus  February,  in  the  Leap  year,  haa  39  days ; 
and  conBeqncntly  the  Leap  year  consists  of  366. 

Tojtnd  Leap  yeaty  tkie  is  the  rtde. 

Divide  the  date  by/bur,  and  yonll  discover 
lliat  'tis  Leap  yeary  if  nought  remains  at  last ; 
But  one,  or  two,  or  tkreef  renuuning  over 
Denote  thaX  put  eo  mamy  yean  'tis  past. 

To  find  the  nwmber  of  days  m  each  month. 

Thirty  days  hath  September, 
Apiily  June,  and  November ; 
February  has  twenty-eight  alone, 
The  other  months  have  thirty-one : 
But  Leap  year  comes  one  year  in  four. 
And  February  then  has  one  day  more. ' 
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Compound  Addition  teaches  to  find  t\^  «MBis  of  such  com- 
pound numbers  as  are  of  the  same  kiqd. 

Rule  I.  Place  the  nuip|)eis  to  be  adde4  so  that  all  those  of 
the  same  denomination  mav  stand  under  oi^e  another  in  a  co- 
lumn; and  let  two  dots  (thus  . .)  ba  put  between  each  two 
numbers  of  different  denominations. 

II.  Add  all  the  numbers  in  the  least  denomination  together, 
and  reduce  the  sum  to  the  next  higher  denomination,  and  set 
down  the  remainder,  if  any.  *• 

III.  Carry  the  number  arising  firom  this  reducticm  to  the  next 
superior  denomination  5  add  it  up,  reduce  the  sum  to  the  next 
superior  denomination,  set  down  the  remainder,  carry,  &c.  as 
before. 

IV.  Proceed  in  thb  manner  with  all  the  denominations  to  the 
highest,  which  must  be  added  and  put  down  like  simple  Ad- 
dition. 

Method  of  Proof.  Cut  off  the  top  line,  and  ^vxxed  as  in 
pimple  Addition  ^ 

*  Here  we  add  np  each  separate  denomination  by  simple  Addition,  and  the 
troth  of  the  rule  may  b.e  shewn  frcim  ^ny  of  th^  example  included  under  it. 
We  will  take  the  first  example  in  Money,  in  which  the  sum  of  the  farthings  is 
1 1  >  the  sum  of  the  pence  26 ;  the  sum  of  the  shillings  7 1  i  and  th^  sum  of  the 
pounds  224.  Now  as  we  always  estimate  any  sum,  namely,  pounds,  ^hillingSj, 
pence,  or  farthings,  in  the  highest  of  these  denominations  it  is  reducible  to, 
these  farthingS;;  pence,  and  shiUings,  must  if  possible  be  reduced  higher.  Ltet 
us  try. 

Tbus,   1  i  f  arthiagB 

f??.^r...    -=     ?.?    ^    UyArt.46. 


=    0   0  24^ 

=     0    2  2    (    . 

=     3  11  0    f^y 

=  224    0  0  J 


71  shillings 
224  pounds      = 

These  addej^l  give  2^7  13    4-|-  9s  ip  the  example. 

Here  note,  that  the  2  p«jn(e  ij|^  tb^  irs*  tine  aboFe  is  the  2  carried  from  far- 
things to  pence,  (i*  f.x.  1.)  tilwe  2  9^iUUigs  w  th#  9^fim^  \m  is  the  2  carried 
from  pence  to  shillings ;  and  \)ffi  9  p.aiui^s  in  tk^  thityi  lia«  i&  the  3  carried 
from  shillings  to  pounds  :  if  t^l^is  iUusini,tMfi  be  well  understood,  the  reason  of 
the  following  modes  of  operation  will  be  extremely  plain. 
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63.  MONEY  •>. 

Fartking9f  Pence,  and  Shillings,  Tables. 


FARTHINGS.| 

PENCE. 

SHitLINGS. 

9- 

d. 

rf. 

f- 

rf. 

d. 

#. 

d. 

#.          L,    t,   d. 

4  are 

1 

1*2  are  I 

0 

80  < 

are  6 

8 

30  or^  1     0  0 

6 

u 

20 

1 

8 

84 

7 

0 

30       .1   10  0 

S 

9 

24 

2 

0 

90 

7 

6 

40         2     0  0 

10 

^ 

30 

9 

6 

96 

8 

0 

50         2  10  0 

12 

3 

36 

3 

0 

100 

8 

4 

60         3     0  0 

14 

Si 

40 

3 

4 

108 

9 

0 

70         3   10  0 

16 

4 

48 

4 

0 

110 

9 

2 

60         4     0  0 

IB 

44 

50 

4 

2 

120 

10 

0 

90         4  10  0 

120 

5 

60 

5 

0 

130 

10 

10 

100         5     0  0 

2« 

55^ 

70 

5 

10 

132 

11 

0 

110         5  10  0 

24 

6 

72 

6 

0 

144 

12 

0 

120         6     0  0 

^  The  coins  used  in  England  are  gold,  silver,  and  copper ;  the  gold  ooini  are^ 
a  guinea,  halfguinea,  and  seven  shilling  piece.  The  silver  c^ns  are,  a  crown, 
halfcrown,  shilling,  and  sixpence.  The  copper  coins  are,  a  twopenny  piece, 
penny,  halfpenny,  and  farthing.  These  are  called  real  coins ;  bnt  any  denomi- 
nation of  money,  which  is  not  represenled  by  a  single  coin,  is  called  imagi" 
nary:  thus  a  guinea,  a  crown,  &c.  are  rwl  coins  ;  but  a  pound,  a  groat,  &c. 
(having  no  single  piece  that  will  represent  them)  are  imaginmy* 

The  moneyers  suppose  any  quantity  of  gold  divisible  iato  *2A  equal  parts, 
which  they  call  caraiSy  and  each  carat  they  divide  into  24  p^s,  calling  Uwse 
grains  o^a  carai ;  by  this  they  denominate  the  fineness  of  their  gold.  If  the 
gold  be  free  from  any  mixture  (called  alloy),  It  is  said  to  be  24  carats  fine ;  but 
if  there  be  2  carats  (out  of  the  24)  of  alloy  in  it,  the  gold  is  said  to  be  22  carats 
fine,  &c. 

The  standard  foi  British  gold  ooin  is  23  carats,  namely,  22  of  pure  gold,  and 
2  of  alloy,  composed  of  silver  and  copper. 

The  standard  for  silver  coin  is  lloz.  Sdwts.  of  pure  silver,  mixed  with 

IBdwts.  qf  copper  alloy. 

The  value  and  weight  of  Coin, 

L,      s.    dm 
Gold. — A  Guinea value     1       1     0 weighs 

Halfguinea 0     10     6 

Seven  Shilling  Piece 

Silver. —  A  Orown 0       5    0 ; 

Halfcrovra 0      2    6 

Shilling 

Sixpence 

A  pound  of  standard  gold  makes  44-^  guineas,  and  a  pound  of  standard  silver 

62  shillings. 


duft. 

g^* 

5 

^ 

2 

16^ 

1 

19 

19 

8i 

9 

le-j. 

3 

21 

] 

22f 
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Examples. 
1. 

l^^  g^  gl^  I  bcgia  at  the  bottom  of  the  finthings,  and  say 

35  l4  si  ^  and  3  a»  5  and  1  arc  6  and  2  are  8  and  3  are 

91  IT  ^  ^'»    11  fitfthingB  Tcdqced  to  pence  are  2  pence 

sSi  17  ^  three  fiutfaii^;  I  put  down  4  and  cany  3  to  the 

52  14  3^  pcaccy  which  added  np  amount  to  28;   this  re- 

47  13  5|-  dwxd  to  shillings  is  2s.  Ad,   I  put  down  4,  and 

^  15  41  carry  2  to  the  nniU  line  <tf  shiDinf^;  the  shillings 

*'''»      g^7      13     4|-     gi^e  73  flhilUngs;  these  reduced  to  pounds  ara 

192       0     8^  '^*  P*^^  ^'^'^  ^^  ^'''^  ^^*"7  3  to  the  poonds, 

which  are  added  up  exactly  like  an  example  in 


Proof  227     13     44     simple  Addition.    The  first  line  of  the  work  b^ 

inishcd,  I  cut  off  the  top  line  (namely,  35/.  I2r. 
8<i4)  ^7  drawing  a  light  stroke  under  it.  I  then  add  up  ikt  same  nnmben 
again  which  I  a<Ued  before,  all  except  the  top  line  cut  off,  in  the  same  manner 
as  before,  and  the  result  is  the  seenod  line  of  the  work ;  I  lastly  add  the  said 
second  line  and  the  t<^  line  cut  off  together,  and  the  sum  will  be  the  third 
line  of  the  work ;  this  third  line  agreeing  in  CTery  particular  with  the  first 
line,  shews  that  the  operation  is  right, 

2.  3.  4. 

L,      *,         d,  L,        9.       d.  Lm      #•        d. 


27 

14 

8;^ 

35 

2 

34 

24 

11 

«j 

38 

15 

^ 

51 

4 

«4 

41 

11 

114- 

41 

17 

7i 

13 

1 

14 

27 

17 

lot 

52 

18 

«^ 

27 

2 

24 

71 

19 

IH 

27 

10 

34 

32 

1 

14 

98 

18 

lOi 

Sum   188 

16 

74 

158 

11 

St^ 

264 

19 

11 

161 

1 

104 

123 

8 

114 

240 

8 

8i 

Proo/ 188 

16 

74 

• 

158 

11 

24 

264 

19 

11 

A  pennypiece,  2  new  ba^pence,  or  3  old  ones,  should  weigh  an  ounce  Avoir- 
dupois. 

When  the  Saxons  first  settled  in  Britain,  they  were  called  KtuUrluigt^  (firom 
the  circumstance  of  their  coming  from  the  east,)  and  their  money,  eatterHMg 
money :  hence  by  a  corruption  frequent  in  language  the  Vord  wierling  is  de- 
rired.  But  it  is  remarkable,  that  a  term,  which  at  that  time  was  applied  ex- 
clusively to  express  somethingyi»r«^,  should  by  the  lapse  of  time  completely 
change  its  signification,  so  as  to  denote  exclusively  that  which  is  Britisk, 
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5. 

6. 

> 

7. 

L.     «.  d. 

L. 

#• 

d. 

L. 

«• 

rf. 

39  1  2^ 

48 

10 

71- 

56 

7 

8 

«4  2  r^- 

21 

11 

U 

64 

2 

6^ 

41  9  3^ 

12 

12 

24 

41 

3 

14 

12  8  4^ 

21 

13 

24 

92 

2 

4 

91  4  H 

21 

15 

ct 

31 

9 

74 

8. 

9. 

10. 

Z.  9.      d. 

L, 

tf. 

A 

L. 

#. 

if. 

91  8  10^ 

73 

12 

64 

14 

10 

04 

14  9   6 

10 

10 

44' 

23 

11 

94 

72  8   94 

68 

16 

^ 

39 

12 

14 

21  9   8 

84 

11 

^ 

17 

4 

04 

86  9   74 

47 

10 

34 

42 

0 

34 

11.  12.  13. 

Xr.        #•        a.  X«       s,     d*  L%         #• 


• 

83 

13  114 

72 

0 

(H 

14 

5 

6* 

37 

16  104 

49 

6 

7 

76 

12 

lOj 

47 

10  104 

•  98 

9 

04 

64 

1 

114 

74 

11  114 

87 

9 

Oi 

47 

16 

84 

12 

10  10^ 

74 

8 

14 

58 

18 

14 

14. 

15. 

• 

16. 

L. 

9,        d. 

Z. 

9, 

d. 

L. 

9, 

d. 

- 

20 

19  114 

123 

18 

104 

374 

17 

94 

47 

0   04 

49 

1 

114 

9 

9 

94 

4 

14   84 

713 

14 

10^ 

10 

10 

10|. 

0 

19   04 

427 

12 

114 

28 

19 

lU 

0 

0  114 

9 

19 

.14 

475 

12 

84 
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64.  TROY  WEIGHT. 

17.  18.  Explanatumo/Bie.M. 

lb,    oz.  dwt.  gr,  lb.  oz.  dwt.  gr.  1  first  add  ap  the  grtiitis,  and  find 

2111    12   14  4  3     8     9  tUcyamoant  to  63;  this  I  divide  by 

32   10   11    12  ^  4      9    15  24,which  goes  twice  in  it,andl5over; 

Oi    11    1.3   lO          ^  y     7      »  dwts.;  these  added  up  amount  to  64; 

64    10   15   12           5  8      9      7  this  1  divide  by  2b,  exactly  as  was  done 

13   11    11    10          8  9    18   11  in  shUlings,  and  find  it  goes  3  times, 

Q  .  .  . — rr — "Z  with  4  over ;  put  down  4,  and  carry  3 

^4  1 1    1,5      ^  jq  jjjg  oijQcijs^  which  kdded  up  amount 

20  8  4  17  to  56;  this  is  divided  by  12,  as  was 
■      — 7-^ — —    done  in  pence,  and  the  quotient  is  4, 

24  11    13     2     ^ith  8  over  ;  put  down  8,  and  carry  4 

to  the  pounds;  which  are  added  and 
put  down  like  simple  addition.  Thus  the  first  line  is  found.  In  the  second 
line,  the  grains  amount  to  49,  which  is  twice  34,  and  1  over ;  put  down  I ,  and 
carry  2.  The  dwts.  amount  to  52,  which  is  twice  20,  and  12  ever;  put  down 
12,  and  carry  2.  The  ounces  amount  to  44,  which  b  3  times  12,  and  8  over  ; 
put  down  8,  and  carry  3  to  the  pounds,  which  are  added  by  simple  addition. 
The  proof  is  done  exactly  as  in  Money,  except  that  the  numbers  for  which  you 
carry  differ. 


185 

8 

4  15 

163 

8 

12  1 

185 

8 

4  15 

19. 

20. 

21. 

lb. 

oz.  dwt.gr. 

lb. 

oz,  dwt. 

gr. 

lb. 

oz,    dwt. 

gr. 

73 

12  3 

4 

9   8 

7 

12 

4  17 

23 

49 

7  4  8 

1 

8   7 

9 

16 

11  10 

12 

12 

9  8  7 

3 

4  17 

8 

78 

10  11 

13 

53 

8  9  4 

9 

11   8 

10 

23 

9   8 

7 

67 

2  3  9 

7 

10  12 

20 

45 

8   3 

4 

65.  APOTHECARIES*  WEIGHT. 

Explanation  of  Ex.  22. 
-**•  *«^«  The  grains  amovnt  to  57,  or  2 

**•     S     -3     9    ^.  ^'139    scruples  17  grains.    I  put  down 

12     12      10  4     2     S      1     I7>  and  carty  2  to  the  scruples ; 

372115  7562    these  amount  to  9,  that  is,  to  3 

fi     Q     fl     Q      ^Q  ftO'Tl     <irams ;  i  put  down  0,  and  carry 

n^^iii^  ^      A      L     a     3  to  the  drams ;  these  amount  to 

9     7     4      J      10  6      4     3     2     32,  or  2  ounces,  and  6  drams 

246      1      10  91100    over ;  put   down  6,  and  carry  2 

to  the  ounces ;  the  ounces  added 
amount  to  31,  or  2  pounds,  and  7 
2  ounces  over ;  put  down  7$  and  car- 
ry 2  to  the  pounds,  which  are 
added  as  before.  The  second  line, 
and  proof,  from  what  has  been 
said,  will  be  easily  understood. 


23 

7  6  0  17 

22 

5  4  17 

23 

7  6  0  17 

36 

9 

5 

0 

32 

7 

1 

2 

36 

9 

5 

0 

iRT  I.                      O 

OMPC 

)UND  / 

lDDI 

iTio: 

N. 

19 

24. 

25. 

. 

26. 

.1  '  3    9  ^>-. 

tl     1     1     3 
25     S     0     4 
'78    6    2     6 
41     4     1     9 
32     7    ^     8 

ft 
14 
25 
79 
4 
30 

?      5 

10    7 

9     6 

11     4 

3     2 

1     0 

9 

2 

1 
0 

1 
0 

ft 

8 

7 
9 
4 
6 

S 

9 

S 

11 

0 

7 

5 

1 
7 
7 
4 

1 

2 

2 
1 
2 
0 

13 

10 

2 

9 

12 

* 

66.  AVOIRDUPOIS  WEIGHT. 

^J^                                    23^  JEsplanation  of  Ex,  37* 

LcwLor,   lb,    oz,   dr,      twt,  or.     lb.      oz.  The  drams  added  amount 

763456          41      13      12  to  34,  or  2  ounces,  and  2 

^A/>o<v^          ^     ^     ^m,        ^  drAms  over;    put  down  2, 

4     9     2     8     9     9          6     0     27        9  t,«a  carry  2.     The  ounces 

591987          81     26       8  likewise  amount  to  34,  or 

842989          72     24        9  Sib.  2oz. ;  put  down  2,  and 

251123          33      21        9  carry  2.  The  pounds  amount 

-: to  33,  or   Iqr.  31b.;    put 

30     3        1      15  down  5,  and  carry  I.    The 

26      1      16       3  ^l"**^*^***  amount  to  10,  or 

2cwt.  2qr. ;  put  down  2,  and 

30  3  115  carry  2.  The  cwts.  amount 
'  '  to  35,  or  It.  15cwt. ;  put 
down  15,  and  carry  1  to  the  tons,  which  amount  to  27.  There  will  be  no  diffi- 
culty in  the  second  line  afid  proof.  , 

29.                               30.  31. 


27  15     2 

5     2     2 

20     8     3 

6  12  12 

27  15     2 

5     2     2 

/. 

cwt. 

qr. 

lb. 

cwt. 

qr. 

lb. 

oz. 

lb. 

oz. 

dr. 

1 

2 

3 

4 

11 

1 

12 

10 

21 

15 

12 

4 

3 

2 

1 

10 

2 

10 

10 

17 

14 

13 

8 

12 

1 

20 

21 

3 

11 

12 

40 

10 

15 

4 

10 

2 

20 

10 

1 

2 

1 

32 

11 

14 

2 

11 

1 

2 

8 

0 

0 

4 

28 

10 

10 

67.  LONG  MEASURE. 

32. 

lea.  m.  fur.  p.    yd.  f.    in,  be. 

47  1232171  Explanation. 

14  2     3     9      1     2     3     2  The  yards  in  the  first  line  amount  to 
21  15  30     124      1  I2,whi€h  contains  5f  twice,  and  1  over; 

15  2342131  I  put  down  1,  and  carry  2.  In  the  second 
27  2494     123^^^^  ^^^  yards  amount  to   10,  that  is, 

onee  5^,  and  4-J-,  over ;  put  down  4-J-,  and 


127     12  17 

12     9    2 

80    0    0  13 

4i  1     2     1 

127     1     2  17 

12     9     2 
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33. 

34. 

35. 

Ua. 

m.fur. 

^• 

yd. 

/.  ^ 

k. 

^ 

/.  m. 

U 

10 

1  2 

34 

28 

1  2 

1 

60 

1  2 

11 

12 

1  2 

12 

17 

1  3 

2 

71 

1  1 

10 

41 

2  1 

10 

31 

2  3 

2 

17 

1  6 

10 

27 

1  2 

11 

76 

2  4 

1 

14 

2  9 

11 

14 

2  5 

9 

20 

2  7 

1 

27 

1  8 

lO 

68.  CLOTH  MEASURE. 


36. 

37. 

38. 

39. 

40. 

yd,  qr,  n. 

yd.  qr.  fu 

FE.qr.H. 

EE.qr.n. 

Fr.E.fr.n. 

28  3  3 

42  1  2 

83  2  0 

39  4  3 

98  5  3 

71  2  1 

28  0  0 

12  1  2 

13  4  2 

16  4  3 

16  3  3 

35  3  3 

24  2  3 

48  3  3 

79  3  3 

42  I  2 

60  2  3 

53  2  3 

92  1  0 

90  4  2 

23  2  3 

78  3  3 

37  2  2 

50  2  1 

25  3  3 

183  2  0 

69.  SQUARE  MEASURE. 

41. 

. 

42. 

43. 

44. 

a.  r.  p.    yd.f,in. 

a.  r.  p. 

a.    r.  p. 

yd.  f.    m. 

4  3  12  20 

1  40 

12  1  10 

131  1  14 

710  8  100 

7  3  20  5 

8  16 

76  2  15 

127  2  17 

100  2  100 

8  1  10  6  4  80 

14  1  28 

300  0  0 

276  7  47 

9  2  12  20  2  60 

16  3  4 

123  1  16 

701  8  24 

5  1  10  16  4  10 

20  0  19 

208  3  39 

101  8  123 

35  3  26  8J.  2  62 

In  Ex.  41.  the  yards  amoant  to  69 ;  tbere  are  twice  30}  in  this  nnmbery 
and  8-^  over ;  pat  down  8-^>  and  carry  3 :  all  the  reat  is  obrioos. 


70.  CUBIC  MEASURE. 

ROUGH  TIMBER. 

45.                             46.  EsplanmtiMHifEx.Ab. 

Id,       /.       in.            Id.     f.        tM.  Th«    inches    amoant   to  3529, 

123  26     727          27     10     100  "^^^^  dirided  by   1728,  the  quo- 

376     12     741          76     16     416  being  a^the  wm  is  91  ;  thi. 

471      14     800         64     17     804  divided  by  37,  the  quotient  is  3, 

124  20    764         12     12     123  and  10  over;  put  down  10,  and 

— — — —  carry  3.                               ' 


1309     10       73 


Part  L  COMPOUND  ADDITION.  81 

HEJVN  TIMBER. 


47. 

48. 

Id. 

/ 

in. 

U. 

/.       til. 

48 

12 

1000 

32 

20     1600 

10 

10 

1000 

13 

13     1300 

14 

15 

]600 

30 

,21     1000 

15 

20 

1200 

22 

10       400 

31 

13 

1000 

78 

10       100 

w 

71. 

WINE  MEASURE. 

49. 

50. 

51. 

52. 

53. 

i.i 

hhd.gal.  qt.      gal.  qt.  pi. 

tier. 

gal.  qt. 

^*.  pt.  gills 

a.  gal.  qt. 

2 

3    12 

3        13   2 

42 

10 

1 

14 

1   2 

61     1    1 

1 

1    21 

1        16    1 

10 

20 

2 

12 

0   1 

17    9    2 

7 

2    10 

2        47   2 

13 

10 

3 

70 

1    1 

23    1    1 

9 

1    10 

2        10    1 

11 

11 

1 

14 

1    3 

15    2   2 

4 

3    20 

2        71    2 

14 

20 

1 

10 

1    1 

60    1    1 

25 

3    12 

2 

72- 

BEER  MEASURE. 

V 

54. 

55. 

56. 

luttshhd.har.kiid. 

fir. 

gal 

qt. 

gal.    qt. 

/". 

8 

1      1      1 

17 

1 

2 

48      1 

1 

9 

111 

60 

4 

3 

18     3 

O 

4 

10      1 

45 

3 

1 

40     2 

O 

7 

0     0      1 

11 

1 

2 

76     3 

1 

6 

1      1      0 

76 

8 

3 

16      1 

1 

37 

0      2      0 

< 

58. 

57. 

hhd.   gal. 

qt. 

har. 

^ai 

'    ff/. 

53       14 

1 

37 

1 

1 

12      12 

3 

76 

5 

2 

i 

►      76      10 

1 

47 

28 

2 

31      11 

2 

12 

12 

1 

24      18 

2 

Wl 

27 

16 

1 

• 

YOL.  I. 
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73.  DRY  MEASURE. 
CORN. 


59. 

60« 

yr.    1 

fm.pic 

.  g<ti 

> 

iasU 

yfty  ^.  VIC.  />. 

38 

7    4    1 

25 

1     4 

4    3 

ir 

4    3 

1 

18 

1     1 

1     1 

74 

2     2 

I 

24 

1     3 

7     1 

41 

5     1 

1 

56 

1     4 

3     1 

26 

6     2 

1 

14 

1     3 

«     1 

193 

3     1 

1 

COAL. 

t 

5. 

61. 

62. 

dL 

faf. 

pit. 

• 

ft. 

eh*      sap 

6tf. 

S9 

20 

3 

4 

12       3 

2 

IS 

12 

2 

7 

10       1 

2 

3il 

10 

3 

a 

10       9 

1 

48 

20 

2 

9 

20     11 

2 

13 

16 

1 

5 

20     11 

1 

74.  TIME. 

» 

63. 

• 

64. 

V.   <l. 

h. 

w. 

If 

mo,  'W. 

^.     A. 

3     I 

12 

18 

20 

8     1 

1     11 

I     4 

20 

20 

lO 

9    3 

6     19 

$     5 

10 

10 

20 

1     3 

4     27 

4     6 

20 

lO 

20 

2     1 

2     IS 

7    4 

12 

40 

50 

3     3 

1     20 

20     2 

3 
)5. 

40 

0 

• 

( 

GBi, 

• 

mo.    «;. 

d. 

A. 

^. 

h.     «». 

,  «f 

11      1 

3 

20 

27 

10     Ig 

la    , 

14     3 

6 

21 

31 

12     SO 

90 

16     1 

4 

22 

47 

20    30 

40 

84     8 

6 

20 

71 

10    41 

52 

73     3 

5 

20 

14 

15     16 

17 
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Promiscuous  Examples  for  practice. 


67. 

68, 

1 

L, 

i. 

d. 

L. 

s. 

A 

1^ 

12 

lO^ 

748 

18 

IH 

gi7 

13 

IH. 

479 

19 

11+ 

718 

10 

lOi 

90 

19 

lot 

124 

11 

lU 

417 

18 

lU 

273 

16 

84 

9 

17 

H 

731 

17 

94 

704 

18 

9i 

314 

19 

84 

27 

16 

lot 

471 

16 

94 

8 

19 

H 

784 

12 

74 

39 

18 

lU 

149 

16 

74 

495 

14 

lU 

69.  '  70. 

lb.  oz.  dwt,  gr,  f,     ewt.   qr.    lb.     ox.     dr. 

27  11  19  23       47  19  3  27  15  14 

4  10  19  22 

17  11  14  23 

44  11  18  21 

9  10  11  12 

32  11  12  IS 

9  10  11  12 

47  11  18  20 

]3  10  17  21 

37  11  12  15       24  18  3  JO  10  14 


4 

13 

3 

5L6 

14 

10 

9 

16 

2 

20 

16 

15 

87 

12 

3 

27 

10 

15 

76 

10 

1 

21 

12 

14 

7 

11 

1 

24 

14 

15 

64 

10 

3 

20 

12 

Id 

9 

19 

2 

10 

11 

15 

7 

18 

2 

u 

13 

15 

t  I  rfl 


II       !■   f  I  Al 


71. 

72. 

• 

ft 

i    3 

^ 

gr. 

EE.    gr. 

11. 

17 

11  7 

2 

3 

102  4 

3 

41 

10  7 

2 

2 

97  4 

3 

12 

11  6 

2 

14 

2  3 

3 

37 

10  6 

2 

17 

8  4 

3 

12 

11  7 

9 

16 

12  1 

2 

34 

10  5 

i 

19 

39  4 

3 

14 

10  4 

2 

18 

176  3 

2 

24 

11  7 

2 

17 

475  3 

3 

56 

10  6 

1 

15 

88  4 

3 

19 

11  7 

2 

19 

7  2 

2 

6  2 
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Aurmawric. 

73. 

7 

4. 

ka. 

m.  fmr. 

^- 

frf- 

/. 

«. 

h. 

47 

2    7 

37 

374 

2 

11 

11 

12 

1     6 

20 

746 

2 

10- 

11 

76 

2     7 

31 

90 

1 

2 

\o 

!> 

2     6 

27 

474 

2 

10 

11 

8 

2    7 

39 

8 

1 

9 

lO 

764 

2     7 

38 

908 

2 

10 

11 

38 

2     6 

32 

39 

2 

11 

11: 

41>7 

2     7 

28 

484 

2 

lO 

11 

9 

r  5 

30 

98 

2 

lO 

11 

46 

2    7 

35 

9 

2 

8 

10 

75. 1  am  indebted  to  A,  10/.  11*.  6d.;  to  8,29/.  19f.0d.;  toC, 
129/.  O*.  lld.^j  to  D,  3795/.  18f.  lOd.4  J  to  E,  789/.  19«.  9</.4^> 
and  to  F,  239/.  19£.  Sd.^  \  what  sum  do  I  owe  in  aU.  Am. 
4995/.  9a.  lOd.^. 

76.  A  poor  widow  received  in  charitable  donations  aa  follows ; 
▼iz.  from  F,  ten  guineas;  from  G,  three  moidores:  from  H> 
one  hundred  pounds ;  from  K«  fifty  shillings ;  from  T,  eleven 
crown  pieces ;  from  X,  seventeen  guinea  notes  \  and  from  Z^  a 
check  on  his  banker  for  threescore  and  ten  pounds ;  what  did 
she  receive  in  all.     Ans.  207/.  13*. 

77.  What  does  my  house  stand  me  in  per  year,  supposing  the 
rent  is  forty  pounds  ten  shillings ;  the  assessed  taxes,  fifteen  gui- 
neas and  sixpence  -,  land  tax,  tlunee  pounds  five  shillings  \  poor's 
rate,  six  pounds  seven  and  fourpence ;  and  church  rate,  higlx- 
way  rate,  &c.  two  guineas  and  a  half?     Ans,  68/.  lOs.  4d. 

78  A  silversmith  sold  plate  as  fblldws ;  on  Monday  he  sold 
7/&.  lloz.  \^du)is.  I7gr.;  on  Tuesday,  12/6.  lOoz.  I7dio/».  23gr.  j 
on  Wednesday,  9lh,  lloz.  l^dwts.  20gr. ;  on  Thursday,  15/6.  lloz. 
I4dwt8.  Qlgr.  >  on  Friday,  23/6.  9oz.  ndwtf.  l^gr.-,  and  on 
Saturday,  li/6.  lOoz.  ISdwts. ;  what  quanGty  did  he  sell  durifig 
the  whole  week  ?     Ans,  82/6.  6oz.  I6dwt$. 

79.  A  wholesale  grocer  sent  the  following  quantities  of  sugar 
to  five  customers  -,  viz.  to  A,  Sctr*.  3^.  27/6.  y  to  B,  Scwt.  2qr. 
Q6lb.  ',  to  C,  lc«)/.  29r.  2Z6.5  to  J>,  4cwt.  9qr.  25/6.  ,•  and  to  E, 
3qr.  26/6. ;  what  quantity  diS  he  send  in  all  ?     Ans.  I7cwt.  22/6. 

80.  A  person  bought  six  pieces  of  Irish  linen;  the  first 
containing  7yds,  3qr, ;  the  second,  I9yd9.  3qr.  3n.  -,  the  third» 
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^6yd$.Sqr,2n.',  the  fourth,  SSyds.^qrr,  the  fifth,  6yd«.2^r.  3».; 
and  the  ^xth,  Wyds.  Sqr,  Sn,-,  what  was  the  whole  quantity 
bought  ?     Arts.  lQ7yds.  2gr.  Sn. 

81.  A  common  was  ordered  to  be  inclosed,  and  it  was  accord- 
ingly  divided  into  6  meadows  5  the  first  containing  27a.  3r.  3Ip.  5 
the  second,  14a.  3r.  5  the  third,  33a.  2r.  25p.  5  the  fourth,  15a. 
3r.  I8p. ;  the  fifth,  32a.  Ir.  19p. ;  and  the  sixth,  3r.  39p. ;  there 
were  also  I2a.  -Sr^  lip.  allotted  for  a  road  through  the  ground ; 
what  quantity  of  land  did  the  common  contain  ?  Jns.  137a.  2Sp, 

82.  A  firmer  bought  several  quantities  of  wheat  as  follows  ; 
of  A  he  bought  Sid,  2qr,  Sbu, ;  .of  B,  Sqr,  7hu,  Spk.  -,  of  C, 
IIW.  Iqr.}  of  P,  7hu,  Spk,;  of  E,  4qr,  6bu.  Spk,-,  and  of 
F,  I4id,  4qr,Spk,;  how  much  did  he  buy  in  all?  Ans,Slld. 
^qr,  46tt. 

83.  A  £0£d-m»'ehant  received  five  lighters  loaded  with  coals 
from  the  pool  5  the  first  contained  12c^.  36m.  Spk. ;  the  se- 
cond, I9ch.  27bu.  Spk.  5  the  third,  17 ch.  356w.  2pAf.  5  the  fourth 
llch.  296u.  Spk.}  and  the  fifth,  23c/i.  S^bu.  Spk.}  how  many 
chaldroijis  did  he  receive }    4ns.  Sbch.  1\bu.  ^pk. 

COMPOUND  SUBTRACTION. 

76.  Compound  Subtraction  teaches  to  find  the  difference  of  two 
given  compound  numbers  of  the  same  kind,  by  taking  the  less 
from  the  greater. 

Rule.  Place  the  less  compound  number  below  the  greater, 
so  that  like  denominations  may  stand  under  eac)i  other  as  in 
Compound  Addition. 

Beginning  at  the  least  denomination,  subtract  the  lower  num- 
bers from  those  above,  putting  each  remainder  under  its  re- 
spective deViomination. 

When  the  lower  number  of  any  denomination  is  greater  than 
the  upper,  increase  the  upper  by  as  many  as  make  one  of  the 
next  superior  denomination,  subtract  the  lower  number  from 
this  sum,  set  down  the  remainder,  and  carry  1  to  the  next  lower 
number ;  subtract,  and  proceed  in  this  manner  until  the  work 
is  finished*. 

*  Wlien  the  inferior  denominations  in  the  upper  line  are  respectively  greater 
than  those  in  the  lower,  the  reason  of  the  rule  is  plain ;  when  they  are  less, 
the  borrowings  and  carrying  depend  on  the  same  jprinclples  as  common  subtract 

G  3 
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Meihed  of  Proof  . 
Add  the  remainder  (or  number  arising  from,  the  openti<m) 
and  the  lesser  number  together,  and  if  the  sum  be  like  the 
greater^  the  work  is  right. 

Examples. 
1.  From  l^l.  4$.  5d.^  take  1021. 19«.  6di. 


Operation.  H^v^  l  l>«8*n  at  the  fiuthiivs,  and  say,  3  ixam 

w  tl       ^   ^  cannot,  1  therefore  borrow  4  futlMngs, 

1%S  4  b-r  ^^  3  reaiain;  put  down  f,  and  carry  1  to  the 
102     19       6\     6  makes  7 ;  then  1  say,  7  from  5  1  cannot,  bor- 

Rem  20  4  lOi-  ^^  12  to  the  5  which  make  17,  then  7  from 
!ll      17,  and  10 remain;  put  down  10,  and  carry  I 

Proof      123        4        5^     to  19  make  20 ;  then  20  from  4  I  cannot,  there* 

fore  1  borrow  80  to  the  4,  making  24,  then  20 

from  94,  and  4  remain ;  put  down  4,  and  carry  1  to  the  2 :  the  rest  is  merely 

simple  sabtraction.    The  proof  arises  from  addiqg  the  remainder  and  the  line 

next  above  it  together  by  Compoand  Addition. 

2.  3.  4. 

X/.   #.  <f.  Zj,  s,   if.  X/.  s*  ». 

From    471  7  84.  76  1  lU  47  18  U 

Ta^e  101  1  2^  14  9  1^^  10  19  94 

jRe?».  370  6  6i        61  12  lOJ.       36  18  3^ 


14 

9  H 

61 

12  lOJ. 

76 

1  114 

Proof  471     7    84^  76     1  Uj  47     18     Ij 


5. 

6. 

7. 

X/.   f. 

d. 

Z/.  f.  <£. 

X. 

5. 

d. 

12  11 

64 

78  9  44 

40 

19 

34 

10   1 

24 

16  1  24. 

18 

3 

74 

'  ■■■^'  r 


p.<^ 


tion  does  ;  so  in  Ex.  1.  we  borrow  4  (or  1  pei^ny)  in  farthings,  to  compensate 
which  we  carry  1  (penny)  to  the  pence ;  we  borrow  12  (or  1  shilling)  in  pence, 
to  compensate  which  we  carry  I  (shilling)  to  the  shUlings  ;  and  in  shillings  we 
borrow  20,  (or  1  pound,)  carrying  1  afterwards  to  the  pounds.  That  these 
carryings  always  exactly  compensate  for  the  number  borrowed  appears  plain, 
ior  carrying  1  to  the  lower  number  is  in  e£fect  the  same  as  taking  from  the 
upper  the  1  borrowed.  The  same  reasoning  may  be  applied  tp  every  kind  of 
examples  that  can  be  proposed  under  this  rule. 
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8.  9. 

JL,      s,      d, 
73      6    S^ 
45     11     24 


11. 


L. 

8, 

dL 

59 

€ 

lOj: 

8 

18 

24 

14. 

L. 

s. 

d. 

43 

14 

a 

22 

11 

lOi 

62 
12 

15     64 

lo   94 

L, 
39 
10 

i 

1% 

#,       d. 
17      44 

0    6 

L, 
48 

47 

15. 
s,      d. 

0     04 

19     114 

10 

>. 

L, 

84 
76 

9, 

3 
8 

d. 
24 

74 

13 

1 

24 
15 

J. 

0 
3 

11 
34 

16. 

L, 

67 

1 

1  24 

2  34 

• 

77.  troy  weight. 

I  borrow  24  in  grao^e,  which  added  to  3  make 
27>  then  21  from  27,  and  6  remain  to  be  put 
down;  carry  1  to  17  are  18,  theh  18  from  2  1 
cannot  \  borrow  20  to  the  2  make  22,  then  18 
from  22,  and  4  remain  to  put  down  ;  carry  ]  to 
8  are  9>  then  ^  from  1  I  cann(>t ;  borrow  1 2  to 

the  1  make  13,  then  9  from  13,  and  4  remain  to 

put  down ;  canry  ]^  and  proceed  as  in  simple 
subtraction; 

18.  19.  20. 


17. 

tb.     og. 
From    97     1 
Take    12    8 

dwi, 
2 
17 

3 

21 

Bern.     84     4 

4 

6 

Proof  97     1 

2 

3 

lb, 

71 
14 

56 

02, 
8 
11 

9 

dwt. 

16 

10 

5 

1 

lb. 

8 

8 

7 
9 

22 

20. 
ox,   dwts 
11       9 
4     10 

41 
18 

02:.    dwt,    gr,  .        /ft.    oz.  dwt,  gi^ 
7     12^     11          9     13     6 
11       2       5          12     0    8 

'gr. 
8 
2 

21; 
lb.  oz,  dwts,  gr. 
6     02     10 
4     1     0     20 

Q  4 


• 
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78.  AFOTHECAIUES'  WEIGHT. 

a       «      X  a     *r  Bsplmuaum. 

E.-^       ^1      1      o  o        ^  ^  ^^  *®  borrow  in  every  place  Uiroogh- 

rrom       ei      l     %  ^        *      oat  thU  example  except  in  the  pounds.    I 

Take       20     4     7  g      10     bonvw  90  in  grains,  3  in  temples,  8  in 

Rem.       40     8     2  2      11      drams,  and  12  m  ounces ;  observing  always 

to  carry  1,  after  I  hare  borrowed,  to  the 

Proof     61      1     2  2        1     next  lower  figorc. 

24.  25.  26. 

IB.    i     i     B    gr.  ».     S     5     9    ^.  ».      ?     3    9 

9070     12  8     11     02     17  6       470 

4    3     12       O  12     3     14  5     10    O    2 

4     9     5     1     12 


57.  58. 

5  3    9    «T.  ib.  i     i  9  gr. 
10    O     1     11  23  1     O  O  11 

6  118  10  O    O  1  17 


79.  AVOIRDUPOIS  WEIGHT. 

29. 

Explanation, 

'-U  ^i'    ^"     ^  a'    ''r         I  >«^«  to  borrow  in  every  place 

ftom    90        1     >?        3  4        o     except  the  last ;  viz.  I  borrow  16  in 

Take     12        4     3        5  6        7     dnups,  16  in  ounces,  28  in  pounds. 

Rem.    77     16     2     25  13     14    *  »".  q"^"^  "d  20  in  cwu.  ob- 

I  servmg  always  to  carry  1  after  bor- 

Proqf  90        12       3  4       5     rowing. 

30.  31.                             32. 

t,    cwt,  fr,    lb,  ewi,  gr,    lb,    ox,         gr,    lb,     of,    dr. 

7     18    2    20  9    3     12     1          3     13     14     2 

1       3     3     11  4     1       8     4          1       2     13     7 

6     14     3       9 


33.  34. 

ewt.  gr,     lb,  t.  cwt,  gr,   lb,  o»,  dr, 

18     12  8010  12  4 

13     3     27  O^  1     1     O  11  12 
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80.  LONG  MEASURE. 


35. 

36.                                37. 

lea. 

m,fur,  p. 

w. /. 

in.    6(7.         faih,  /.    m.  ft(?. 

27 

2      1 

8 

9     1 

112            12     1     2     0 

20 

2     5 

23 

1     2 

3     1              3     0     7     2 

6 

2     3     25 
a  Ex.  35. 1  borrow  * 

Ii 

10  in  poles,  8  in  foriongs,  and  3  in  miles. 

38. 

39. 

cvh,     in. 

.     I 

toflf ;    m,  fnr,    p. 

471       1 

2 

46     1     2     30 

-t 

36     16 

8 

17     2     1     31 

81.  CLOTH  MEASURE. 

40. 

41.                         42. 

Pd, 

qr,   n. 

EE. 

qr,    n,            FE,    qr,    n. 

337 

I     2 

746 

3     2       ♦    900     1     0 

140 

2     3 

740 

13             800     I      1 

196 

2     3 

43. 

44. 

yd. 

qr,    n. 

Fr.E,    qr,    ». 

674 

3     0 

504     1     3 

176 

2     2 

246     5     0 

82.  SQUARE  MEASURE. 

45. 

• 

46.                            47. 

yd. 

yi      in. 

o. 

r.      p,            yd,    f,     in. 

378 

4     100 

176 

1      12           100     8        !• 

192 

6     120 

20 

2       3           100     1     20 

a 

185 

6     124 
48. 

• 

49. 

a.       r. 

/>• 

Sq^  971.     a,      r,     p. 

814     1 

2 

607     500    2     20 

701      0 

20 

112     600     1     30 

« 
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83.  CUBIC  MEA8UB& 

ROUGH  TIMBER. 


60. 

51 

• 

*.- 

237       1           0 

y.    f. 

301       2 

im. 
1726 

108     26     1720 

200    20 

231 

128     14           8 
lEH^N  TIMBER. 

I 

52 

m 

53. 

54. 

U.      f.        in.            Id. 
210     47     lOO         471 

12 

in. 
200 

yd.     f.        in. 
716     0            0 

101     20       lO         199 

49 

70O 

715     0     1727 

4 

84.  WINE  MEASURE. 

55. 

56. 

67. 

/.  hhd, 

7    1 

gtd.   qt.   ptfgUli. 

10     1     1     2 

gal.  qt.   pt. 
37     1     1 

tier.   gal.   qt. 
91      10     3 

1     2 

60     3     0     3 

31     2     0 

16     40     1 

5     2 

12     2     0    3 

58. 

59. 

a,    gal*  qt, 
40     1     0 

( 

qt.     pt.  gills, 
79     1      1 

18     1     2 

1      1     2 

- 

< 

85.  BEER  MEASURE. 

• 

60. 

■ 

61. 

62. 

^tf«fy  hhi,gaL    qt.            i 

kOd. 

Jlr.gal.  qt. 

Jlr,    gaLqt, 

102 

1       1     0 

11 

12     1 

37     2     2 

1 

1     50     I 

to 

13     0 

30     13 

100 

1       4     3 

63. 

• 

64. 

gfH*     qt,    pr 

78    0    0 

1 

a 

vttT,    got, 

54       2 

qt,' 
3 

77    0    1 

* 

23     10 

0 

IUet  t  COMPOUND  SUBTRACTION.  91 

86.  DRY  MEASURE. 

CORN, 
6&.  66, 

lasts  weysqr.bu,  phgal.  qr»    bu,  ph, 

^76     3     1 
170     7     3 


24 
12 

12     1 
1     4    7 

0 
1 

1 
0 

11 

1     2     1 

3 

1 

COJLS. 
67.  68. 

ch.      bu,    pk,  se,   ch,    sa,    bu,pk. 

123     10     1  9     11     2     1     3 

100    20     3  4     20     8     2     1 


87.  TIME. 

69.  .  70, 

mo»     w,   d,    h,    m*     '*  mo,    w,    d,      h, 

lOi     12     3     4     5  123     3     5     1 1 

100     1     3     5     7     ft  123     1     6     13 
O     3     5  21  56  .56 


71.  72. 

w.      «7.      h,  fit.  d.  h.     m,  " 

101      1      14  12  307  1     2  ^ 

^     3        1  50  0  2     4  16 


88.  P&oMiscuous  Examples  for  fractick« 

73.  Lent  a  tradesman  150{.  109.  and  receiired  of  him  in  part 
74?.  19*.  8d.4-j  what  sum  remains  due  to  me  ?  Ans.  751.  lOs.Sd.^, 

74.  Borrowed  of  a  friend  l^OOh  and  have  since  returned  in 
part  2342. 5«.  6d,  -,  what  sum  do  I  still  owe  him  ?  Ans,  7651.  I4s,  6d, 

75.  The  amount  of  a  person's  property  is  405^  Is,  ^d,\,  out 
of  which  he  owes  178Z.  11*.  9d.4 ;  what  will  he  be  worth  when 
his  debts  are  paid  ?     Ans,  9,9,61,  9s.  Ad,^. 

76.  My  yearly  income  is  567^.  12^.  8d.  out  of  which  I'spend 
390Z.  18«.  1(2.4-  3  how  much  do  1  lay  up  ?    Ans.  1761,  lAs,  6d.\^. 

77.  An  adventurer  purchased  a  lottery  ticket  for  27^.  16*.  lOd. 
his  ticket  came  up  a  prize  of  500/. ;  what  sum  did  he  gain  ? 
Ans.  472/.  35.  2d. 
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78.  A  fanner  carried  seventy  guineas  to  market,  and  brought 
20L  lOf.  6d4-  home ;  what  snm  did  he  spend  ?  Ans.  52^  I9s.  M.^-. 

79.  From  a  bar  of  silver,  weighing  bib.,  an  artist  contrived 
to  file  o£f  unperceived  a  piece  weighing  4oz.  3dwt  2gr. ;  what 
was  the  weight  of  the  bar  after  this  operation  ?  Ans,  Alb,  Joz. 
ledwt.  9Qgr. 

80.  A  blacksmith  bought  7  tons  of  iron^  out  of  which  he 
worked  up  during  the  first  week  Ifcwt,  ^qr.  ll-^lb,  -,  what 
quantity  had  he  remaining  ?     Ans.  6t.  ^cwt,  Iqr.  16^. 

81.  An  apothecary  mixed  several  drugs  into  a  compound, 
weighing  p  ft  ^S  13  ^B  lOgr.  and  after  suppljring  his  patients, 
he  had  1ft  5S  23  23  12gr.  of  the  compound  left }  what  quan- 
tity did  he  send  out  ?     Ans.  1ft  85  63  29  ISgr. 

82.  A  pedestrian  engaged  to  travel  17  miles  in  3  hours>  on  foot, 
but  was  obliged  to  give  up  at  the  distance  of  4m^5fur,  16p. 
short  of  his  journey's  end;  what  distance  did  he  travel? 
Ans,  12m.  2/Mr.  24p. 

83.  Through  the  middle  of  a  park>  containing  127  acres,  a 
canal  was  cut,  which  occupied  19a.  3r.  37p.  j  what  quantity  of 
land  did  the  park  contain  after  this  was  accomplished? 
Ans,  107a.  3p. 

84.  A  shop-lifter  purloined  I4yds,  Sqr,  In.  of  ribband  from 
off  a  roll  of  37  yards ;  what  quantity  did  he  leave  ?  Ans.  2^yd.  3n. 

85.  A  ship  of  200  tons  burthen  has  already  taken  on  board 
goods  which  occupy  38  cubic  feet  more  than  159  tons ;  how 
much  more  is  wanting  to  complete  her  lading  ?    Ans.  4lt.  4f. 

86.  A  countryman  had  a  rundlet  of  elder  wine,  and  after  treat-  ' 
ing  his  friends  and  neighbours,  he  bottled  off  the  remainder, 
which  was  only  8^aZ.  2qt,  Ipt,  Sgills  -,  what  quantity  did  the 
good  folks  drink  ?    Ans.  9gal.  Iqt.  IgUl. 

87  By  the  leaking  of  a  beer-butt,  which  was  full  at  the  first, 
12^aZ.  3^^.  l-^pi.  was  lost  -,  what  quantity  remained  in  the  butt 
after  this  accident  ?    Ans.  9SgaL  -^pt 

88  Two  cart-horses  thrust  their  heads  into  a  bin,  containing 
3  quarters  of  oats,  and  had  eaten,  before  they  were  detected, 
Spk.  Igal.  2qt.  Ipt ;  how  much  did  they  leave  in  the  bin  ? 
Ans.  29r.  7bu.  Iqt.  Ipt. 

89.  A  watch,  which  usually  goes  27  hours  after  winding  up, 
stopped  Sh.  13m.  43"  short  of  the  time  3  how  Ipng  did  the 
tvatch  keep  going  ?    Ans.  I8h.  46m.  1 7". 
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COMPOUND  MULTIPLICATION. 

8D.  Compound  Multiplication  teaches  how  to  multiply  com" 
pound  numbers  by  simple  ones. 

90.  When  the  multiplier  does  not  exceed  12. 

Rule.  Having  written  the  multiplier  under  the  lowest  deno- 
mination of  the  multiplicand,  multiply  each  denomination  by  it^ 
beginning  at  the  lowest^  and  reduce  the  several  products  as  they 
arise  to  the  next  higher  denomination ;  set  down  each  re- 
mainder under  its  proper  denomination^  and  cari*y  the  integers 
to  the  next  succeeding  product. 

Examples. 
91.  MONEYS 
I.  Multiply  437^  125.  6d.^  by  5. 

Op£RATION.  '■  Explanation* 

/,,        8,       d.  I  first  multiply  4  by  5^;  I  say  6  times  3  are 

437     1^     8'       1&;    15  furtliiings  are  3iif.-|- »  pur  down  4^  and 
J^     carry  3.     Next  I  say,  5  times  8  are  40  and  a 

^^ ■■  (carried)  43;  43  pence  are  3*.  Id.  put  down  1, 

Prod.    2188        3     74     and  carry  3.     Next  I  say,  5  times  12  are  60  and 

'   '  " —     3  carried  63 ;  63  shillings  aie  3/.  3*.  put  down  3, 

and  carry  8.  Lastly,  5  times  7  are  35  and  3  carried  38  ;  put  down  8,  and  carry 
3,  &c.  exactly  as  in  simple  Multiplicatibn. 


- 

2. 

3. 

4. 

Multiply  38 

By 

*.  •   d. 

10"    94 
-    4 

I/.      s.      d. 

27     8   -34 
6 

X.        s,       d. 

43     11     74 
7 

Prod.     154 

3     1 

164     9     9 

305       1     24 

f  The  reason  of  this  rule  is  plain  from  the  first  example,  as  may  be  seen  by 
multiplying  eacli  denomination  separately,  reducing  the  several  products  to 
the  highest  denomination  possible,  and  adding  all  the  results  together. 


L. 

s. 

d. 

Thus,  4     X  5  =  1 5  farthings «        0 

0 

34 

8rf.    X  5=40  pence      «=        0 

3 

4 

12*.    X  5«60  shillings  «        3 

0 

0 

437/.  X  5=                     =2185 

0 

0 

These  sums  added  giye  2188     3    74  «  in  the  example;  and 
the  like  may  be  shewn  in  every  caJe. 


94  •   ARITHMETIC.  Part  I. 


5. 
L,       s,         d. 

78  16   ^ 
8 

630   9  10 

Z. 

91 

824 

• 

Z. 

276 

6. 

«.   If. 

13   H 
9 

17  IH 

9. 

9,    d, 
8  2^ 
4 

7. 

Z.   «.  tf. 
123  4  5i. 
2 

8. 
L,      #.  d, 

371  7    ej. 

3 

10. 
Z.   #.  d, 

369  8  9i 
5 

11. 

L,       9.      d, 

807  9  34. 
6 

120 

12. 
9,      d. 
10  3« 

7 

J3. 
Z.    «.   4/. 

701  11  H 

8 

14. 
L,       9,        d. 
613  12  lOJ. 
9 

1 

Z. 
800 

15. 
#.  ^. 

9  8f 
10 

16. 
Z.    9.      d. 
243  10  2^ 
11 

-  -X,.      _9.      d, 

139  11   8^ 

4 

Z. 

296 

18. 
#.  if. 

10  lOi 
5 

19. 
Z.   «.   </• 
367  12  54. 

6 

20. 

X^   4.  d. 

419  8  11 

7 

21. 
Z.   c.   i£. 
536  9  10^ 
8 

22. 

Z.   f.   (/. 

674  10  11 

9 

• 

23. 

L,       9.    d, 
760  0  24. 
10 

Z. 

817 

24. 
9,    d* 
12  0^ 
11 

25. 
Z.   «.  d. 
9Q1  2  U  . 
12 

Part  I.         COMPOUND  MULTIPLICATION.  « 

ii       92,  TROY  WEIGHT, 

26.  Multiply  Alh,  hoz,  6dwt,  7gr.  by  7. 

r\  Explanation, 

Operation.  „     _       „  ^.       -   ^^      .       , .  ^      ,    ^  ^ 

.  Hete  I  «iy,  7  times  7  arc  49  grains^  whieti  make  2  dwt». 

/o.  o«.  tfir*.  gr,  jmjj  J  grain  over ;  put  down  1,  and  carry  3 ;  then  7  times  6 

4     5     6     7  are  42  and  2  carried  44  dwts.  which  msie  2oa.  and  4  dwts. 

7  over;  put  down  4,  and  carry  2 ;  next  7  times  S  are  35  and  2 


31     1     4 


T     carried  37  ounces,  which  make  3  lb.  and  I  oz.  over ;  put 
Jl    down  1  and  carry  3 ;  lastly,  7  times  4  are  28  and  3  carried 


31 ;  pal 

:  it  down. 

■ 

lb. 

7 

27* 
og,     dwt,   gr, 

11      18     10 
2 

11      16     20 

6 
5 

.     t    28. 
lb,  oz,  dwt,  gr, 

12     3      4 
3 

29. 

Ib.oz.  dwt,gr, 

2     3     4     6 

4 

5 

30. 

lb.     oz,  dwt, 
3     4     5 

31 

lb,     oz, 
4     10 

dwt,    'gr. 

12     11 
6 

93.  APOTHECARIES'  WEIGHT. 
32.  Multiply  5^6.  105  75  29  Sgr,  by  8. 

^  Explanation, 

"  -  First,  8  times  8  are  64,  or  S  scruples  and  4  over  to 

'*•    3      5     9  g^'  put  down ;  then  8  times  2  are  16  and  3  are  19  scruples, 

5   10     7     2     8*  or  6  drams'  and  1   scruple  over  to  put  down ;  then  8 

8  times  7  are  56  and  6  are  62  drams,  or  7  ounces  and  6 

A'T     9.     fi      \      A    ^''^^*  **^^  *''*  P^*  down  ;  ^ext  8  times  10  are  80  and  7 
47      o      O      X      4     j^j.g  gy  ounces,  or  7  pounds,  and  3  ounces  over  to  put 

down  ;  lastly,  8  times  5  are  40  and  7  are  47  to  put  down. 

.»..  S  5  9  ^-     ».  5  3  9     I    ^    B   gr. 
87  6  1  18     9121      1325 

4  5  6    • 


34  7  2  1  12 


36.  37. 

/5.  5  3  9  /ft.  5  5  -  9  5^. 

4861  7246  10 

7  8 


*'* » 


f6  ARrrHMETlC.  PartL 

94.  AVOIBDUPOIS  WEIGHT. 
38.  39. 

t.    cwt.  yr.   lb,     oz.  dr,  t.     cwt.  qr.  lb. 

67389  10  29    829. 

5  2 


31   19     O  15     0     2 


40.  41. 

cwt,  qr,    lb,  oz.  cwt,    qr.    lb,  o*.      dr. 

14     1     2     3  9     3     20  11     12 

3  4 


95.  LONG  MEASURE. 


i 

*2.  , 

4a. 

44. 

lea. 

2 

2 
0 

fur.    p. 

4  10 
6 

1  20 

45. 

a 

yd. 

4 

1 

in. 

3 

2 
3 

4( 

27  13 

/. 

11 

4 

17 

5. 

« 

/.  in, 
10  11 

/. 

3 
5 

yrf. 

17 

2 

10  1 
6 

96.  CLOTH  MEASURE. 


47. 

48. 

49. 

50. 

51. 

28  3  2 

yds,  qr.  n. 
241  1  3 

^EE.  qr.n. 
139  4  0 

FE,  qr,  n, 
163  2  1 

FV.E,  qr,  n. 
273  5  3 

8 

4 

5 

6 

7 

231  O  O 


97.  SQUARE  MEASURE. 


52. 

53. 

54. 

tq,ni.     a,     r,      p, 

23  30  1  20 

9 

a. 

137 

r. 
2 

W 
5 

yd,     f. 
375  8 

in, 
100 
6 

207  273     1     20 


Past  1. 


COMPOUND  MULTIPLICATION. 


97 


5S. 

«.       r. 
741     3 


16 
7 


56. 
47  -400     1 


P- 
8 


98.  CUBIC  MEASURE. 

ROUGH  TIMBER. 


67. 

58. 

Id. 
24 

20 

1000 

id. 
32 

1 

in. 
85 

245 

5 

10 
1360 

HEH^N  TIMBE. 

6 

H. 

59. 

60. 

61. 

Id. 

29 

40     144 

id. 

71 

48 

in. 
1234 

38 

20 

in. 
1600 

7 

8 

9 

99.  WINE  MEASURE. 
62.  63. 

/.    hhd.  gal.    qt.  pt.  gill$         hhd.  gal.  qt. 


21     3    60    3 


1     3 
11 


241     3     40    2     1     1 


12     5     2 


7 


64. 

t.    hhd.  gal. 


10     1 


12 

8 


65. 
a,    0ral,  qt. 

27     4     3 
9 


66. 

tier.   gal.  qt, 

57    30     1 
10 


100.  BEER  MEASURE. 


67. 

huts  hhd.  gal.  qt.  pt. 

72     1      lO     2     1 

•       12 

68. 
fir.    gal,  qt, 
13      4      1 
8 

69. 

gal.     qt.   pt. 

32     1     1 
9 

871     0     19     2     0 

. 

VOL.  I. 

H 

^  ARITHMETIC.  Vk^rt. 

70.  7J. 

bar.    f a/,  ft,  kUd,  fir,  gal,  fi, 

75     12     3  21     1     O    2 

10  11 


101.  DRY  MEASURE. 


72. 

kutMwey$  qr.  bu.  pA.  gal, 
10     1     3     5     2     1 

7 

76    0    0    7     1     1 

qr. 
231 

73. 

lu,  pk. 

1     2 
3 

74. 

/icMly  wtys  qr, 

102     1     4 

4 

75, 

hu.    ph.  jmC 

371     3     1 

76. 

cA.      hu. 
407     12 

s 

■«.JL 


102. 

TIME. 

77. 

78. 

79. 

mo. 

7 

w. 
3 

tf.       A. 
4       8 

9 

12 
8 

A. 

71 

m.     " 

12     3 

9 

- 

wo. 
36 

w.    if, 

2     1 
lO 

63 

0 

6     17 

13 

36 

80. 

81. 

Vf,      d. 
10     6 

A. 

12 

11 

d, 
37 

A.      «• 
14     50 

n 

13 
12 

• 

103.  When  the  multiplier  is  a  composite  number. 
Rule.  Multiply  the  given  compound  number  by  one  of  the 

component  parts>  and  that  product  by  the  other. 
To  prove  the  op^ration^  change  the  order  of  the  multipliers, 

that  is,  multiply  by  that  part  Jirst  which  you  multiplied  by  last 

in  the  precoding  work>  and  by  that  last  which  yOQ  multiplied  by 

first  c. 

t  This  rule  Is  eTid^nt  from  ythat  has  been  said  in  the  note  on  th/^oaau^food" 
ing  rule  in  simple  Multiplication^  Art.  35. 


Paw  r.         COMPOUNB  MULTIPLICATION. 


M 


St.  'S6MfA]^il  S».  4(2.4-  by  80;  sevens  \vays. 

ist  meihod        2d  method        3d  method 

2     3     44 
5 


Aj^4x5. 

2    3    4^ 
4 


fcjr^xio. 

2    3     4i 

2 


MMM«k«Mlb 


8  13 


5 
5 


1 1»  »■ 


10  16     94 

.  4 


6    8^ 
10 


PhKll«     i     I         43    r    I  43     T     1 


4]f^  method 
by  10  X  ^. 

Zr.        #.  d. 

2     3     4^ 
10_ 

21  13     64. 
^ 

43     7     1 


SS.  IMtipfy  51  4et»f.,39r.  216.  I'M.  «ilr.  by  24^  six  ways.  * 


1«<  fn^^^d 
fey4x6. 

t.  cwt,  qr,  lb,    oz,   dr, 
5     4     3     2     16 
4 

20  19    O     »    5     8 

e 

Pi'od:  12S  14    1^1    Q' 

34me^i^ 
%  3x8; 

t:  cwt:  qr:  lb:  osf,  dt'. 
5     4     3     2     16 

3 


2dnt«t(fi64< 
6^  6  X  4. 


5 

4  3  2 

I  6 
6 

31 

8  2  12 

8  4 
4 

12$ 

14  I  22 

1  0 

4^/t  mtthod 

by  8'x  3. 

f.  ct&/.  qr,    lb,    OS.  dr, 
5=    4     3     2^     1     6 

8 


15  14     1     6     4 


8 


Prod.  125  14     1  22     1     O 

* 

5^^  method 
by  9.x  12. 

r.  cwt.  qr.    lb.    oz.  dr. 

5     4     3     2     16 

2 


41 

18 

0 

16 

11 

0 
3 

126 

14 

1 

22 

1 

0 

10     9     2     4     2  12 

12- 


Prod.  125  14     1  22     1     O^ 


6th  method 
by  12x2. 

t.    cwt.  qr.    lb.   oz,  dr. 

5     4     3     2      16 

12 

62  17     0  25     O     8 
^ 2^ 

im^AA^    V22     1     O 


g4,-  Mvikiply'  12*.  1».  2d4  by  14.    Prod.  l€&l.  ISs.  7d^ 

85.  Multiply  2U.  2«.  3d.i  by  32.     Prod.  6752.  13«.  4d. 

86.  MXiltli/I^  II.  16s.  9d.4  by  42:     Prod.  77f.  65:  Idr^. 
87;  Multiply  7s.  9d.4-  by  108.     Prod.  4^1  U.  65.' 

88.  Multiply  2i.  16«.  lOd.i  by  144.     Prod.  4092.  13*. 

U  2 


98  ABlTiOIETIC.  PaitT. 

70.  71. 

bar.    gal.  ft.  kild,  fir.  gal.^. 

76     12     3  21     1     O     « 

10  11 


101.  DRY  MEASURE. 
72.  73.  74. 

Uutsi0ey9  fr.  bu.  pk.  gal.  qr.    bu.  pi.  huis  wtf  fr. 

lO     1     3     5     2     1         231     1     2  102     1     4 


76     0    0    7     1     1 


.!■     > 


75. 

76. 

lu.    pk.  gfd^ 

CA»    Mf.  pM. 

371  3  1 

407  12  3 

102. 

TIME. 

77. 

78. 

79. 

mo. 

W. 

<;.   A. 

m. 

li 

k. 

Ht. 

// 

vto. 

V.  d. 

7 

3 

4   8 

9 

12 
8 

71 

12 

3 
9 

36 

2   1 
lO 

63 

0 

6  17 

13 

36 

80. 

81. 

V.   <f. 

A. 

1^. 

A. 

». 

/^ 

10  6 

12 
11 

37 

14 

50 

13 

12 

• 

103.  When  the  multiplier  is  a  composite  number. 

Rule.  Multiply  the  given  compound  number  by  one  of  the 
component  parts,  and  that  product  by  the  other. 

To  prove  the  op^ration^  change  the  order  of  the  multipliers, 
that  is,  multiply  by  that  part  Jirst  which  you  multiplied  by  last 
in  the  preceding  work^  and  by  that  last  which  yoa  multiplied  by 

first  c. 

-      -  -■■  ..      ■ ..  ...» 

c  This  rule  is  evident  from  what  has  b«en  said  in  the  note  on  thefiOBEeapond* 
tag  rule  ta  simple  MaltipHcatiooy  Art.  3&. 


PAirrr. 


COMPOUND  IrftrtTIPUCATION. 


M 


8f.  'SfkSAjA]^ilS»,  4d.4  by  80^  sevemi  wa^. 

\8t  me(hod        2d  method        Sd  method 
^4X5.  6jr5x4.  fejf^xlO. 


/;.    #:    (f. 


Z.    «.    rf« 


Z.     #.    d. 


2     Z     4\  3     3     4^ 

4  6 

8  13     5  10  16     9i 

.      5  •                 4 


PhHR«    y     If        45    r    1 


2 

3  4^. 

2 

4 

6  BV 
10 

4^ 

7  1 

Ath  metfiod 
by  10x2. 

//.    #.     (f. 

2     3     4^ 
10 

21  13     6i 
_9_ 

43     7     1 


8S.  lIMtii^  61  4feitf.,39r.  2i6. 

Ij^vn^^Aod 
6y4x6. 

/.  C10/.  ^.  /6.    027.    cfr. 
5     4     3     2     16 
4 

20  19     O     8^    5     8 

e 

Prod'.  12S  14     12?     1 '   Q' 

%  3x8; 
/:  cu'fl  yr;  /&;    oaf.  rfr*. 
5     4     3     2     16 

3 


1«0.  €ir.  by  24>  sis  ways. 

^d  method 
by  6x4, 


5 

4 

* 

3  2  16 
.6 

31 

8 

2  12  8  4 
4 

124 

14 

I  22  1  0 

15  14     1     6     4     2 

8 

Prod  125  14     1  22     1     O 

!)th  method 
by'lx  12. 

t,  cwt.  qr.    lb.    oz,  dr, 
5     4     3     2      16^ 

2 

10    9     2     4     2  12 

12- 


Ath  method 
by  8  X  3; 

f.  cwt,  qr,    lb,    o*.  dr, 
5     4     3     2^     1     6 

8 

41   18     O  16  11     O 

3- 

125^  14     1  22     1     O 

6th  method 
by  12x2. 

/.    cwt,  qr,    lb,    oz,  dt, 
5     4     3     2     16 

12 


62  17 

0  25 

0 

8 
2 

J»  14 

1*22 

1 

0 

Prod.  125  14     1  22     1     O^ 

84r^  M«kiplf  l«l.  1«.  2d4  by  14.    Pn^.  1681.  16«.  7^4- 

85.  Midtiply  2U.  2*.  3d4  by  32.     Prod.  67bl.  ISs,  4d. 

86.  MXiltij^  1«.  16s.  9d4  by  42:     Prod.  77f .  Ss:  Id:^, 
&t:  Multijply  7s,  9d.^  by  108.     Prod,  4^1  Is.  65. ' 

88.  Multiply  2i.  16«.  10d.i  by  144.     Prod,  4092.  13i. 

u  2 


IM  ARJXHMBTIC.  Pulx  L 

102.  Multiply  AX.  35.  Sd-l-  by  2345. 
Operation. 

4*      3       2^X5  Bsplanatian. 

in  ^®^®  ***®    highest  place  of   the 

•^^  miiltipUer  is  thousands ;  •!  therefore 


41      11      10^X4  maUiply  by  lOX  lOX  10  for  1000: 

1 Q  I  next  multiply  this  product  by  2  for 

90pp:  I  next  multiply  the  product 


415      18       9    X3  of  100   (or  10X10^  by  a  for  the 

10  product  of  300  ;  this  I  place  under 

■  the  fqrmer :  ^€»  I  multiply  the  pro- 

41o9       7       O  dact  of  10  by  4j  which  gives  the  pro- 

2  duct  of  40  ;  this  I  place  under  the 

8318     15      l^z=:prod.  by  2000  f^^ '  ^/«f  "IJ^P^^^J^ J°P  ^^"^ 

lOA'T     i«        Q  QAft    ^y  ^»  *"**  P****  *^®  product  uudcr 

i.i47      10        o   =  5UU   the  former  ones.    Lastly,  I  add  the 

166       7       6  =s  40  ibjar  pwlw^s  tog^tjwr  ^*  t||^  .an- 

20     15      Hire  -5    »wer. 


9753     14       8j:asj3rQ<i.  bjf  ^45 
103.  Mvdtiply  1*.  3d.i  by  432. 


10^ 

O     12     11    x3 
10 

§      .9       ? 
4 


■  ■  ■^' 


25  16  .8 

1  18  9 

0  2  7 
Product^  18  O 

104.  IMtiply  lytl.  aqr.  Bn.  by  MSB. 

4 

pd.  qr,      n. 

1  2      3^6 

10 


16 

3 

2 
10 

168 

3 

0 
10 

1687 

101 

13 

2 

1 
2 

0 
0 
0 

Product  1802 

1 

0 

Part  I.  COMPOUND  WVISION.  |03 

105.  MO-Hfiy  U.  9k  'Sd.  by  JA6.    PnMl  6MZ.  is. 
lOS.  Multiply  17«.  5d4  bf  SM.    Pfi^^  3432. 18«.  Ti. 
Wr.  TlMi^  U.  8i;.4^  t^  3016.    Fr^d.  %r^.  1£«.  4^. 
108.  Multiiplf  leti'l.  S^f.  3^.  by  4331.     Pro4.  §b07^t.  Oqr. 

Ifi9.  Multiply  linn,  U,hd.  fl^.  Iqi.  hf  980.  Protf.  17d3  ^umf, 
3hhd. 

106.  Fkomi3Cuous  Examfles  for  practice. 

110.  Seven  tailors  received  each  1/.  48,  9(2.  for  a  week's 
wages  i  what  sum  was  sufficient  to  pay  them  ?    Ans.  SI,  135.  3d. 

111.  What  is  the  value  of  16  cwt.  of  sugar,  at  31.  17«.  4d.  per 
cwt.  ?     Ans,  611.  I7s,  4d. 

112.  Bought  120  dozen  of  candles,  atll5.  6d.  per  dozen; 
what  sum  do  they  amount  to  ?     Ans,  691, 

113.  Sold  96  gallons  of  rum,  at  1/.  85.6d.  per  gallon  3  what 
sum  will  pay  for  the  whole  ?     Ans,  1362. 16^. 

114.  What  is  the  worth  of  I7  yards  of  velvet,  at  II.  Ss.  Idf 
per  yard  ?     Am,  I9l.  I3s,  1^4 

115.  Required  the  weight  of  1000  pieces  of  gold  coin,  each 
weighing  6dwU  7gr,     Ans,  ^Slh.  %oz.  lliwt.  16gr. 

116.  What  is  the  weight  of  19  chests  of  tea,  each  Icwt,  Oqr. 
lilb,  ?     Ans,  Qlcwt.  Iqr.  I4lb. 

1 17.  Td  fill  a  cooler,  there  were  put  in  105  pailB  of  liquor, 
each  Sgal,  l^t.  Ipt,-,  what  quantity  did  the  cooler  hold? 
Ans,  6hhd,  SOgal.  Iqt  Ipt, 

118.  A  bankrupt  owes  in  all  2468Z.  and  can  pay  15^.  6d,i^ 
in  the  pound  j  what  are  his  effects  worth  ?    Ans,  1917^«  16*.  10, 

119.  A  detachment,  consisting  of  3258  cavalry,  being  sent  on 
a  particular  service,  during  which  each  horse  ate  36tt.  Spk,  Igal, 
of  eats  3  how  many  quarter^  did  the  whole  detachment  qoi^« 
^ume  >     Ans,  lb7Sqr,  Spk, 

COMPOUND  DIVISION, 

107.  Compouad  Division  teaqhes  how  to  divide  compound 
jQumbers  by  simple  oaes,  that  i»,  to  divide  a  compound  number 
into  any  assigned  number  of  equal  parts« 

108.  When  the  divisor  does  not  exceed  12. 

Bu<«B.  FI^c^  tbe  divisor  to  tb«  left  hand  of  the  dividend. 

H  4 


104  ARITHMETIC.  Part  I. 

Divide  the  highest  denomination  of  the  dividend,  and  set  the 
quotient  under,  as  in  simple  Division.  Reduce  the  remainder 
(if  there  is  any)  to  the  next  inferior  name,  and  add  iff  it  the 
number  which  is  of  the  same  name  in  the  dividend.  Divide,  set 
down  the  quotient,  and  reduce  the  remainder  to  the  next  infe- 
rior name  |'  proceed  in  this  manner  until  you  have  divided  all 
the  denominations  in  the  given  dividend  *. 

The  method  of  proof.  Multiply  the  quotient  by  the  divisor, 
and  add  in  the  remainder ;  the  result  will  be  like  the  dividend^ 
if  the  work  is  right. 

109.  Examples  in  Money. 

1.  Divide  13570/.  1*.  3^4  by  6. 

Operation.  JExptanation, 

£,,          «.      4i,  The  poonds  are  divided  as  in  simple 

6)13570        1      3^(3  I>ivi8ion,  (Art.  37.  B.)  after  which  there 

: ^  are  4  remaining ;  therefore  I  say,  4  pounds 

Quot.       2*261      13      64-  are  80  shillings  and  1  are  81  ;  sixes  in  81 

Proof      13570        1      3  ^  ^^^  *»®  ^^  times,  an<l  3  over ;  put  down 

'^   7         13,  and  reduce  the  3  over  into  pence; 

thus,  3  shillings  are  36  pence  and  3  (in 
the  dividend  to  add  in)  are  39 ;  sixes  in  39  will  go  6  times,  (to  put  down,) 
and  3  over:  3  pence  are  1 2. farthings  and  3  (in  the  dividend)  are  15;  sixes  in 
1 5  vniX  go  twice,  (put  down  2  or  -^,)  and  3  over.  I  multiply  the  quotient  by  $, 
(Art.  91.)  and  the  result  is  the  proof. 

d.  3.  4. 


L. 

«.  d. 

It.      #. 

d. 

JL        #.  d. 

4)381 

3  54.(1 

5)739   2 

3^( 

7)133  14  8|.( 

95 

5  104 

147  16 
739   2 

5^ 
3+ 

19   8  U 

381 

3  5^ 
5. 

133  14  ^ 

* 

6. 

7. 

h. 

t,      d. 

X.  t. 

d. 

L,        9.      d. 

8)100 

1  2^(1 

2)357  1 

H( 

3)417  10  74( 

12 

10  1^ 

• 

100 

1  2^ 

V 

*  To  divide  a  number  consisting  of  several  denominations  by  any  simple 
number,  is  evidently  no  more  than  to  divide  the  several  parts  of  the  former  hf 
the  latter :  if  any  denomination  be  not  exactly  divisible,  it  is  plain  we  must 
divide  as  much  of  it  as  will  exactly  divide,  reduce  the  rest  to  the  next  lower 
denomination,  and  proceed  as  directed  in  the  rule  ;  whence,  since  every  part 
•f  the  dividend  is  divided,  the  several  results  collected  wiH  form  the  quotient. 


Pa«t  I.  COMPOUND  DIVISION.  105 

8.  ^.  10. 

Ij'       8,  d.  Li,        s.       d.  Lm  8,       d, 

4)987  6  64.(    5)702  12  1U(    6)213  10  10^( 


11.  12.  13. 

J>»   '•  d,  L,        8,'  d,  JL^       a.      d, 

7)121  9  2i(     8)372  1  3^(     9)210  12  4^{ 


14.  15.  16. 

Z/.   8,     d»  X>.   #.  d,  Ld,       8»       d, 

^)  103  0  54-(    3)140  10  0\{  4)237  1   IU( 


17. 

5)302  12 

d. 

1 

6)700 

18. 

8.      d, 
9  64( 

7)301 

19. 
«.  d. 

18   10( 

* 

20. 

L.            8. 

8)517  13 

d. 

9)739 

21. 
8,      d, 

17  84( 

A. 

9)102 

22. 
10  lOi^ 

23.  24.  25. 

Tj»  8,         d*  It*  8,      d%  It,  8,        d» 

10)654  11  8(    11)376  1  24(    12)781  10  S\{ 


1LQS 


AsiTrafsnc. 


P4«tI. 


110.  TROY  WEIGHT. 

26,  Divide  ^$lb.  Soz.  ^dwt  J%r.  by  7- 


Operation. 

ib.     •  cz.  dwt.   gr. 

7)g35    3    2     12<5 


Haviag  -diTided  the  peiiiB4t|  tiMfc  are  4 

orer;  1  therefore  say,  4  povuids  are  48 

oimcet  aod  3  are  5i ;  sevens  in  51  will  go 

7  times,  and  S  over ;  put  down  7 ;  then  2 

omces  are  40  dwts.  and  3  are  42 ;  sevens 

in  42  wiH  go  6  times,  and  nothing  over  ; 

put  dawn  6,  »nd  thene^s  nothing  to  camy  ; 

\9$^j,  sevens  in  12  will  go  onee,  an4  5  ojkt;  put  down  1,  and  5  to  the  right 

hand  for  a  remainder.     In  the  proof  the  5  is  taken  in  with  the  grains  ;  the  rest 

is  obvious. 


Quot. 

Proof 


33    7     6       1 
235     3     2     12 


27. 

ik»     oz.  dwt.  gr. 

15)37     1     3  5(2 

7     5     O  15 

37     1     3  5 


28. 
/ft.      oz,    dmt,    gr, 
2)10      11      13      11( 


29. 

Ib.    oz.  dwt,  gr, 
a)71      1     9     2( 


30. 

/ft.      oz,    dwt,     gr. 
4)81      IQ     17     2l( 


111.  APOTHECARIES'  WEIGHT. 
31  Divide  137ft  IS  25  19  lOgr.  by  8. 


Operation. 
8)137     1     2     1     10(6 


EsplanatioH, 

Alter  dividing  the  Ibs.^  1  remains  |  1  pound 
is  12  ounces  and  1  are  13;  eights  in  13  will 
go  onee,  and  b  bver ;  p«t  down  1 )  ^en  5 
ounces  are  40  drams  and  2  are  42 ;  eights  in 
42  will  go  5  times,  and  2  over ;  put  down  5  ; 
then  2  drams  are  6  scruples  and  1  are  7; 

eights  in  7  will  not  go ;  therefore  pi|t  4lown  0;  7  scruples  are  140  grains  and 

10  ace  150 ;  eights  in  150  will  go  18  times^  and  6  drer. 


17     1     5     0     18 
137     1     2     1     10 


52. 

<»•    5     5    9   ^. 

«)25     2     3     1     2<4 

423013 
25     2     3     1     2 


33. 

/ft.     5     5    9    gr. 
3)17     1     1     1     4( 


34.  35. 

».     5    5   9  ^.  ».      5    5    9   *r. 

4)71     2     3     O    8(  6)47     10     1     2     12( 


112.  AVOIRDUPOIS  WEIGHT. 
36.  37. 

t*      cwt,  jT.    l6.    oz»   dt,  t,     QUft,  gr,    lb, 

5)84      1    2    8    '4    5(  2)11    .3    3    7( 


6 

16     1     6     4     1 

34 

12     3     4     5 

38.  39. 

cwt.    yr.     lb.       OS.  qr.       lb.      oz.      dr. 

3)17    %     10     11(  4)59     i2     11     10( 


■^•■•■f~"^«ip— ^"w— ^-^>- 


6)70 

113.  LC 
40. 

/.      in.      I. 

2     10    7(1 

)NG 

n. 
j( 

MEASURE. 

41. 

fefl.    m.  fur.    p. 
3)54     2     3     12( 

11 
70 

ydM. 

4)97 

a     '5     9 
2     10    7 

42. 

f.     in.    be. 
1      11      1( 

43. 

lea.    m.  fur.    p. 
5)14     0     1     24( 

44. 

7)591  1  8 

114.  CIA 

45. 
ydt.  qr. 
(4        4)1876  3 

[  MEASURE. 

46.                      47. 

FE.   qr.  n^              J^,  E.  qr.  n, 
5)1234  2  2(       6)0017  5  0( 

84  2  1 

591   1  3 

- 

« 

JOB  ARITHM^IG.  Paat  I. 

115.  SQUARE  MEASURE. 
48.  49« 

Sf.m.    &,     r.    p.  a.        r.      p, 

8)a05     1     2    3(3  5)3714    3     12( 


38 

80 

O  30 

305 

1 

2     3 

«)7941 

50. 

r. 

1 

20( 

51. 
7)  1^34     3     123( 


116.  CUBIC  MEASURE. 

ROUGH  TIMBER. 

52.  •  53. 

Id,  f,        in.  td.  f.       in. 

5)7i4g       1     1000(3  ^        2)7131  g     100( 

1428  16   545      *     

7142   1  1000 


HEWN  TIMBER. 

54.  55. 

Id.        f»       in.                           yd.  f. 

3)5714     11     300(                   4)1232  40     1234( 


117.  WINE  MEASURE. 

56.  57. 

/.    Khd.  gal.   gt.  pt.  gills  .  4.    hhd.  gal.    qf. 

6)71     1     12    5     1     3(1  3)79    3     12    2( 


11     3     33 

2     11 

71     1     12 

3     13 

58. 
Her.    gal. 
4)271     20 

qt. 
0( 

59. 

a.    gal.  qt.    pi. 
5)371     9     2     1( 


Rabt  I;  COMPOUND  DIVMION. 

118.  BfifiR  MfiASURS. 
60.  61. 

butU  JM*  gal,   qi»  bar.  gaU  qU  pi, 

9)123     1     12    3  (6  6)514     I     2     I  ( 

13     1     25     1  

123     1     12     3 


62.  63. 

kUd.  Jir.gal,  qt:  fir,   gt^,qt^  pt, 

7)500     1     O     1(  8)37     3     «     0( 


f 

119.  DRY  MEASURE. 

64. 

65. 

lasts  wey  qr.    ht,  jfk, 
11)271     1     4    ^7     3(7 

qr,      bu,  pk. 
.              8)741     3     2( 

24     1 

2    2    o 
14    7    3 

« 

271     1 

• 

i 

67. 

ch. 
9)123 

bu,   pk, 
12     3( 

ch,     sa,'  bu,  pk, 
10)123     1     2     3( 

- 

•       • 

120. 

TIME. 

68:     ^ 

69. 

mo,    w, 
9)317     1 

d,    h,    At. 

'2    3     4    5(2 

mo.      w,    d„ 
10)7351     3     6( 

35     I 
317     X 

0     5  40  27 
2     3     4     5 

70. 

- 

■"■      ■  ■■■ 

71. 

w, 
11)209- 

d,     h, 
1     12( 

12)31     10     12    20( 

. 

* 

/ 


HO 


iOuniiiBncL 


Fu»L 


191.    Whm  Hke  dkritm  i»  a  e^mpoiUk  number. 

RuLS.  IMvide  the  given  oompound  nomber  by  one  of  the 
componeiit  putt*  and  that  quotient  by  the  other*  tke  last  quo- 
tient will  be  the  ansvrer,  fihen  there  afe  mily  9  component  parts; 
if  there  are  more  than  two,  divide  suocearivriy  by  them  all,  and 
the  last  quotient  will  be  the  answer. 

To  prove  the  operation,  change  the  order  of  the  divisors  as 
in  Art.  103. 

79.  Divide  37^.  128  5d.^  by  16,  several  wtff». 


\9t  ftiethott 

bif  4x4. 

L.        8,      d. 


9d  method 
6y  8x2. 


£y2x8. 

//.       9.       d. 


4 

37 

12 

5i 

4 

9 

8 

U 

Quot, 

2 

7 

0^ 

2 
1 


8 
2 


37    1« 

5i 

4     14 

ot 

2    r 

ot 

6 
O 


2 
8 


37    12 

5i 

18     16 

at 

«      7 

ot 

o 

3 


ileiii.  Ix  4+2=6.  Bem.e.  item.  3x2=6. 

73.  Divide  300i.  lOv.  Sd.^  by  210,  <v  3  x7 X 10. 


3 

1«^  meihod 
6y  3x10x7. 

300     10     64 

0 
9 
5 

• 

3 

7 
10 

iid  meihod 
6y  3x7xia 

300  10     64 

10 

100       3     6^ 

100    3     6*- 

71 

10       0     4 

14     6    24 

Qteof. 

1       8    74 

1     8    TV 

8 


10 

300 

10 

6* 

7 

30 

1 

o^ 

3 

4 

5 

1<H 

uot 

.     1 

8 

ri 

^lem.  5x10+9x3=177.  Bew.  8x7+3x3=177. 

3(2  method 
by  10x7x3. 

X.         f.  a. 

7 

2 


flm.  2  X  7+3  X  10+T=al77. 

74.  Divide  168^  16«.  7d.4  by  14.     Quot.  12Z.  Is.  2(f.4. 

75.  Divide  42/.  U.  6d.  by  54.     Quot.  Ol.  I5s.  7d. 
76   DiVNfe  409/.  13«.  by  144.     Quot.  22.  16^.  lOdk^- 

77.  Divide  6752.  55.  5d.4  by  240.     Quot.  22.  16*.  3d;4  22  rem. 

78.  Divide  1926.  Op«.  I9dwl.  9gr.  by  15.      Quotl  UK  3oz. 
5d«c^  7^. 


Km  r.  COMf^dONl>  DIVIfflON.  1 1 1 

79.  Divide  I%«imr>  Ikhd,  0Ogal  Sqt.  Ij  27.  Qnoi.  4htfi#, 
3hhd.  2gaL  Iqt. 

80.  Bfrlde  tlSS^r.  76tf.  tpJt.  Qgfnl.  by  1S2.  0uoe.  dqr.  7hu. 
^pk,  Igal 

129.  i^'Acn  the  divisor  consists  of  a  number  with  ciphers  to  the 

right  hand, 

RuLB^  Dividft  by  lli«  si^ifioaat  figiy^  oii]y>itkkDut  ngard* 
ing*the  ciphers^  and  from  the  highest  denomination  of  the  quo- 
tient, cut  off  by  a  small  line  as  many  of  its  right  hand  figures  as 
t^ere  are  ciphers  in  the  divisor.  Reduce  these  right  hand  iigure&to 
the  next  lower  denomination,  taking  in  the  figures  of  the  same 
denomination  from  the  said  quotient.  Cut  off  from  the  right 
of  this  number  as  many  figures  as  there  are  ciphers  in  the  divisor, 
reduce  these  to  the  next  h)wer  denomination,  cut  off,  &c.  and 
proceed  in  this  manner  through  all  the  denominations )  the 
numbers  on  the  left  hand  of  the  cntUvig  dff  Uaes  being  placed 
in  order  will  be  the  quotient  required. 

81.  Divide  379212.  ^s,  Sd.^  by  9000. 
Operation. 

^^        ^^      ^^  Explanation, 

9^37921     2  84-^^      I  first  divide  by  Sy  neglecting  the  dphets^  thea, 

^    L-1 -ZLl    b^nse  there  are  3  ciphers,  I  cut  off  3  figuns,  vis .  2 1 3, 

4|213     9  24      fro»  the  left  of  the  pounds  ;  this  namber  1  reduce  to 

^0  shillings,  taking  in  the  9  ;  from  the  shillings  in  like 

■■■■  ■^'  manner  I  cut  off  3  figures,  Tias.  269,  which  I  reduce 

4|2o9  into  pence,  taking  in  the  2 ;  from  the  result  I  cut  off 

12  SSO;  which  I<  reduce  into  farthings,  taking  in  the  1  ; 

^joo|x  and  cut  off  9^1,  ^ich  is  the  remainder,  and  the  left 

^  hand  numbers  cut  off  pUced  in  order  constitute  the 

^  fiuotient. 

^1^'^^      QuMehi  U.4B,  9d.  921  rem. 

82.  Divide  3723Trf.  6*.  &m.  24^.  by  1200. 

12)37237    6     6     24( 

31|03     2  SO     32 
24 

174"  Quotient  Sid.  O^  44m.  42".  32  rem. 

60 


44|70 
60 

42  32 


m 


ARITHMETIC. 


Pjlkt  1/ 


83.  Divide  6702.  IS«.  6d.  by  600.     Quot  IL  2f.  Ad^. 

84.  Divide  3322.  15«.  by  80.     Quot  41.  3s.  2d4. 

86.  Divide  54321yd.  Sqr.  In.  by  11000.  Quot.  4ffd.  3qr.  3n. 
13  rem. 

86.  Divide  ISStonSy  UcwL  2qr.  1326.  by  100.  Quot.  Iton, 
Ucwt.  ^qr,  2426.  21  rem. 


123.   ffhen  the  divmr  is  my  number  greater  than  12. 

HuLE.  Divide  the  highest  denomination,  and  place  the  quo- 
tient on  the  right  hand,  exactly  like  common  Long  Division, 
Reduce  the  remainder  (if  any)  to  the  next  lower  denomination, 
taking  in  the  figures  which  are  of  the  same  denomination. 
Divide  this  number,  the  quotient  will  be  of  the  same  denomina- 
tion with  it.  Reduce  the  remainder,  take  in,  divide,  &c.  until 
the  whole  is  finished. 

87.  Divide  123452.  6s.  7d4  by  215. 
Operation. 

Lm        s,    d.    Zf,    9,  d. 

215)12345  6  74(37  8  4i 
1075 


1595 
1505 

90 
20 

1806 
1720 

86 
12 

1039 
860 

179 

4 

719 
645 

74 


JSxplanation. 

Having  divided  the  poands>  the  quotient 
is  57»  and  the  remainder  90 ;  this  latter  I 
multiply  by  20,  and  take  in  the  6 ;  L.  then 
divide  the  result,  viz.  1 806,  and  the  quotient 
8  is  shillings ;  the  remainder  86  I  multiply 
by  13,  and  take  in  the  7  ;  the  result,  vig. 
1039,1  divide,  and  the  quotient  4  is  pence;, 
the  remainder  179  I  multiply  by  4,  and  take 
in  the  3  ;  the  result  I  divide,  and  the  quo. 
tieufc  3  is  ferthiogi. 


r" 
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1234)71236    3    2(67  2   ^Quotient. 
6170 


9536 
8638 

698 
4 

3595 
S468 

1127 

4 

4510 
3702 

808 

« 

89.  Divide  39Z.  U.  5d.^  by  31.     Quot  ll.  6s.  2d.^. 

90.  Divide  412/.  Is.  9d.  by  111.     Quot  31.  14«.  Sd. 

91.  Divide  9753/.  14«.  dd^  by  2345.     Quot.  41.  Ss.  2d4 

92.  Divide  177^iW.  Ifir.  6gal.  Iqi.  by  65.  Quot.  2«W.  IJir. 
4^af.  Iqt. 

124.  PaoMiscuous  Examples  for  practice. 

93.  If  1  pay  9/.  9s.  for  8  lb.  of  tea,  vtrhat  is  the  price  per  lb.  ? 
Jfns.  II.  Ss.  7d4. 

94.  Paid  13/.  18«.  8d.  being  the  week's  wages  of  1 1  carpenters ; 
what  sum  did  each  receive  ?    Ans.  11.  5s.  4d. 

95.  Bought  12  jngs  for  10/.  12«.  €d.  what  is  the  value  of  each? 
Ans.  17s.  dd.4.. 

96.  Fourteen  gentlemen  hire  a  yacht  or  pleasure-boat^  the  ex- 
pences  of  which  will  amount  to  40/.  9f.  4d.^i  what  will  each 
have  to  pay  ?     Ans.  2/.  17*.  9d.4. 

97.  If  17  gallons  of  brandy  cost  liL  ISs.  3d.  how  mudi  is  that 
per  gallon  ?    Jns.  1 1. 2<.  3d. 

'  98.  A  dub  i^  39  persons  divide  a  lottery-prize  of  20000/. 
equally ;  how  much  does  each  i*eceive  ?  Ams.  512/.  ICs.  4d.4« 
27  rem* 

99.  A  fkrm  of  173  acres  was  reaped  by  fB  persons  -,  hsm 
many  aerea is  tliat  apiece?    Ans.  2a.  Ir.  24p.  32  rem. 

100.  Suppose  7  puncheons  of  rum  are  jyst  sufficient  to  scrvtf 
123  sidors  during  a  vofige,  how  mucb  may  Mssh  matii  dsrink  ? 
Ans.  igal.  Sqt.  15  rem. 

vol.  I.  1 


H4 


ARITHBOSIiC.  Pa»t  I. 


K)I.  If  five  thoosand  fiitfaoms  of  rope  be  made  up  intaec^ 
of  117  fathoms  each,  how  many  coib  will  there  be  ?  Am.  42coU» 
and  9S  fathoms  over. 

102.  How  much  can  a  person,  whose  income  is  a  thousand  ft 
year,  afford  to  spend  per  day  ?     Am.  ^l.  14».  9d.\,  50  rem. 

103.  If  a  greyhound  in  gmng  ovet  a  mile  of  ground  make 
1537  leaps,  what  is  the  lengtbof  each  kap?  An$.  3/  5iii^a43  rem. 

104.  If  a  pipe  of  wine  cost  120/.  how  much  will  be  the  eharge 
per  dozen,  supposing  a  doeen  equal  to  3  gallons  ?  Am,  2L  17** 
ld.4.,  36  rem, 

105.  A  siWersmRhr  out  of  23Z6.  9ox.  Sdtct.  of  silver,  made 
9  dozen  of  spoons  y  required  the  weight  of  each  ?  Ans.  2o2. 
l^wt  20gr. 

125.   The  following  questiora  require  both  muUiplica^on  and 

divisum. 

Rule.  To  multiply  by  4-  you  must  divide  by  Z-,  to  muTtiply 
by  4^,  divide  by  4  j  and  to  multiply  by  4,  divide  by  2,  and  that 
quotient  by  2,  and  add  both  quotients  together. 

106.  What  is  the  value  of  3^^  lb.  of  tea,  at  12*.  9d,  per  lb.  ? 
Ans.  22.  48,  7d,^, 

Multiply  tJie  top  line  by  3,   divide  it  by  2,  and  add  both 
restdts  together. 

107.  What  will  S^  cwt.  of  cheese  cost,  at  4Z.  4s.  6d.  per 
cwt.  ?     Am,  34^  17«.  Id4-- 

Multiply  by  8,  divide  (the  top  line)  by  4,  and  add  both  re^ 
suits  together, 

108.  What  will  12^  dozen  of  wine  cost,  at  27. 10s.  per  dozen  ? 
Ans.  31i.  17s.  6d, 

Multiply  by  12,  divide  {the  top  line)  by  %  and  this  last  re- 
sult by  2,  then  add  all  the  three  remits  together. 

109.  Reqaired  the  value  of  2Sf  yards  of  cloth,  at  3s.  4d.-^  per 
yard  ?     Ans.  41.  6s,.  Od.4. 

110.  What  must  be  given  for  1174  lb.  of  tea,  at  12s.  6d. 
per  lb.  >     Ans,  732.  5«.  7^4- 

111.  If  a  gallon  of  brandy  cost  IZ.  3s.  6d.  what  cost  294  gal- 
lons ?     Ans.  342.  7s.  4d.4. 

112.  What  will  214  yards  of  lace  cost,  at  XL  Is.  fid.  p»r  yard  ? 
An$>  23/.  7«.  7^.4. 
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113.  What  will  374^  lb.  of  nutmegs  cost^  at  12. 4$,  8d.  per  lb.  ? 
Ans.  461.  Ss, 

114.  What  will  874  gallons  of  oil  cost,  at  Ss,  6d.  per  gallon  ? 
Ans.  37^  5«.  lOd^. 

115.  Required  the  value  of  a  parcel,  containing  567^  hundred 
of  Whitechapel  needles,  at  Is.  8d.  per  hundred.    Ans,  471. 5«.  5d. 

PROPORTION. 

126.  ^  Proportion,  called  also  the  Golden  Rule,  and  the  Rule 
of  Three,  teaches  from  three  numbers  given  (whereof  two  are  of 
the  same  kind)  to  find  a  fourth :  it  consists  of  two  branches^ 
viz.  The  Rule  of  Three  Direct,  and  The  Rule  of  Three  Inverse. 

127.  DIRECT  PROPORTION,  oa,  THE  RULE  OF 

THREE  Direct, 

teaches  from  three  numbers  given  to  find  a  fourth,  which  (when 
the  thi*ee  numbers  are  properly  arranged)  will  be  as  great  when 
compared  with  the  second,  as  the  third  is  when  compared  with 
the  first)  so  that,  if  the  third  be  greater  than  the  first,  the  fourth 
will  also  be  greater  than  the  second  3  and  if  the  third  be  less 
than  the  firsts  the  fourth  willj  in  like  manner,  be  Uss  than  the 
second. 

128. 1  RtfLB  I.  Examine  the  question  carefully,  and  when  you 

^  The  comparison  of  one  namber  to  another  is  called  their  rmtio  ;  and  when 
of  four  given  numbers  the  first  has  the  same  ratio  to  the  second  which  the 
third  has  to  the  fourth,  these  four  numbers  are  said  to  be  proportiomilt.- 

Hence  it  appears,  that  ratio  is  the  eomparison  of  twf  numberSf  but  propor- 
tion is  the  equality  of  two  ruHot :  we  cannot  then  with  propriety  talk  of  the 
proportion  of  one  number  to  another ^  nor  confound  the  terms,  as  some  authors 
have  done.    The  name  Proportion  comes  from  the  Latin  pro  and  portio. 

1  The  fundamental  principle  of  the  rules  of  Proportion  is  this,  namely.  If 
four  nuB|j|>er$  are  proportionals,  the  product  of  the  two  extreme  terms  is  equal 
to  the  i^odnct  of  the  two  means.  Thus,  since  2  is  as  great  when  corn- 
par^  with  3,  as  4  is  when  compared  with  6,  3  has  the  same  ratio  to  3  that 
4  has  to  6 ;  and  consequently  these  four  numbers  are  proportionals,  that  is, 
9 :  4  : :  3  :  6.  Now  the  product  of  the  extremes  equals  the  product  of  the 
ineans,  namely,  2X6:^4X3;  and  since  these  products  are  equal,  we  are  at 
liberty  to  substitute  one  product  for  the  other.  And  further,  if  any  product 
be  divided  by  one  of  its  fsustors,  the  quotient  will  evidently  be  the  other. 

These  particulars  being  premised,  the  rule  will  be  easily  accounted  for  as 
follows.  Let  the  three  terms  2  :  4  : :  3  be  given  to  find  the  fourth :  now  4  and  3 

I3 
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have  dkcovered'tbe  thi«e  nu^cibc^  or  terma  ctmUined  id  H,  jrou 
will  find  that  two  of  them  are  of  the  same  kind^  and  ttat  the 
revmBitig  term  10  of  the  s^me  kind  with  the  fourth  teiin,  or 
answer  required.  Also«  of  the  two  that  are  allf^e^  one  will  ^ 
a  term  of  supposition,  md  the  otJier  a  term  of  diev^ud. 

II.  St^te  the  question,  that  is,  pl^ce  the  three  giv^u  iwofifi  V^ 
a  row  from  left  to  right  ^  let  the  odd  term  (which  is  of  the  same 
kind  with  the  answer)  sts^d  in  ti|e  middle,  and  the  two  remain- 
ing terms  (which  are  both  of  on^  kind)  in  the  first  apd  third 
places,  observing  to  put  the  term  of  supposition  in  the  first  (or 
left  hand)  place,  and  the  term  of  demand  in  the  third  5  and 
place  two  dots  vertically  between  the  first  aiid  second  terms^ 
and  four  dots  in  form  of  a  square  between  the  second  and 
third. 

III.  Ileduce  the  first  and  third  terpos  to  the  same  denomi- 
nation,  (if  they  are  not  so  sJready,)  and  if  either  or  both  of 
them  consbt  of  difierent  denominations,  both  must  be  reduced 
to  the  lowest  mentioned  in  either.  Likewise  the  second  term 
must  be  reduced  to  the  lowest  denomination  mentioned  in  k. 

IV.  Multiply  the  second  and  third  terms  together,  and  divide 
the  product  by  the  first  3  the  quotient  wxli  be  the  fourth  terra, 
or  answer,  in  the  same  denomination  into  wlueh  the  seecMOid 
term  was  reduced. 


are  the  two  means,  and  their  product,  viz.  4  X  3,  eqoals^  the  prodact  of  the 
extremes,  and  may  be  therefofe  taken  for  it :  bat  we  haye  one  of  the  extremes, 
viz.  S,  given;  wherefore  if  the  said  product  be  divided  by  2,  the  quotient  wiH 

be  the  other  extreme,  that  Is,  — CU.  s  $  the  other  extreme  or  fourth  t«rm 

required  :  and  the  same  may  be  shewn  in  every  other  case.  "Wherefore,  in  the 
Direct  Rule  of  Proportion,  if  the  second  and  third  terms  be  multiplied  toge- 
ther, and  the  product  divided  by  the  first  term,  the  quotient  WlU  be  the  an-* 
swer  'y  which  is  the  rule. 

To  make  the  rule  perfectly  clear,  one  or  two  more  particulars  will  require 
an  explanation.  If  four  numbers  are  proportionals,  that  is,  if  the  first  be  to 
the  second  as  the  third  to  the  fourth,  then  will  the  first  he  to  the  third  a»  the 
second  to  thefoitrth;  and  this  accounts  for  the  usual  method  of  stating  q«es« 
tions  belonging  to  this  rule :  and  th^  reason  why  the  first  and  third  terms  moat 
be  reduced  to  the  same  denomination  is,  that  numbers  cannot  be  compared  to- 
gether except  they  are  of  the  same  denomination,  at  is  eyTdent ;  and  hence  it 
will  readily  appear,  that  the  fourth  term  or  answer  will  be  in  tht  same  deno* 
mination  with  that  to  which  thf  second  was  reduced. 
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V.  The  quotient  will  in  TMSt  dases  require  to  be  reduced  to 
a  highifr  denomination ;  if  ther6  be  a  remaifidef,  it  will  be 
of  the  same  denomination  which  the  sefeond  tefm  was  brought 
into^  anid  must  be  reduced  into  the  next  tower  denomination^ 
and  then  divided  by  the  first  tenUy  £tnd  the  quotient  will  be  of 
this  latter  denomination ;  and  if  there  be  still  a  remainder,  it 
must  be  reduced  lower  and  divided,  and  so  on  until  you  get  to 
the  lowest  denomination  the  second  term  admits  of. 

Method  of  proof.  Reverse  the  question  thus ;  say  as  the 
third  term  is  to  the  fourth,  so  is  the  first  term  to  a  fourth,  or 
answer,  whkh  will  eodae  otit  exsuStSy  the  .sata*  as  the  aecaad 
term  in  the  original  question,  when  the  work  is  right :  or,  to  be 
more  piaitii  make  ike  third  term  tlie  firsty  the  answer  the  second, 
and  the  first  term  the  third,  saidy  working  according  to  the  rule, 
the  answer  vnUl  be  the  same  as  tiMt  second  term  of  the  question. 

EXAKfltS. 

I.  If  ^  ^Vdi  3  qimrters  of  mtisHft  cdst  IL  5^.  8d.  whftt  is  the 
value  of  4  yards  3  quarters  i  nails  of  the  same  ? 

OPKRATIOI^. 

Jfirsi  ienk.  Second  term.  TUrd  term* 

^yd.    Bqr,     :     12.     bs,    8d.     :  :     4yd.  Sgr,  2». 
4  ^  4 

a  25  IS 

-1  12  ^ 

44  naiZf.        r    SOS  pence.  t^  t^ils. 

The  $ieond  emd  third 'Z     ■  .. 
term*  mtdtipUid  to^     |    2464 
g^her.  ^2156       jg) 

Dix>idedhyth£lU.  44)24024  (  546  qmtient  iU  pen^e. 

^O    2|0)4|5  6 

203        2i.  5,.  ed.  Am.  or  4th  term. 
176        
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Proof. 


or  3d  term  vffueH*  or  4/A  qffmeti*  w  \U  i^fiust, 

4yd.    Sqr.     2it.     ;     32.    &f.     6iL    :  :     2yd.    3qr. 

JL  ^  — 

19  45  11 

_4  Ig  _Jl 

78  nailt,  r    546  pence.  44  naU§* 

The  teemtd  and  third  }         ^ 
termt  multiplied  tege-  \    2184 

<*«-•  ^2184     12) 

XHrtded  Ajr  the  Ut.  78)24024  (  306  quotiaU  m  pence. 

Hi-  g|0)2|5  8 

^^        II.  5«.  8d.  Jns.  or  4th  term. 
624        


Of  the  three  tennt  given  in  the  ^ncstloDy  the  odd  term  is  money,  tiz. 
1/.  5#.  Bd.  which  (being  of  the  same  Idiid  as  the  answer  required)  I  pot  in  the 
second  place.  The  two  remaining  terms  are  of  the  same  kind,  tut.  both  mns- 
lin ;  these  oocnpy  the  first  and  third  places ;  the  term  of  snppositi<»«  4yd.  3  jr. 
in  the  first,  and  the  term  of  demand,  4yd.  3fr.  2is.  in  the  tlurd.  1  reduce 
both  these  terms  into  nails ;  the  result  ot  the  first  being  44,  and  of  the  third 
78*  I  also  reduce  the  second,  1/.  h»,  Sd.  into  pence,  and  the  result  is  308.  I 
then  multiply  308  and  78,  tiz.  the  second  and  third,  together,  and  divide  the 
product  24024  by  44,  the  first.  The  quotient  546  is  of  the  same  name  which 
the  second  term  was  in  when  I  multiplied  it  by  the  third,  namely,  pence  ;  I 
therefore  divide  546  by  12  and  20  successively,  and  it  gives  21.  Bs.  Sd.  the 
answer. 

Fifr  thsfTotf,  1  take  the  third  term  of  the  question  and  make  it  ikntfirtti 
the  fourth  term,  or  answer,  I  make  the  teamd;  and  the  first  term  of  the  ques- 
tion I  make  the  third;  and,  working  exactly  the  same  as  befinre,  the  answer 
comes  out  I/.  5f .  8<f .  which  b  the  same  as  the  second  term  of  the  question,  and 
thereby  shews  that  the  operation  is  truly  performed. 

2.  If  ^Ib.  of  powder-blue  cost  109.  5  J.  how  many  pounds  eaa 
I  buy  for  2^.  16».  3d.  ? 

Fir^tterm,      Second  temu  TTkirdterm. 

10*.     5d,     :     5lb.    :x    gZ.     16*.    3d. 
12  20 

125  pence,  56 

12 


675  pence, 
5 


125)3375(27^.  Ans. 
250 

875 
875 
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3.  if  3  ounces  of  tea'cest  U.  fd^  what  cost  Icwt  Iqr.  8/6.  f 
Am.  611.  lOt.  Sd.       Stated  ikiu;  Soz. ;  1#.  7d^  :  :  Icwt  Iqr.  2/6. 

4.  If  11  pounds  of  sugar  cost  13«.  6d^,  what  cost  5Uwt,  Sqr. 
4Jb.  ?    Am.  19/.  3«.  6d. 

Stated  thus-,  11/6.  s  13^.  6d.^  :  ;  8cire.  39r.4/6. 

5.  If  7  yards  of  cloth  cost  13/.  7<.  4<i  what  will  12yd.  ^qr.  2n. 
cost?    Jm.  22/.  6<.  Id. 

Stated  thus;. 7yd. :  121.  7s.  4d.  :  :  12yd.  2qr.  2n. 
<.  If  15  pounds  of  cheese  cost  1 6s.  Sd.  what  is  that  per  cwt.  ? 
Am.  61.  Is.  4d.         iS/a/£d/Aii5>  15/6.  :  16^.  3d.  :  :  112/6. 

7.  If  hops  seU  for  31.  I8s.  6d.  per  cwt.  what  sum  wiU  buy  Scwt. 
Sqr.  14/6.  ?    Am.  34i.  I6s.  8d.^. 

Stating',  11226.  :  32.  18^.  6d.  :  :   Scwt.Sqr.  14/6. 
d.  A  Rear- Admiral's  half-pay  is  17s.  6d.  per  day>  how  much 
is  that  per  year  ?    Am.  319/.  7s.  6d. 

Stating ;  1  day  i  I7s.  6d.  :  :  365  days. 

9.  A  person  owes  1234/.  but  being  unable  to  pay  the  whole, 
bis  creditors  agree  to  accept  I6s.  6d.-^  in  the  pound  3  what  sum 
4o  they  receive  in  all  ?     Am  1020/.  128.  5d. 

Stating:  IL  :  I6s.  Cd.^  :  :   1234/. 

10.  What  sum  will  purchase  20  reams  of  paper^  when  6s.  5d« 
will  buy  seven  quires  ?    Am.  18/.  65.  8d. 

iS/a/iftg;  7  quires  :  6s.  &d.  :  :  20  reams. 

11.  A  person  having  3751  Venetian  ducats^  agrees  to  sell 
them  at  the  rate  of  40  ducats  for  9/.  >  how  much  English  money 
does  Jtie  receive  for  the  whole }    Am.  843/.  19s.  6d. 

Stating;  40duc.  :  9/.  i  3751d«c. 

12.  A  bankrupt  who  owes  2500/.  has  effects  amounting  to 
437{.  IQs.  i  how  much  in  the  pound  will  he  be  able  to  pay  his 
creditors  ?  Am.  Zs.  6d.        Stating ;  25Q0Z. :  437/.  lOs.  :  ;  1/. 

13.  If  a  gallon  of  wine  cost  I2s.  4d.  what  is  the  value  of  a 
pipe  >     Am.  77/.  14*. 

14.  If  13  yards  of  cloth  cost  2/.  Os.  Id.  what  tnust  be  given 
for  75  yards  ?    Am.  III.  lis.  3d. 

15.  If  a  quarter  of  wheat  cost  5/.  4s.  lOd.  what  will  llqr.  36u. 
cost  ?     Am.  59/.  12*.  5d.4. 

16.  What  is  the  value  of  30c6.  126tf.  2pk.  of  coals,  at  6s.  6d. 
per  sack }    Am.  118/.  7s.  Id. 

129.  When  the  second  term  is  a  eomfound  number,  it  will  in 
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masifemu  ht  canveMM  to  me  Canq^Qiuiit  M aili|iKfitti»ti  «4 
Pivisieo,  utoreby  tho  trooblft  afyaduGfaqp  both  tH*  aoeoiftlten* 
dad  the  uaaww  will  be  sailed. 

17.  If  3  cwt  of  tallow  cost  M.  10».  9d4»  whatk  the  value  of 
16  cwt.  ? 


By  Comp,  Muli.  and  Dwisicut 


cwt.          If, 

3     s     $ 

19 

4 

cwi. 
:     16 

^ 

19 

3 
4 

3)95 

17 

0 

ilw.    31 

19 

0 

JSspiatuttioH, 

Here  for  16  I  mullij^Iy  Vy 
4 X4»  wd  thea din4«  the  i^ro- 
diact  by  3,  which  gives  the  an- 
swer imxitMatthfi  witiout  any 
trouble  in  reducing. 


By  ike  common  fMthod. 

Zf»     *•      d»  cwt. 


80 


I    16 


119 
12 


«*iW> 


1437 
4 

6751 
16 

34506 
5751 

3)9g0ltf( 

4)806W< 
1^)  r668(' 

g|D)  63|9( 
Jns.    Sll.  19s. 


18.  If  12  ounces  of  silver  cost  32. 7s.  Sd.  what  cost  35  ounces  ? 
Arts.  91  I6s.  lOd.^. 

19.  If  15  loads  of  hay  sell  for  121 12^.  lid.  what  sum  wilf  be 
sufficient  to  purchase  28  loadis  at  the  same  rate  ?  Ans.  23L  12#. 
ld>i,  5  rem, 

20.  If  27  fotber  of  lead  cost  171?.  15*.  9d.  what  sum  will  buy 
35  fother  ?     Ans.  2222.  135.  9d. 

21.  Sold  81  pounds  of  tobacco  for  142.  Os.  Id.^-,  what  must 
be  chai^d  for  64  pounds  ?     Ans.  III.  is.  4d. 

22.  Bought  99  reams  of  foolscap  for  1262.  4s,  6d.  -,  what  will 
137  reams  cost  at  that  rate  ?    Ans.  1742. 13«.  6d. 

130.  When  the  first  term  will  divide  the  second  without 

remainder. 

KuLB.  Divide  the  second  term  by  the  firsts  and  multiply  the 
quotihat  fty  thft  tiBfd;  te  product  wiUht^tiieaBiwev. 


Paay  I« 
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what  must  be  paid  for  the  reaping  of  12^  acres  at  that  rttti  ? 

By  the  rule, 

10  :)4     17     6(:  :   1%^ 


9 

» 

12* 

5 

17 

0 

4 

lOi- 

9 

4 

H 

e 

4 

H 

Here  I  divide  the  second 
term  by  10;  and  multiply 
the  quotient  by  12-|-« 


a. 
10 
4 


124 
&1 


By  (he  common  method,  Art,  128. 

4     17    6    : 

_  ?? 

40  97 

"*"     _!? 
1170 

51 

1170 
5860 

4|P)5967|0(3 
12)1491(3 

2|0)12|4( 
jtn$,  €t.  4s.  Sd.4r* 


By  the  preceding  rule,  Aft.  129. 

:     4     17     6     :  ; 


a. 
10 


a, 
124 


124 


Am. 


58 

10 

0 

2 

S 

9 

1 

4 

4^ 

)62 

3 

u 

.  6 

4 

H 

When  the  teinis  or^  reduced  by  the 
6efMki9DnMilltod,  we  ifiaiy  fre^ently  work 
by  this  rule ;  in  the  present  instance  we 
€%intiOt  without  reducing  the  second  term 
k&to  farthmg^  tvlnch  mwf  b«  inme ;  but 
as  no  trouble  is  saved  by  it^  the  common 
metb«d  U  preferable. 


24.  If  8  jean*  rontcf  a  Sstfiki  be  &232Z.  i»lk«t  sUm  wiU  11  jears* 
vest  amooat  to  ?  •  Ana.  7194^. 

25.  If  9  bushels  of  wheat  sell  for  41. 19s.  9d.  wkat  is  that  per 
load  }  ^  Ans.  22Z.  Ss.  4d. 

26.  If  4l.  be  charged  for  a  year's  interest  of  100/.  what  sum 
must  be  lent  to  gaia  500i.  in  the  same  time  ?     Ans.  12500. 

27.  If  10  ounces  of  gold  be  worth  40Z.  15*.  what  will*  be 
charged  for  a  cup  of  the  same  metal^  weighing  2Z&*  Boz.? 
Ans.  1302.  8s. 

131.  When  the  first  term  will  divide  the  third  withamt  remakider. 

HtJt.e.  DWde  thie  third  term  by  tlve  fittt,  and  multiply  the 
quotient  by  the  second,  or  the  second  by  the  qiiotient  $  the  pro- 
duct will  be  the  answer. 


12^  ABJTHBtEnC.  Fart  I. 

23.  If  6  jaids  of  hnmd  doth  cost  6L  7$.  M^^  what  oost 
54  yards? 

Staiing ;  Syd. :  61  7:  Sd.^  : :  Myd.    Here  I  dioide  S4  by  6, 
and  the  qiiotient  if  9-     I  then  multiply  the  second  term  by 
9,  and  it  gives  57 J.  9s.  4d.^for  the  answer. 
^9.  What  is  the  value  of  1  cwt.  of  sugar,  when  4  lb.  coat 
4s.  9d.  ?     Ans.  61.  ISs. 

^.  What  must  be  given  for  a  hundred  dozen  of  eggs>  at 
Is.  9^4  per  score  ?     Ans.  SI.  VU.  6d. 

31.  If  25  sheep  eat  up  4a.  3r.  lip.  of  turnips  in  a  certain 
time,  how  many  acres  will  serve  a  flock  of  ten  thousand  for  the 
same  time  ?     Ans.  1927a*  2r. 

32.  What  is  the  value  of  1  cwt.  of  cheese,  when  7  lb.  cost 
48.  Id.^}     Ans.  SI.  6s. 

132.  If  the  first  term,  or  either  the  second  or  the  third,  (not 
both,)  can  be  divided  by  any  number  without  remainder,  the 
quotients  may  be  used  instead  of  the  terms  from  whence  they 
arise. 

33.  If  21  yards  of  lace  cost  35  shiDings,  what  cost  29  yards  ? 
Stating  ;  ^lyd. :  SBs. : :  29yd.      Dioide  the  1st  and  2d  by  7, 

and  tJiere  wiU  arise  3:5::  29,  and  working  with  these 
numbers  instead  of  the  numbers  in  the  question,  we  obtain 
the  answer  21.  Ss.  4d. 

34.  If  6  horses  eat  21  bushels  of  oats  in  a  week,  liow  many 
bushels  will  serve  30  horses  the  same  time  ? 

Stating;  6h. :  216». : ;  SOh.  Here  dividing  the  1st  and  Sd 
by  6,  we  shall  have  1  ;  21  : :  5,  whence  we  have  the  answer 
105  bushels. 

35.  Gave  7s.  6d.  for  12  peaches  3  what  will  29  cost  at  the 
same  rate  ?     Ans.  I8s.  Id-f-. 

Stating:  12p. :  7«.  6d. : ;  29p.  The  1st  and  2d  will  divide 
by  12,  whence  Ip.  :  7d.^  : :  29p. 

S6.  Bought  5  dozen  of  fowls  for  4^.  I4s,  6d. ;  what  sum  will 
a  higler  have  to  pay,  who  in  the  course  of  a  year  buys  100  score  ? 
Ans.  157^*  lOr. 

Stating ;  60/  :  41.  I4s.  6d.  : :  2000/.  moide  the  Ut  and  Sd 
by  20,  and  3/  :  41.  I4s.  6d. ; :  lOOf. 
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Promiscuous  Exaicplss  for  practicb. 

37.  If  a  pound  of  tobacco  cost  3f .  9d.  v/bsX  is  that  per  cwt.  ? 
Jns.  m. 

38.  Paid  1/.  195.  lOd.4.  for  11  men*8  wages ;  wliat  sum  will 
pay  15  men  for  the  same  time  ?    Ans.  22. 148,  4d.^» 

39.  Gave  162.  Is.  9d.  for  reaping  33  acres  of  wheat }  what 
will  the  reaping  ^f  ^  ^^  ^  ^  Bcrea  cost  me  at  that  price  ? 
Ans.  2L  Bs,  9d. 

40.  Bought  1  cwt.  of  sugar  for  32.  14^.  8(2.  what  is  that 
per  lb.  ?    Aris.  8d.  -  , 

41.  If  32E£.  Sqr,  In.  of  doth  cost  82.  3«.  3«2.  what  is  that  a 
yard  ?     Ans,  4s. 

42.  If  the  expence  of  housekeeping  for  5  days  be  12. 17«.  9d. 
what  is  that  per  yeai*  ?     Ans.  1372.  ISs.  9d. 

43.  What  sum  will  purchase  an  ox,  weighing  8cio2.  l^r.  2326. 
at  Ss.  8d,  per  stone  ?     Am.  212.  14^.  Od.4-. 

44.  What  is  the  value  of  19  quarters  of  wheats  at  242.  6s.  8dr 
per  load  ?     Ans.  922.  9^.  4(2. 

45.  What  mil  74-  hundred  c^  fiiggots  cost,  at  5«.  M.  a  score  ? 
Ans.  lOl.  Ss.  Id.^. 

46.  How  many  houfs  will  a  person  require  to  coimt  2450002. 
sttpposipg  be  can  count  2502.  every  3  minutes  ?     Ans.  49  hours. 

47.  At  Ss.  6(2.  per  week,  how  long  can  I  keep  my  horse  at- 
grass  for  52.  ?    Ans.  28  weeks  4  days. 

48.  If  I  rent  an  estate  7352.  lOs.  6(2.  per  annum,  and  pay 
2452.  3«.  6(2.  poor*s-rate,  how  much  is  that  in  the  pound? 
Ans.  Gs.  Sd. 

49.  The  week's  wages  of  9  Irish  potatoe-diggers  amount  to 
4  guineas  5  how  many  does  a  person  employ  who  pays  them 
weekly  1062. 17*.  4d.  at  the  same  rate }     Ans.  229. 

50.  A  foreigner  on  his  arrival  in  England  exchanges  3808 
florins  for  2412.  195. 4(2. 5  how  much  does  he  receive  for  each  ? 

Ans.  \s.  Sd.\. 

51.  If  ink  be  sold  at  5«.  6d.  per  gaUon,  what  must  be  given 
for  a  cask  holding  Vlgal.  Zqt.  Ipt.  ?    Ans.  32.  10*.  9d.^. 

52.  If  13  horses  eat  up  10a.  2r.  lOp.  of  grass,  how  many  acres 
will  be  sufficient  to  supply  the  horses  of  a  regiment  1200  strong 
for  fhe  same  time  ?     Am.  975  acres. 

63.  What  is  the  value  of  5  fother  of  lead,  at  16«.  4(2.  per  cwt.  ? 

Am.  792.  12«.  ed. 


W4  AftltflMBtlC*  #ABtr. 

55.  If  8  lb.  of  bw*<M  ccMI  7i.  M*  Md#  lAMy  hft.  can  be 
bought  for  102.  8$,  M.  ?    JM.  Sc»t  Zft.  4A. 

55.  If  4eto^  a^r.  $26.  of  cinnainon  C06t  1392.  Ss.  6d.  wUAt  AfBi 
tt^  pmcfaaa^  Scu^^.  e^r.  426.  ?    Art$,  1092.  7«.  16({4, 36  tern. 

56.  If  272.  4j.  6(2.  buy  Icw^  39f .  S26.  <»f  tea.  iwliat  qoaittity  <au| . 
be  bou^t  for  692.  14«.  3<f.  .^    .^i».  4€Wt.  Il^r.  SlA. 

57.  If  lice  be  sold  finr  $2. 6s.  Sd.  per  ewt.>  ivli|t  qoftntitjr  cttA 
be  had  for  522.  I2s.  Id.  ^    ^n«.  ^Qcwt.  ^qr,  526. 

tt.  At  301.  I3«.  6d.  pet  cent,  what  \^  tie  thd  gida  oil  ad  ftd* 
venture  of  13092.  I7s.  lod.  9    Jns.  4012.  I6f.  fldo  5^68  rem. 

59.  I^  Ipd.  Sgr.  3ii.  df  linen  coM  12.  29.  3d.  what  cost  $EE. 
4qr.  3«.  ?    Jns,  42.  18*.  Od.4,  3  rem. 

60.  P^  42.  3«.  2d.4  for  the  carriage  of  II.  5Uuft.  Sqr.  426. 
what  must  be  paid  for  the  carriage  of  4t.  Scwt.  9qr.  lib.  the  stalls 
(distance  ?  Am.  1^2.  4s.  10d.^i  561  rem. 

61.  Bought  102a.  3r.  30p.  df  hind,  giving  «t  the  rate  6f  248 
guineas  for  6  mates ^  what  did  the  estate  eland  me  in? 
Ans.  44672.  9*.  9d. 

62.  What  will  a  cargo  of  Peruvian  bark,  wel^ng  1202.  Idwt. 
2qr.  326.,  sell  for,  at  542. 2s.  8d.  per  cwt.  ?     Jns.  IS00022. 13f. 

1S4.  INVERSE  PROPORTION,  dS,  THE  RULE  OF 

THREE  INVERSE, 

teaches  from  three  numbers  given  to  find  a  fourth,  such  that 
whenever  the  third  is  less  than  the  first,  the  fourth  will  be  pro- 
portionally greater  than  the  second  ;  and  when  the  third  is 
greater  than  the  first,  the  fourth  will  be  always  less  than  the 
second. 

135.  RuLB  I.  State  the  qacstlon,  and  reduce  tbS  te^  <s  in  the 
foregoing  rule. 

II.  MuUiplf  the  first  and  second  term^  togethi6r>  and  dmdit 
the  product  by  the  third  3  the  quotient  will  be  the  answer  kk  ^tit 
MUe  denomtiuatfion  the  seeonid  tertti  was  left  in  °*. 


m^i. 


■^  it  has  beep  observed,  that  **  Direct  and  fnvtrse  Ihropofiion  are  pafts  of 
tfhe  same  g€ners£[  rule,  alid  in  a  scientific  {UTatfijpeiHent  it  would  be  Ikat  to 
consider  them  in  that  manner.*'  THttff,  from  the  nilture  of  any  ^V&ik  qttutidn, 
k  i»  ^8s^  tvd«t«riikitie  Aether  tfie  fimtlii  temt  ooght  to  be  ^eater  or  Ies»'tikan 
the  second}  if  greater,  the  less  extreme  most  be  made  the  ditiloi',  ttid  tik 
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JUiptfM  afprorf.  RetoHK  tkt  quMtion  as  ia  tlie  Rule  of 
ThnepmcL 

1.  If  8  wen  GM  do.a  piece  pf  wprk  m  20  da^s,  ia  wj»tt  time 
wiM  th#  I9BM^  bf  w^miplif)^  iv  1^  ID^n  ? 

Opbkation. 

lit*  tf«  #!• 

9      i      20     V  :      16  Explanation. 

8.  Hfil«j  having  Pl«i)«4  the  qu««tioD,  I  »inl- 

\ii\\ci\/\t\  A»m,m  ^M»  tiply  the  fiwt  and  second  terms  toirether, 

1«  WQ{  W  *»fW  4n^,  »b.SOK8,«ndd;Ti4ethe,,o4uetl«eb; 

*^  l^  th<p  tliird ;  the  quptM^it  10  is  t^e  nma- 

Q  ber  of  days  required. 

2.  Whet  quei)fity  of  oalicp,  5  quarters  wide,  will  be  sufficient 
to  line  a  garment^  containing  ^yd.  3gr.  of  clothe  a  yard  and  an 
half  wide  ? 

yi,  ft.         p^,  jr.  gr. 

12:333:5 

—  -1 

6  15 

—  JS 

5)W 
4)jl8 
jkis,  4pd*  ^qr, 

3.  If  8  cwt.  be  carried  51  miles  for  a  certain  sum,  how  far 
ought  34  cwt.  to  be  carried  for  the  same  money  ?    Ans,  12  miles, 

4.  How  many  yards  of  oil  cloth,  3  quarters  wide,  will  be  suf- 
ficient to  cover  the  floor  of  a  passage  2  yanfe  and  a  quarter  wide 
and  20  yards  long  >     Ans,  60  yards. 

5.  Lent  my  friend  I20J.  for  5  months ;  what  sum  ought 
he  to  lend  me  for  9  months  to  requite  my  kindnesB  ?  Am.  €61. 
138.  4d. 


other  the  multiplier  ;  but  if  lessp  then  the  greater  extreme  must  be  made  the 
divisor,  and  the  lest  the  multiplier. 

The  truth  of  the  rule  may  be  shewn  from  the  first  example ;  for  if  8  men  can 
do  a  pieee  of  work  in  30  day«,  16  men  wffl  do  twice  at  much  in  the  same  time, 
or  tu  much  in  half  the  time,  that  is  in  10  dftfi,  which  is  the  answer :  and  the 
flftnie  m»9  be  s^wn  <^aay  o^htsf  0aumfl^  HOf^  ^  ^^' 
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6.  If  when  the  qttartem  loaf  cost  6d.  the  threepenny  loaf 
weigh  M.  Soz.  l^dr.  what  oi^g^  it  to  wei^  when  the  quartern 
costs  Sd.  ?    Am.  lib.  lOoz.  Idr. 

7*  If  2  cwt.  be  carried  204  miles  for  a  certain  stun,  how  much 
ought  to  be  carried  24  miles  forthe  same  money  ?     An».  VJcwt. 

8.  How  much  must  be  cut  off  from  a  board  8  inches  wide,  to 
make  a  top  to  a  stool  12  inches  long  and  12  wide  ?    Am.  18  inc. 

9.  How  many  crowns  are  equal  in  value  to  200  half-guineas  ? 
Am.490. 

10.  A  field  of  wheat  can  be  reaped  Iqr  20  men  in  4  day^j 
now  suppoaiDg  only  8  men  can  be  hired,  how  long  will  they  re* 
quire  to  .reap  the  same  ?     Am.  10  days. 

1 1 .  A  person  drinks  100  bottles  of  wine,  at  2«.  6d.  per  bottle, 
in  a  year  3  now  supposing  the  price  of  the  wine  increases  to 
As.  Sd.  the  bottle,  how  much  may  he  drink  without  increasing 
the  expence  ?     Am.  58  bottles,  42  rem. 

12.  A  family  takes  12  loaves,  at  Is.  2d.  per  loaf,  in  a  week, 
but  bread  rising,  they  make  shift  with  9  loaves,  which  cost 
exactly  as  much 3  what  is  the  increased  value  of  the  loaf? 
Am.  Is.  6d.-^,  6  rem, 

136.  COMPOUND  PROPORTION. 

When  five  terms  are  given  to  find  a  sixth,  this  rule  is  caOed 
The  Double  Rule  of  Three,  or  The  Rule  of  Five  j  also,  what- 
ever number  of  terms  is  given,  it  is  usually  called  by  the  ge- 
neral name  of  Compound  Proportion. 

137*  Rule  I.  Let  that  term  be  put  in  the  second  place  which 
is  of  the  same  kind  with  the  answer  required. 

II.  Place  the  terms  of  supposition  one  above  another  in  the 
first  place,  and  the  terms  of  demand  one  above  another  in  the 
third,  so  that  the  first  and  third  terms  in  each  row  may  be  of 
the  same  kind ;  let  them  be  reduced  to  the  same  denomination, 
and  the  second  to  the  lowest  mentioned  in  it. 

HI.  Examine  each  stating  separately  (using  the  second  term 
in  common  for  each)  by  saying.  If  the  first  term  give  the 
iecond,  does  the  third  term  require  more  or  less  than  the 
second  I  if  more,  mark  the  less  extreme  for  a  divisor  >  but  if 
less^  mark  the  greater  extreme. 

III.  Multiply  the  unmarked  numbers  together  for  a  dividend. 


Part  I.  COMPOUND  PROPORTION.  137 

and  the  marked  ones  together  for  a  divkor ;  divide  the  dividend 
by  the  divisor^  and  the  quotient  will  be  the  answer  in  the  same 
denomination  the  second  term  was  brought  into-. 

Examples. 

1.  If  6  men  spend  154  shillings  in  7  days,  what  sum  will  S 
men  spend  in  9  days  ? 

Stating, 

*6  men     :     154  shil,     :  :     8  men 
*7  days    :      ;  :     9  days 

Opbration. 

154x8x9       11088      ^^^    ^.,        ,^,  ^       . 

— =      ,^     =x  264  shtl  ==  ISl.  4*.  Answer. 

6X7  42 

£aepimuiti»n. 

Here  154  shilltDgs  is  of  |be  sa^ie  kind  witji  the  aaiwer,  and  is  therefoie 
made  the  second  teim ;  6  Mid  7  are  evidently  the  terms  of  supposition^  and 
therefore  put  in  the  first  place  ;  B  and  9  being  teraH  of  demand  are  put  in  the 
third.  I  then  say^  If  6  men  spend  154  sUilliDgs,  8  men  will  spend  mmr*i 
I  therefore  mark  the  leu  extreme  6  for  a  divisor :  also.  If  7  days  spend  154 
shillings,  9  days  will  require  more ;  I  therelbre  again  mark  the  ieM  extreme  7- 
Next  I  moltiply  the  three  unmarked  numbers,  vis.  154,  8,  and  99  together 
for  a  dividend,  and  the  product  is  1 1088 ;  and  also  the  two  marked  numbers 
6  and  7  for  a  divisor,  and  the  product  is  42.  Dividing  the  former  by  the  latter, 
the  quodent  is  S64  shillings,  which  divided  by  20  gi^es  13/.  4«.  for  the  answer. 

S.  If  4  gallons  of  beer  serve  5  persons  6  days,  how  many  days 

will  7  gallons  last  8  persons  ? 

Stating,     • 

*4  gah     J     6  days  7  gal- 

5  pers.  —      :  :     8  *pers. 

Operation. 

6x7x5      210        ^  ,       ,^     .  . 

= =s  6  days  13t  hours  Ans, 

4x8  32  y        T 

MxplaiMtUm, 

Jf  4  galfens  serve  ^  days,  7  gallons  will  serve  mare ;  I  therefore  mark  the 
Use  4.  Again,  if  5  pers<ms  are  supplied  6  days,  8  persons  will  be  supplied 
(with  the  same  quantity)  leee  than  6  days.  I  therefore  mark  the  greater  ex- 
treme 8>  and  proceed  at  before. 

">  The  truth  of  this  coii0lutiMi  fMy  be  shewn  by  working  the  first  example 
according  to  the  rules  of  simple  Proportion,  namely,  by  employing  two  statings. 

Thus,  6  men  :  1 54  shil.  : :  8  men  :  l^lill  shil.    Then  7  days  :  l^jii?  ghil. 

6  0 

:' :  9  days  :  ^^^^^X^  «  264  shil.  ^  13/. 4*.  the  answer  as  above.    In  the 

6x7  N 

same  manner  every  example  in  the  rule  may  be  proved  ;  and  it  will  furnish  a 
pro^table  exercise  for  the  industrious  student  to  prove  all  his  operations  in 
this  rule  by  two  single  rules  of  three  statings. 
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S.  If  lOQ^.  m  19  months  gain  U.  intexest,  ivfaat  awn  wiU  8Q^ 
giuiia  lOmonAs? 

Siaiing* 
*1001. '   t    BL    I  I    S6l. 
*l^ina.    :     —    :  :     lOmo. 

Operation. 
5X80X10      4000       ^,  ^    ^j    ^ 
100  X  12         1200         ^  <aiww^. 

4.  If  8  men  in  9  weeks  e«in^  75^*  19^*  how  many  weeks  must 
11  men  work  to  earn  1002.  ? 

Here  752.  12*.  =  1512  shil.     1002.as200P  $m. 

8  men  .  :    9  weeks    :^ :     *11  men 
*1B19  skil.    :       ■■    .1        :':     ^OQOshU. 

OnuiATION. 
8  X  9  X  2000      144000      ^        ,        , 

11x1512    "  7^533- =»g<^*»^^y>i<»go^em. 

5.  If  a  carrier  reoeiFe  22.  2s.  for  the  eanriage  of  Sets^.  IfiO 
miles,  how  much  must  he  paid  for  the  eaniage  of  fcwt  3^.  1426- 
100  miles  ?     Jns.  32.  13».  6<L 

6.  If  10  acres  of  grass  be  moved  by  2  men  in  7  days,  how 
many  acres  can  be  mowed  by  24  men  in  14  days?  Ans,  240acre«. 

7.  If  a  man  earn  5  shillings  a  day,  what  sum  will  64  men  earn 
in  19^  days  ?     Ans.  2002. 

8.  If  1002.  in  12  months  gain  32.  interest,  ia  what  time  will 
752.  gain  12.  13*.  9(2.  ?     Ans,  9  months. 

9.  If  IScti;*.  be  carried  20miks  for  22. 10s.  what  weight  can 
I  have  carried  50  nd«6  for  32.  Ss,  M.  ?  Ans.  (kwt  2^.  1126. 
162  rem. 

10.  If  1502.  gain  32.  7s.  6d.  in  9  moBtht,^w4iat  sum  wili  gun 
32.  in  W  months  >     Ans.  1002. 

11.  If  3  horaes  eat  12  bushels  of  outs  in  16  days,  how  many 
quarters  will  200  hOTses  eat  in  24  days  ?     Ans.  150  qucerters. 

12.  If  24  men  ean  buUdawaM  in  36  ds^s,  how  many  ofea 
woi44  he  required  to  do  5  times  as  much  work  in  3  dap  ? 
Ans.  1440  men. 
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PRACTICE. 

I  IS7*  ''Practice  is  an  easy  method  of  solving  such  rule  of 
three  questions  as  have  unity  for  their  first  term.  The  opera* 
tions  consist  of  Compound  Multiplication  and  Division  $  and  the 
latter  is  performed  by  the  given  price,  &c.  taken  in  aliquot 
parts  of  an  imit  of  some  superior  denomination. 

138.  One  number  is  said  to  be  an  aliquot  part  of  another, 
when  the  former  is  contained  some  number  of  times^xactly  in 
the  others  that  is,  when  the  former  will  divide  the  btter  with- 
out leaving  any  remainder. 


].  Of  a  Penny. 

J.  —  J. 

3       "^       S 

1       X 

T     4 


S.  Of  a  SbUling. 


s» 


6d.  = 

4  = 

3  = 

2  = 

l-L  = 

2 

1  = 


8 
TT 


3.  Of  a  Pound. 


s,  d. 
10  O 

6  8 

5 

4 

3 

2 

2 

1 

1 


O 
O 
4 
6 
0 
8 
0 


L. 


2 
X 

3 
-1. 

4 
X 

5 


8 

\ 

TTT 

I 


TVf 


Tables  of  Aliquot  Parts. 


4.  Of  Sixpen<ie. 
Sd.  = 
2     = 


If 


3 
3 


1 

T 
'^^  1 
—         T 

«>»        X 

_   .1 

9 
-^         JL 

8 


5.  Of  Threepence. 


ltd.= 
1        = 

3  — 

T  — 

X  — . 

9  ""^ 


X 
a 

X 

3 


6.  OfFourpence. 
2d.  = 


1      = 


X 
a 


X 
s 
X 
4 
X 
8 


T.OflOSbilUDgs. 
«.  d. 

5  O     =     t 
2  6     =     i 


2  0 

1  8 

1  3 

1  a 

•  6 


X 

< 
X 
8 

X 

8 
1 


i 
TV 


8.  Of  5  Shillings. 
s.  d. 


d. 
6 
4 


X 

8 

I 

TT 


2 
1 
1 
1 


6 
8 
3 
0 
10 

7^ 

6 

5 


X 

7 

X 
3 

X 

4 
X 

B 
X 

8 

I 
T 

I 


TTT 


9.  Of  4  ShiUings. 
8.  d, 

2  O     =     t 

1  4     =     t 

1  O     =     t 

8     =.    i 


10.  Of  2«.  and  Qd, 

8,  d, 

1  3  =     t 

10  = 

74-  = 

6  = 

5  = 


3 
X 
4 
X 
S 


34 
S 

2t 


8 
1 


I 
TT 


11.  Of  2  Shillings. 

8,  d, 

1  O  == 

8  = 

6  = 

4  = 

3  = 

2  = 


X 
a 


4 

X 
e 

X 
8 
1 


■  The  rules  of  Practice  are  particularly  useful  to  merchants  and  traders,  jn 
computing  the  ralue  of  their  commodities.  These  rules  are  likewise  useful  in 
the  Mathematics  ;  arnf  it  is  on  account  of  their  ready  and  convenient  applica- 
tion to  the  computations,  which  occur  in  almost  every  branch  of  science,  that 
they  ate  introduced  in  this  place. 
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Pabt  h 


139.  Preparatory  direcUfnk,  Write  df9vm  the  given  number, 
namely,  the  number  which  expresses  the  quantity  oi  goods  of 
which  yoa  want  to  ftad  the  value,  and  to  the  left  of  it  draw  three 
l^rp^dicular  lines  sufficiently  wide  apart  to  contain  a  column  of 
figures  ineaeh  of  the  two  intervals  >  then,  having  (if  neeessafy) 
broken  the  g^en  priee  in^  sums  which  ^re  respeotifiely  aliquot 
parts  of  some  greater  whole,  and  of  one  another,  you  are  to 
place  these  sums  in  their  pn^r  ord^  under  one  another  in  the 
left  hand  interval)  and  opposite  each,  in  the  right  hand  intenotl^ 
]^aoe  the  number  expressing  what  aliquot  part  it  is  5  then,  woifc 
according  to  the  directions  given  in  the  rule  to  which  the  parti- 
cular question  belongs. 


140.  When  the  price  is  an  aliquqt  part  ofap^fi^* 

Rule  I.  Having  drawn  the  lines,  and  placed  the  price  and  the 
aliquot  part  as  above  directed,  divide  the  given  number  by  the 
aliquot  part^  and  the  quotient  will  be  the  answer  in  peope; 
these  (if  there  be  a  si^Eicienf  pumber)  must  be  divided  by  12 
and  20,  to  reduce  them  into  pounds. 

Jl.  If  when  you  have  divided  by  the  aliquot  part  there  be  a  re-* 
maindeF^  it  will  be  pence,  and  must  be  reduced  to  farthings, 
which  being  divided  by  the  aKquot  part^  wiU  give  &rthings^ 


EXAMKLBS. 

1.  What  is  the  value  of  3571  yards  of  tape»  4t  ^d.  per  yard? 


1 

T 


OPERATIQIt. 

3571 


9[0 


1765 


14  8  9 


Answer    71*  Ss.  9d.i- 


Ssplana$ion. 

Here  Mm  giren  price  (a  halfjpeiiny)  is  one 
half  id  a  penny ;  I  ]pttt  the  ha^pesny  in  the 
left  hiM'id  ODlamfi,  and  tl^e  l|alf  in  |fa«  right; 
Ith^n  divide  by  2,  and  the  qtiotiept  is  1785^ 
Wlt^  1  remaiaii^ ;  ttM»  1  ptnny  I  B^k«  4  fieu'- 
thi^gs^  which  divided  by  S  c^ves  i* »  I  then  di- 
vide saccessively  by  17  aixl  ^. 


«  Nothiqg  can  be  easier  to  understftiMi  thaa  the  rt^cs  of  Practice.  In  the 
liule  here  given  let  us  take  Exaojtple  1 ;  where,  if  3571  yards  had  cost  a  penny 
eachj  they  would  evidently  have  amounted  to  3571  peace;  but  as  they  cost 
oqly  ^d.  eachj;  it  is  plain  that  they  will  amount  to  half  that  number  of  pence. 
And  in  Example  %  9B67  peai»  at  j^d,  each  will,  it  is  plain,  amount  to  one 
quarter  that  number  of  peace :  wherefore  this  rule  is  evident 
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3«  What  ooat  9867  peara^  at  ^.  each. 
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+ 

1 

12 

«0 

Opkiatiov. 

9867 

34664 
5of56 


Amwer  10/.  5«.  6J.4 


A  farthiiig  i*  one  fnurih  of  a  petny ;  t 
therefore  divide  bjr  4}  the  3  rcswinder  are 
pence,  which  reduced  are  12  fiurthingv,  whidi 
IS  divided  by  4  give  \,  1  then  divide  by  12  and 
SO  at  before* 


3.  4968  at  \. 

4.  2807  at  i. 
6.  7013  at  ^. 
6.  3465  at  i. 


Answer  52.  3^.  6d. 
AniwerSL  I6s.  lld.-^ 
^«wtfr  72.  6«.  ld^» 
Answer  71.  As.  4d4« 


141.  When  the  price  is  an  aliquot  part  of  a  shilling. 

Rt7LB.  Having  placed  the  price,  and  its  oorrespoadiog  aliqjuot 
part>  as  before  directed^  divide  bj  the  aliquot  part^  and  the  quo- 
tient will  be  shillings^  which' rednca  to  pounds  by  dividing  it  by 
20.  If  there  be  a  remainder  after  the  first  division,  it  is  shillings ; 
reduce  it  to  pence,  which  divide  by  the  aliquot  part«  and  the 
quotient  is  pence  ^ 

7.  What  Is  the  worth  of  826  lemons^  at  3d.  each  ? 


3 


QpjiaATiOii, 


2|0 


826 


20  6  6 


Answer  \0l.  6s.  6d. 


Hera  34/.  by  table  2,  it  i  of  a  tbiUing  i  I 
therefore  divide  by  4 ;  the  qjnoiltnt  is  shillings, 
aad  the  renmiiider  9  I  make  94  peace^  which  di» 
Tided  by  4  gives  6  pence  $  the  quotient  I  then 
divide  by  20,  which  gives  tilie  answer. 


•«MW*««Mat«MM4n 


p  Here  if  we  consider  the  arttdcs  as  worth  a  shilling  each,  they  will  coit  hi 
the  whole  as  many  shilllngii  as  there  are  articles  given  ;  wherefore  if  they  cost 
ao  ali^upt  pact  o£a  shiiUag  e««^,  the  whole  wUl  evkieiitly  anuaut  to  tfaa  aame 
part  of  so  many  shilling!:  thui^  ia  Sxanyle  7»  826  lemons  at  U.  each  will  cost 
826  shillings ;  bat  at  3d.  each  (since  3^4  is  ^  of  a  shilling]  they  will  ainount  t9 
*^  wf  ttW  flfaUU^gs  t  and  the  tike  nt  other  cases* 


k2 


Ids 


ASITHMEnC. 


PabtI. 


d. 
1 


TT 

2|0 


a 

583  at  Id. 


48  7 


Answer  27.  8*.  7d. 


d. 
U 


JL 

8 

2|0 


9. 
829  at  lid. 


lOfS  7^ 


Answer  bU  3«.  7d.4- 


10. 

4-  [73g  at  6d. 
2I0I36I6 


d. 
6 


Answer    18/.  6«. 

11.  514  at  Id.    Answer  9.1,  2<.  lOd. 

12.  603  at  Id.^.  .  Answer  3i.  15«.  4d.S.. 

13.  345  at  2d.    Answer  2?.  17«.  ^d. 

14.  472  at  3d.    Answer  SL  18^ 

15.  123  at  4d.    Answer  22.  \s. 

16.  207  at  6d,    Answer  51.  Ss.  6d. 


142.  When  the  price  is  an  aliquot  part  of  a  pound. 

HuLE  1.  Having  placed  the  price  and  the  aliquot  part  as  before, 
divide  by  the  aliquot  part^  and  the  quotient  will  be  pounds. 

II.  The  remainder  (if  any)  must  be  reduced  to  shillings,  and 
divided  by  the  aliquot  part  for  shillings  -,  if  there  be  a  second  re- 
mainder reduce  it  to  pence,  and  divide  for  pence ;  if  a  third> 
reduce  it  to  farthings,  and  divide  ft>r  &rthing8  % 

17.  What  must  be  given  for  135  puUets^  at  2«.  6d.  each  ? 


Operation. 
|2  6\  ^  1 135 


Answer  16L  IJs.  6d. 


JBsplanaHon, 

Here  by  table  3,  2f .  6d,  is  -^  of  a  pound ;  I 
divide  by  8,  and  the  ({uotient  is  16  pounds ;  the 
remainder  7  turned  into  shillings  is  140,  which 
divided  by  8  gives  1 7  shillings.  With  4  remain- 
der ;  the  latter  brought  into  p«nee  b  4B,  which 
divided  by  8  give»  6  pence. 


4  The  observations  in  the  two  foregoing  notes  are  equally  applicable  to  this 
rule ;  thus,  in  Example  17,  135  pullets  at  1/.  each  will  cost  135/.  i  but  since 
the  price  (2«.  6d.)  is  4^  of  a  pound,  it  is  evident  that  the  whole  wiU  amottiiC  to 
■I-  of  135/. :  and  the  like  loay  be  shewn  of  the  other  £3nDples» 
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18.  19. 

|3  4|  i-  \2\7  at  Ss,  4d.  I  M  ▼  | j23_at  5*. 
Answer  S6l.  3s.  4d.  Answer  30/.  IBs. 


20. 

\6  8|  ^  [307  at  6«.  -8^. 
Answer  102/.  6«.  8<i. 


21.  716  at  l5.    ^n^tocr  35/.  16*. 

22.  624  at  U.  Sd.     Answer  52/. 

23.  513  at  25.     Answer  51/.  6^. 

24.  308  at  2«.  6(/.     Answer  38/.  10«. 

25.  213  at  35.  4</.     Answer  35/.  IOj. 

26.  701  at  As.    Answer  140/.  4*. 

27.  405  at  55.     Answer  101/.  65. 

28.  109  at  105.     Answer  54/.  105. 

143.  When  the  price  U  not  an  dtiqaot  fart. 

Rule  I.  Divide  the  price  into  sums  which  are  aHqaot  parts 
of  the  whole,  (viz.  of  a  shillings  or  a  pounds  as  the  case  maybe,) 
or  of  which  one  is  an  aliquot  part  of  the  whole,  and  the  rest 
aliquot  parts  either  of  the  whole,  of  this,  or  successively  of  one 
another. 

II.  Divide  by  these  several  aliquot  parts,  and  the  quotients 
being  added  together,  the  sum  will  be  the  answer  in  shUHngs,  if 
the  aliquot  parts  are  of  a  shilling;  and  in  pounds,  if  they  are 
aliquot  parts  of  a  pound'. 


'  This  ral«  will  be  evident  from  an  expkmfvtion  of  the  29th  Example,  where 
if  371 02.  had  cost  \s,  each,  the  whole  woitld4iave  cost  371  shillings  ;  bat  at  Zd» 
each  {since  'id,  is  -^  of  a  shilling)  they  yrill  cost  -^  of  371  shilling^,  or  92s,  9d. ; 
and  at  -fd.  each  (since  -^.  ^  -^  of  3d.)  they  will  cost  -J-  of  their  value  at  3if., 
that  is  -J-  of  92s.  9d.,  or  15f.  5d.-^i  wherefore,  if  the  valae  at  3</.  each  be 
fidded  to  the  valae  at  -^d.  each,  the  sum  will  evidently  be  the  value  at  Si/.-^  each : 
and  the  like  may  be  shewn  in  every  other  case. 


kS 
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Past  I. 


29.  What  k  the  value  of  371  oances  of  tobicco,  at  3<f.^  per 
ounce*? 


Opebation. 

d. 

3  1  ^  |371 

1 

A 

d. 
2 

H 

4- 

92     9 
15     54. 

2|0  10|8    94. 
uwer  5l.6s,2d.i- 

a 

t 
1 

•r 
2)0 

371 

61  10 
46     4i 

10  8   24^ 

Answer 

52.  8s.  2^4. 

Here  3d.-i  not  being  an  aliqnot  part  of  a  sbiU 
lingy  I  difide  it  into  two  sumsy  3d.  and  -^,  of  which 
3<;.  U  t  of  a  shiUing,  and  id.f  ot  3d.y  I  divide 
the  gtfen  uunber  37 1  by  4>  and  the  quotient  is 
929,  9d, ;  this,  which  is  the  valae  at  Zd. ,  1  divide 
by  6,  becaoie  -j-tf.  is  ^  of  3<f . ;  and  the  qnotient  is 
ISs.  5d.-fi  I  add  the  two  quotients  together,  and 
reduce  the  108  shilUngs  into  pounds,  by  dividing 
by  20. 

In  the  Mcood  operation,  I  divide  the  given  price 
3d.^  differently;  I  take  2cr., which  is  f,  and  l^f , 
which  is  -J-,  both  aliquot  parts  of  a  shilling;  I 
therefore  divide  tki  tf  line  by  ioikf  add  the  quo^ 
tient«  together,  and  divide  by  20,  which  gives  the 
answer  the  same  as  in  the  first  oper^tion^ 


30.  What  sum  will  123  sawyers  eani>  at  I7s.  6d.  each '  ? 
Opbration* 

JBxplanaium, 

1  find  that  17^.  Sd,  win  convenieatly  resolve  Into 
aliquot  parts,  via,  10».  «  -^  of  a  pound,  5«.  =  -{-  of 
lOff.,  and  2#.  Sd,  » -}•  of  5s.  I  therefore  divide  suc^r 
eessively  by  these,  and  the  sum  of  the  quotients  it 
the  answer. 


10 

5 
2  6 

An 

1 

T 

t 
T 

4- 
stoer 

123 

61  10           ' 
30  15           , 
15    7    6     , 

107M2*.  6d. 

31.  What  sum  will  pay  for  215  cheeses,  at  17<.  lOd.  each? 

OPEftATIOK. 


Explanation* 
When  there  are  several  aliquot  parts,  we  are  not 
obliged  to  ta]ce  each  part  out  of  the  next  preceding 
one ;  we  may  take  it  out  of  any  of  the  preceding 
parts,  as  may  be  most  convenient.  In  this  exam* 
pie  S«.  is  f  (not  of  5c.  but)  of  tO«. ;  I  therefore 
divide  107/.  lOs.  (and  not  53/.  15^,)  by  it.  In  like 
^^..^^  ifti/  \aL  o'^    manner  \0d.  is  f  (not  of  2t.  but)  of  5*. ;  I  there^ 


e. 
10 

5 

2 

lOd 


1 
T 

215 

1 

T 
1 

T 

107  10 

53  15 

21  10 
8  19  2 

m*t^ 


•  To  prove  this  example,  multiply  371  by  3</.-j-,  and  divide  by  12  and  20. 
'  To  prove  operations  of  this  kind,  multiply  the  given  price  by  the  number 
of  particuUurs  (Art.  105.)  ;  in  the  present  instance  it  will  be  17'.  6</*  X  ^93, 
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PRACTICE* 


13& 


32.  What  cost  493  cwt  of  iron  plates^  at  18«.  7d4^^cwU  ? 
1st  method.  Qd  method. 


10 

4 

4 
6(2. 

11 


1 
T 

423 

1 
T 

211  10 

i 

84  12 

4- 

84  12 

i 

10  11     6 

2  12  101 

10  I 

5 

3  6 

1 


I 

T 

1 
T 

I 
T 


423 


I 


211 

10 

106  15 

52 

IT 

21 

3 

2 

12 

lOi- 


Answer  39S  18    44^ 
3d  method. 


1423 

I2II 

105 

42 

21 

10 

2 


10 

•ar 

5 

T 

2 

T 

1 

•» 

6d 

T 

U 

T 

10 
15 

3 

11     6 
It  104. 


Answer  393  18    4f 


Tn  tbe  Ut,  IbeflMt  three  aliquot  psurtg  are 
takiSn  ost  <i#  the  top  lintf,  alid  the  reiiaitiiiig 
two  in  saccesfiiHL  In  the  Sd,  the  first  three 
parts  are  taken  in  snccessiony  tfie  fourth  ii 
taken  tat  of  the  wtMoAf  and  the  fifth  out 
of  the  fourth.  In  the  3d,  the  third  aliquot 
part  is  taken  ont  of  the  first,  and  all  the 
VMt  ia  Mweetsioa. 


Answer  393  18 


4t 


33. 

438  at  lOd.^ 

219 
109    6 
36    6 

37j4    U 
Ans.  IsTusTTdZ 


34. 


d. 
6 

3 

1 

1 

T 

I 

4- 

1 

T 

20 

d. 

6 

4 
1 

3 


i 

716  at  lld^ 

JL 
J 

1 
T 

4- 

358 

238  8 
52  8 
44    9 

20 

roji  1 

Ans,  351,  Is,  Id. 


35. 


9, 

5 

\ 

2 

■Hit 

\0d 

1 

1 

I 
TTT 

1 

1 

T 

T 

803  at  7s.  \\d. 


1 


200  15 

80  6 

33  9 

3  6 

1  13 


2 
11 
51 


Answer  319     10      6^ 


36.  341  at  \d.\    Ans.  \l,  \5s,  6d.l 

37.  489  at  Idl    ^ff<fi;er  31,  lis.  3d,^ 
38i  780  at  5(2.1    ^ntwer  17<.  17«.  6d. 

k4 
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Hart  I. 


39.  619 

40.  215 

41.  703 

42.  407 

43.  806 

44.  721 

45.  364 

46.  205 

47.  268 

48.  410 

49.  104 

50.  153 

51.  816 

52.  194 

53.  121 


at  7d.^    Answer  \9l,  I9s.  9d.\ 
at  9d.\    Aruwer  SI.  I4s,  Sd.^ 
at  lOd.^    Answer  302.  Os,  bd.^ 
at  lid.     Answer  18L  I3s.  Id, 
at  lld^    Answer  371  15«.  7^4 
at  Is.  7d,    Answer  571,  Is.  7d. 


at  2s.  5d. 
at  Ss,  lid. 
at  8s.  3d.\ 
at  9*.  7^4 
at  10s.  5(2.4- 
at  16«.  4(2.4 
at  I8s.  2(2.4- 
at  I9s.  8(2. 
at  I9s.  11(24 


Answer  431,  I9s.  Sd, 
Answer  602.  125.  11(2. 
Answer  1 102.  16*.  7d, 
Answer  1972.  1 4s.  9(2.4- 
Answer  542.  7s.  Sd. 
Answer  1252.  8s.  6(2.  |. 
Answer  7422.  1«. 
Answer  1902.  15s.  4(2. 
Answer  1202.  17s.  5(2.^ 


144.  J^F/i€n  2Ae  j^rice  is  greater  than  one  shilling,  but  less  than 

two  shillings. 

Rule  I.  Let  the  given  number  stand  for  the  value  at  a  shil« 
ling  each,  consequently  no  line  noiust  be  drawn  under  it. 

11.  Take  the  pence  and  ferthings  in  aliquot  parts  of  a  shilling, 
and  of  each  other,  divide  by  them  as  before,  add  the  quotients 
and  the  given  number  together,  and  divide  by  20  *. 

54.  What  is  the  value  of  572  lb.  of  soap,  at  Is.  3d.^  per  lb.  ? 

Explanation, 

I  draw  no  line  under  tlie  given  number  579$ 
but  let  it  stand  for  the  value  of  the  soap  at  1^. 
per  pound.  I  then  say,  Sd.  is  :|-  of  a  shilling,  and 
-§-  is  -^  of  3d. ;  and  having  divided  by  them  as  in 
the  former  examples,  I  add  the  quotients  and  the 
given  number  579  together,  and  divide  the  shll- 

Answer  372.  7s.  10(2.4-    ^^^^  ^"  ^^^  *^°*  ^^  ^0  for  the  answer. 


Operation. 


d. 
3 


1 
T 

1 

579 
144     9 
24     14- 

20 

74  7  104- 

*  This  rule  will  be  easily  understood  from  the  preceding  notes.  Thus,  ex- 
ample 54,  579  lb.  at  Is.  each  will  amount  to  579  shillings,  and  at  3d.  each 
(since  3d.  is  ^J-  of  \s.)  to  j^  of  579  shillings,  or  144*.  9)rf.,  and  at -J-  ea^h  (since  ^ 
is  -J-  of  3d.)  to  -J-  of  the  price  at  3c?.,  or  -J-  of  144*.  9d.  or  24*.  Id.f.  These  three 
values  (viz.  the  value  at  1*.  each,  the  value  at  3d.  each,  and  the  value  at  -^ 
each)  will,  being  added  together,  evidently  give  the  value  at  1*.  Sd.jf  each. 


Paht  I. 


d. 

6 

1 

H 

1 

1 

I 

20 

65. 

376  at  1«.  7d.^ 
188 
47 
7     10 


618    10 


Answer  301.  185.  lOd. 


6 
3 

2 

s 


PRACTIC] 

if. 
6 
4 

t 

T 

1 

T 

1 
T 

20 

13 

56. 

413  at  1«.  lldi- 
206     6 
137     8 

51     7i 

80  8    9-}. 

Answer  40/.  8*.  9d.-J. 

T 

a 


2|0 


67. 

265  at  U.  Ild4 
132     6 

66     3 

44     2 

16     64 


52  4 


54- 


Answer  261.  48.  5d.4 

58.  287  at  U.  Id.    Answer  161.  lOs.  lid. 

59.  371  at  15.  2d4    Answer  22/.  8«.  3d.4. 

60.  247  at'l*.  4d.4    ^wswcr  17/.  4s.  9d.t 

61.  494  at  Is.  ^d."^     Answer  35/.  10«.  Id.f 

62.  627  at  l5.  6d.     Answer  47 1.  Os.  6d. 

63.  251  at  Is.  8d.^     Answer  21/.  14s.  Od.^ 

64.  526  at  Is.  9d.^     Answer  47/.  2s.  5d. 

65.  625  at  Is.  lid.     Answer  59/.  17*.  1  Id. 

145.  ?f^ew  the  price  is  an  even  number  of  shillings. 

Rule.  Multiply  the  given  number  by  half  the  number  of  shil- 
lings 5  double  the  product  of  the  right  hand  figure,  call  this 
shillings,  and  the  rest  of  the  product  will  be  pounds'".     . 


T  If  the  given  number  be  multiplied  by  the  price  of  each^  the  product  will 
be  the  value  of  the  given  number  in  the  same  denomination  with  the  price,  as 
is  evident.  Wherefore,  ex.  66,  if  328  be  multiplied  by  4,  the  product  is  1312 
shillings,  which  divided  by  20  is  65/.  I2s.y  the  answer.  Now  multiplying  by  4 
and  dividing  by  20,  is  equivalent  to  multiplying  by  2  and  dividing  by  10 ;  the 
product  then  by  this  last  method  is  65  and  6  over;  this  6  is  6  tenths;  and 
therefore  to  reduce  it  to  shillings  (or  twentieths  of  a  pound)  the  G  must  evi- 
dently be  doubled :  wherefore  the  rule  is  plain. 


138  ARITHBacnC.                        Past  I 

66..  What  18  the  value  of  328  foor-shiUiiig  stamps } 

Oteratiov.  Esplmmatiom. 

388  Hcr«  I  nmltaply  by  8  (the  iOf  of  4}»  ud  tlie  ptodndof 

2  the  firtt  figttre  is  16,  which  doubled  is  33  shilliUi|8;  or 

■■  1/.  I2#.  I  pot  down  19y  and  cany  1 ;  then  twice  3S  Are  64 

Am.  65/.  12^.  and  i  carried  65,  for  pounds. 


67. 

68. 

69. 

347  at  Zi. 
I 

534  a<  4#. 

2 

659  at  6«. 
3 

Answer  S4l.  14*.  106/.  16*.  197/  14*. 

70.  262  at  8*.     ^iwtodr  104/.  16*. 

71.  456  at  10*.    Answer  228/. 

72.  481  at  12*.     Answer  228/.  12*. 

73.  753  at  14*.     Answer  527^.  2*. 

74.  500  at  16*.    Answer  400/. 

75.  819  at  18*.     Anstoer  fSTl-  2*. 

146.  When  the  price  is  any  number  ofshilUngs, 

Rule.  Multiply  the  given  number  by  the  prioej  and  ditide 
the  product  by  20*. 

76.  What  is  the  value  of  123  fowls^  at  3  shiliipgs  each  > 
Operation. 

123  Explanation, 

^  Here  I  multiply  If  3  by  3,  and  diride  the  product  369  by 

2|0)36l9  ^>  *^  ^®  quotient  is  the  answer. 

Ans,  18/.  9*. 

77.  78.  79. 

543  at  7s.                   728  at  9*.                   613  at  1 1*. 
7_  9_  n 

2|0)380|1  2|0)655|2  2[0)674|3 

Ans.    190/.  1*.  327/.  12*.  337^.  3*. 

80.  912  at  5*«    Answer  228/. 

81.  962  at  1^.    An^er  577/.  4*. 
'  82.  215  at  15*.    Answer  161/.  5*. 

83.  215  at  16*.    Answer  172/. 
64.  794  at  17*.    Answer  674/.  18*. 
85.  742  at  19*.     Answer  704/.  18*. 

«  The  reason  of  this  rule  will  be  sufficiently  plain,  from  what  has  been  said 
in  the  preceding  note. 
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147-  f^€»  the  price  is  MhiUings  and  pence,  or  skUlingif  pence, 

ondfarthings* 

Rule  I.  Multiply  by  the  shilliDgs^  take  the  pence  and  fisLr- 
thiogs  in  aliquot  partt,  and  divide  by  then  as  before,  add  the 
several  quotients  and  the  product  together^  and  divide  the 
shillings  by  20. 

Or,  II.  Take  the  whole  price  in  aliquot  parts  of  a  pound  and 
of  one  another ;  divide  by  them^  and  add  the  quotients  together 
for  the  answer ". 

S6.  Required  the  value  of  213  stone  of  beef,  at  7<.  Bd.^ 
per  stone. 

Operations. 


In  the  fiftt  place  I  multiply  213  by  the  7 
shilliDgSy  and  the  product  is  the  value  at  ?•• 
Next  I  lay,  6d,  ii  the  -^  of  a  shilling,  and  di« 
vide  the  top  line  by  9,  the  quotient  is  Uie  value 
at  6d,  Next  I  say,  2d,  is  f  of  6d. ;  I  divide 
106  ..6  by  3,  and  the  quotient  is  the  value  at 
Qd.  In  like  manner  4  is*^ of  €d, ;  I  therefore 
divide  106. .6  by  8,  and  the  quotient  is  the 
value  at  4.  These  added  together,  and  the 
shillings  divided  by  20,  we  have  the  answer. 

In  the  second  operation,  I  say,  5^.  is  -}  of  a 
pound,  and  ?#«  Ib-^^  b^  pound;  I  divide  the 
top  line  by  both  these,  and  the  quotient  is 
pounds.  I  then  say,  6d.  is  -J-  of  9s. ;  2d.  -J-  of 
6rf.;  and4tof6<f.  I  divide  5..  6.  .6  bythe 
two  latter,  then  add  all  the  quotients  together, 
which  gives  the  answer  the  very  same  as  in  the 
former  operation. 


6d. 

J. 

9 

JL 

a 
X 

• 
10 

/  Rule  1. 
213 

r 

2 
i 

1491 
106     6 
35     6 
14     Si 

164  6   34 

Answei 

r  82^  6s.  3d.4 

hs. 

By 

JL 

4 

tV 

I 

T 
I 

T 

I 

r 

Rule  2. 
213 

2 

6d. 

2 

53     5 

21     6 
5     6     6 
1  15     6 
13     34 

Answe\ 

r  82     6     34 

*  If  tlie  given  number  be  multiplied  by  the  tbillings  in  the  price  of  each^ 
the  product  will  be  the  price  of  the  whole  at  so  many  shillings  each  }  and  the 
taking  the  odd  pence  and  farthings  in  aliquot  parts  of  a  ^billing  and  of  each  other 
has  been  already  accounted  for.  If  in  tbe  second  rule  we  take  the  second  ope- 
ration of  Ex.  8€,  and  suppose  213  articles  at  )/.  each,  they  will  amount  to 
213/.;  wherefore  at  hs.  (or  -^  of  a  pound)  they  will  amount  to  -{-  of  213 
pounds  ;  at  2«.  each  (or-^of  a  pound)  they  will  amount  to-^g^of  213  pounds ; 
at  6d.  each  (or  -J-  of  9s.)  they  will  amount  to  -J-  the  value  at  2s.  each ;  in  like 
manner  at  )2tf.  each  they  will  amount  to  -^»  and  at  4  to  -J-  the  value  at  6d. 
each. 
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6d. 


3 


JL 

s 


«|0 


87. 
765  at  Si.  9d.^ 


38^5. 

382  6 

191  3 

47  94 


444 16   6i 


6d. 

4 


a 


Afuver  9^1.  6s.  6d.4. 


s 
JL 
3 


88. 

«93  at  12*.  lOd.f 
12 


3516 
146 

97 
12 


6 
8 

2^ 


377  2   4t 


2|0 
Answer  188Z.  12*.  4d.f 


10*. 

T 

5 

T 

1 

X 

6d. 

T 

2 

T 

J. 

3 

T 

89. 
136  at  16«.  8d.: 


68 

34 

6 

3 

1 


16 
8 
2 
5 


8 
8 


Answer  113     12     4 


90.  704 

91.  493 

92.  512 

93.  701 

94.  894 

95.  ^51 

96.  123 
97-  271 


at  Ss.  6d.    Answer  1232.  4s. 
at  6s.  4d.    Answer  156L  2s.  4d. 
at  79.  6d.    Answer  1921. 
at  lbs.  4d.f    Answer  5382.  17«.  lOdf . 
at  17*.  6(2.4-    Answer  785Z.  0».  lOd.f . 
at  14s.  7d.i    Answer  1832  5s.  Jd.^. 
at  18*.  9d.     Answer  1 162.  65.  3d. 
at  19».  2(2.^    Answer  2602.  5«.  5(2.t. 


148.  fF^;t  the  price  is  more  than  one  pound,  and  less  than 

two  pounds. 

KuLE  I.  Multiply  by  the  number  of  shillings  contained  in 
the  price^  take  parts  for  the  pence  and  &irthings^  and  proceed 
as  in  the  last  rule. 

Or,  II.  Let  the  top  line  stand  for  the  value  at  one  pound, 
draw  no  line  under  it^  and  take  parts  for  the  shillings,  pence, 
and  £su*things,  as  in  the  latter  part  of  the  preceding  rule  ^. 


^  This  rule  will  b«  safficiently  clear  fhnn  the  preceding  notes. 


Part  I. 
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98.  What. sum  will  purchase  937  baskets  of  figs,  at  12. 6«.  9d.f 
per  basket  ? 


Operations. 
By  Rule  1. 


6d. 


X 

a 


a 

237 
26 

1422 

474 

x 

J. 

6 

6162 
118     6 
59     3 
9  lO^ 

20 

634|9     7t 

Answer  317^-  9*.  7d.: 


J?y  i^tife  2. 


5«. 

1 
6d. 

3 

X 

s 


Answer  317     9    7-; 


X 

4 

237 

X 
6 

59     5 

X 
2 

11  17 

X 
2 

5  18     6 

X 

II 

2  19    3 

9  lOi- 

£xplanaHons, 

In  the  first  operation  I  multiply  237  by  3^, 
the  number  of  diillings  in  14  6#. ;  then  I  take 
parts  for  the  remainder  of  the  priee,  (viz.  Bd,^,) 
6d,  f  of  a  shilling,  3d.  |  of  6rf.,  and  ^d.  ^  of 
Sd, ;  I  divide  by  these  in  order,  and  add  up 
the  quotients  tog^ether  with  the  first  mentioned 
product ;  then  I  divide  by  SO  to  reduce  the 
shillings  to  pounds. 

In  the  second  operation,  I  let  the  given  num- 
ber 237  represent  the  value  at  1  pound ;  I  then 
take  the  rest  of  the  price  in  aliquot  parts, 
namely,  5*.  -J-  of  a  pound,  1*.  -J-  of  5*.,  6d,  -J- 
of  Is.,  Sd.  -^  of  6<r,  and  fd.  -^  of  Sd*,  and  hav- 
ing divided  by  these,  I. add  the  quotients  an4 
top  line  together  for  the  answer. 


6d. 

X" 

a 

4 

X 

8     ' 

2  0 

99. 

516  at  12.  13^.  6d4. 
33 


154S 
1548 

17028 

258 

32 


lOs. 
5 

1. 

6d. 


X 
Q 
X 

9 

X 

s 


100. 

428  at  1/.  I6s. 
214 

107 
21     8 
10  14 


ed. 


Answer  781     2    O 


17318  3 


Answer  865^  \Ss.  3d. 


101.  135  at  \l.  2«.  6d.     Answer  151/.  17*.  Sdi 

102.  153  at  i;.  Ss.  9d.     Answer  219/.  ISs.Od. 

103.  137  at  1/.  17*.  6d.^.     Answer  2571.  Os.  4d.f. 

104.  160  at  1/.  l&s,  Sd.     Answer  S09L  6s.  8d. 
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14d.  tnen  ih€  prke  Upotmdi,  9fUlUng9,  pence,  and  farthings. 

Rule*  Multiply  the  giyen  number  by  the  pounds^  take  parts 
for  the  rest  of  the  price,  and  proceed  as  in  the  former  rule»  ^ 

105.  What  will  571  cwt.  of  sugar  cost,  at  2/.  12«.  9d.^  pei*  ewt,  ? 

OpE&ATIOK* 


10 


2 
6d, 

3 

1 

I    T 


I 
T 

671 
1143 

» 

1 
T 

385 

10 

57 

3 

t 

14 

5 

6 

1 

r 

3 

9 

1 

3 

9+ 

Mjtplanatiojg* 
Here  t  ttliiltiply  the  gtyen  mimber  by  2,  the 
niUBber  of  pounds ;  I  then  take  pvU  fo;*  the 
12f.  Bd-f,  fCvide,  and  add  all  the  quotient 
and  the  product  by  2  togdh^,  and  the  result 
U  the  answer* 


Amwer    1507    4    Of 


■VWiB^ 


c 

4 

1 

T 

d. 

S 

1 

106. 

337  at  \%k  4$.  U. 
13 


3844 
47     8 
7  18 
Answer  3899    6 


#« 

10 

I 

d. 

10 

I 

107. 

I  359  at  352. 10«.  lOd. 

35 

1795 
718 
179  lO 
14  19  3 


Answer  9169  9  3 


108.  643  at  4«.  6».  Sd^    Anstofit  3786L  6s.  Sd. 

109.  719  at  SI  16*.  3rf.->.    ^n^cr  3702Z.  19«.  9<i.f* 

110.  398  at  181.  9s,  Od.    Answer  5483i.  4s.  Od. 

111.  343  at  312.  16«.  6d.    Answer  5303/.  95.  6<i. 
113.  131  at  30Z.  I9s.  9d.^.    Answer  3749Z.  14«.  9d.i- 

150.  When  the  given  number  consists  of  a  whole  numher  and 

parts. 
Rule.  Work  for  the  -whole  number  acceMrding  tathe  direc- 
tions given  in  tho  foimer  xxd&u  wad  add  ift  «^Gb  »  p^rt  of  the 
price  as  the  question  requites  ^ 


m^—r*^*  '«*  .'^ 


iimi  'I » 


fc  If  the  given  nin^et  bo  «idltifii«d  by  the  pouods  each  «osts,  the  product 
wUl  evidently  be  the  value  for  the  pounds ;  the  reasons  on  whieh  the  method 
of  taking  the  aUquot  parts  for  the  remainder  of  the  price  is  founded,  have 
Veen  already  explained. 

«  Vi»  prica  of  t  wm  tvVUatly  ba  (half  tU  price  of  1,  or)  half  the  giwD 


Vam  I. 


^RACTICK. 
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113.  What  19  the  valm  of  1094^  ctosen  of  wioe,  at  2^  €$.  €d, 
per  dozen  ? 


5f. 


1 
6d, 


T 
I 


109i 
2 


218  value  at  22.  per  dozen, 
27     5  at  6«. 

5     9  at  U. 

2  14  6       at6d. 

1     8  3=34.  of  «i.  6$.  6d.  or  the  talue  of\. 


Answer  254  11     9 


114.  2974  yards  of  cambric,  at  12».  Ad,  per  yard? 

|4d.|  i  I  2374 
12 

2844       valw  at  12*.  fcr  fard, 
79  at  4d, 

3     1  0/4  yard  /  =*  3^^' 

2|0)293|2    3 

U5.  1424  at  22. 1(K  6d.     .<to|0£r  3592.  I6s.  3d. 

116.  27H  9X  7i.  6d.    Ausum  1022.  9s.  44.i^ 

117.  M44  at  ]7<.    ^^J5u«9er  1992.  10*.  9d. 

116.  1204  at  52.  15«.  5d.     Amwer  6962.  16r.  Sd.^. 

151.  ffhen  the  given  number  h  ofseverai  denominations, 

RyuB.  Multiply  the  given  price  by  the  highest  denomination 
of  the  giv^o^  qumber,  and  taJui  the  remaining  denomiiwtions  of 
the  given  number  in  aiiquot  pnvts  of  the  highest,  and^(>f  one 
another,  and  work  as  ia  the  pmeeding  rules  *, 


fi^c^ ;  in  likft  m»9X»x  ti»  fxk^  «f  ftoy  |Mrt  vttcvid^Atljr  lie  the  tame  part  of 
tbftlfiTeo  pric« :  Ute  rule  U  tiier«€oK  maoif^ft. 

*  Tb«  r^4sp9  Qf  Uie  nile  will  appesff  fr<«ii  9D  exwaipation  of  the  U^tb  £x- 
•lOfiJIf  $  wheirej  tipce  1  «wt  <»8U  8/.  13#.  ^.  it  U' plain  that  15  cwt.  witf  cost 
15  timet  8/.  \2s,^.  (or  n$l,  5fi,) }  1  quarter  wiU  oott  t  of  8/.  18^.  4(f«  (or 
3/.  3«.  \d,)y  and  14  lb.  will  cott  half  what  a  quarter  costs,  (or  IL  Is,  Sd.f)  ; 
and  that  these  several  quotients  being  added  together,  the  sum  will  be  the 
answer. 

The  Exsimples  under  this  rule  should  be  proved  by  The  Bule  of  Three. 


/ 


144 


ARITHMETIC. 


Paht  1. 


119.  'What    will    IBcwt.   Iqr.   I4tlb.   of  tobacco  cost,    at 

Si,  12*.  4d.  per  cwt.  ? 
Operation. 

Ij.       8,       d, 

S     V^    ^    the  value  of  lewt, 
5 


qr. 
1 


lb. 
14 


JL 


43 


8 
3 


129 
2 
1 


5 


O    the  value  of  X^cwt. ' 
3     1  of\  quarter, 

1     64=  o/  14i6. 


Answer  132      9     7t  ^^  voLu^  of  \^cwt,  \qr.  l^lb. 

JSaplaneUioH. 

Having  put  down  the  given  price,  I  multiply  it  by  15,  that  is,  by  5X3,  the 
number  of  cwts. ;  I  then  say,  1  qr.  is  -^  of  a  cwt.,  and  14  lb.  -|-  of  a  qr. ;  I  di- 
vide the  top  line  by  4,  and  the  quotient  ^l,  Zs,  \d.  by  2,  and  add  the  whole  to- 
gether for  the  answer. 

The  proof  is  stated  thus,  U2lb,  :  82.  ISf.  4d.  : :  iSewt,  Iqr.  14/6. 


•  The  following  tables  of 

aliquot  parts  will  be 

necessary  in  solving  these 

Examples.  ^ 

Of  an  ewi. 

Of  em  acre. 

Of  a  hhd.  tfvnne. 

S  qr.  or  56  lb.  =»  f 

3  roods  s»  f 

9  gallons  » -^ 

1  qr.  or  28  lb.   «  -J- 

Irood    «  -J- 

7  gallons  =s  -J- 

161b.                 «.:L 

.    3  gallons  ^  ^ 

141b.                 «  f 

QTa  roo(f. 

81b.                 =^ 

20  poles  «  ■§• 

Qf  a  gall*  qf  wine. 

71b.                =^ 

10  poles  =  -J- 

S  quarts  =  -J- 

8  poles  =  -J- 

1  quart    =  -J- 

Of  a  quarter. 

5  poles  =  i 

1  pint      ■=  i" 

,^lb.      -      i 

4  poles  =a  tV 

7  lb.      =»      :i' 

3  poles  =  Vjt 

4  lb.      «      f 

3ilb.   «      t 

_ 

21b.      =     tI^ 

To  find  the  aliquot  parts  cl%ny  number,  divide  it  successively  by  2,  3, 4,  &e. 
to  half  the  given  number,  and  reserve  all  the  quotients  which  aris6  without 
remainders,  then  each  of  these  quotients,  and  its  divisor,  will  be  aliquot  parts 
one  by  the  other;  thus  in  1  cwt.  or  112  lb.  I  find  that  14  will  go  8  times, 
therefore  14  lb.  is  -J,  and  8  lb,  -jJ^  of  an  hundred  weight.    < 
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1«0. 
I7cwt.  Sqr.  '^llb,  at  1/.  2«.  3d.  per  cwt. 


qr. 
2 

4- 

•i- 
1 

T 

1 
T 

1 

s. 
8 

d. 

3     Iferc4x4-fl= 

4 

4 

9 

0 
4 

1 

Ulb, 

7 

17 
1 

16 

11 
5 

2 

1 

O    va/iie  of  16  cfof. 
3                     1  cwt. 
li                  2  9r«. 
64                   Iqr. 
94r                 14  Z6. 
44^                  7  lb. 

Answer 

19 

19 

1    va^u^  of  17 cwt. 

=17. 


121. 
134  acre*,  3  roods,  16  poles ^Sii  ^l.  125.  6d.  per  acre. 


r. 

L, 

9.    d. 

2 

1 

T 

2 

12     6x4 

Here  10x10+30+4 

10 

26 

5     0x3 

10 

ueof 

262 

10    0   raZ 

100  cures. 

78 

15     0 

30  acre». 

10 

10    0 

4  acre*. 

1 

I 

1 

6    3 

2  roo<i*. 

lOp. 

i 

13     \\ 

1  rood. 

5 

1 

T 

3    3^ 

lOpoZev. 

1 

1 

T 

1    74- 

5  poles. 

1 

H 

1  jooic. 

Aju 

\w€r 

353 

19    7    value  of 

134a.  3r.  16p. 

==134. 


122.  What  is  the  value  of  12ctee.  1  qr.  1426.  of  rice,  at  2/.  12*.  6d. 
per  cwt.  ? .   Ans.  322.  9*.^  Sd.^. 

123.  What  will  25cw*.  29r.  1426.  of  tobacco  cost,  at  112. 12f.  6d. 
per  cwt.  ?     Ans.  2972.  17*.  9d4. 

124.  What  will78cti?*.  S^r.  1226.  of  currants  cost,  at  52. 15*.  6d. 
per  cwt.  ?     Ans.  4552.  8*. 

125.  Required  the  value    of  23ct<;f.  39r.  826.  of  soap,  at 
32.  19*.  Ilc2.  per  cwt.     Ans.  952.  3*.  Sd.^. 

126.  Find  the  value  of  17c«;2.  l^r.  1626.  of  iron,  at  12. 10*.  4d. 
per  cwt.     Ans,  262.  7».  7d. 

VOL.  I.  L 
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127.  What  must  be  paid  for  59cirf.  ^qr,  «4i6.  of  salt,  at 
2/.  17s.  4c/.  per  cwt.  >     ^ns^  IJIL  35,  7^.4- 

128.  At  2/.  9«.  6d.  per  cwt.  what  must  be  given  for  22cwf. 
3qr,  21/6.  of  cu^railts  ?     Ans.  56/.  15«.  4c/.4. 

J  29.  What  is  the  yearly  rent  of  145  acres,  1  roody  32  poles  of 
land,  at  20/.  JO*.  6rf.  per  acre  ?     Ans.  2985i<  7*.  2fl.i. 

130.  What  will  1234^d(/.  28o'a/.  Sqt.  of  port  wine  cost,  at  60?. 
per  hhd.  ?     Ans.  74067/.  7*.  Td-^. 

FRACTIONS. 

152.  A  fraction  is  k  number  whic^  denotes  one  or  mons  parts 
of  unity ;  the  qiumber  1  being  supposed  divisible  into  any  num- 
ber of  equal  parts  at  pleasure  :  whatever  expresses  any  assigned 
number  of  those  pai'ts  is  called  a  fraction. 

Fractions  are  usually  divided  in}o  Vulgar^  Decin^al,  Duodeci* 
mal,  and  Sexagesimal  ^. 

VULGAR  FRACTIONS. 

153.  Vulgar  Fractions  are  those  which  express  the.  parts  of 
unity,  into  whatever  number  of  equal  parts  it  may  be  sup- 
posed to  be  divided. 

154.  A  Vulgar  Fraction  is  denoted  by  two  numbers  placed 
one  over  the  other,  with  a  small  line  between  then^,  thus,  f . 

155.  The  number  below  the  line  is^CfJlc^^the  deiiommaioK -,  it 
shews  how  many  parts  the  unit  is  supposed. to  be  divided  into. 

156.  The  number  above  the  line  is  called  the  numeratbr -, '  it 
shews  how  many  of  the  aforesaid  parts  are.  to  be  understood  by 
the  fraction.  .  .  1       . 

Thus  in  the  above  fraction  ^f  the  number  7  is  the  denominator,  and  shews 
that'  I  is  supposed' to  be  divided  into  7  equal  parts.;  4  ia.the'  anmesator,  and 
shews  that  4  of  those  parts  are  to  be  understood  bf  the  fraction ;  that  is,  the. 
vaLae  ofthefraction  i»/bur  seffcnths^ov  four  Qf,siicb,e<;(ual  pArts  of  wfc^ch seven* 
just  make  the  number  I. 


'  The  word  Jraction  is  derived  from  the  Latin  yrait^,  to  break,;  aqd  is  a. 
name  descriptive  of  the  numbers  included  under  it.  Pecimals  and  Duodeci- 
mals will  be  distinctly  treated  of;  Sexagesimals  (or  Sixtieths)  will  likewise  be 
explained  when  we  treat  of  Practical"  Geometry,  Trigotiometry,  &c.  The  term 
vulgar  comes  from  vulgus,  the  common  people.  Vulgar  TVactiotis  mean  frac- 
tions that  admit  of  any  denomination  whatever. 


9auv  t  VULGAll  FRACTIONS.  Ut 

£57*  Wh^B  the  nitaheratot*  is  te«r  thitn  the  dehdihinitoi^,  it  is 
evident  thtit  the  firaction  expresses  y^er  parts  than  1  is  supposed 
td  be  divided  into  j  consequently  the  value  of  the  ftaktion  is  lesii 
than  1 :  such  a  fraction  is  called  a  proper  fraction ;  thus,  f  (one 
ludf}y-4/(t«ro  ihirdt),  -^  (tbn^e  ekteiitbB),'&c.  are  proper  fnu:tioii4. 

•  158.  When  the  numerator  is  equal  to  the  denominator,  the 
fraetion  esqpresses  just  so  many  parts  as  1  is  supposed  to  be  di-^ 
vided  into ',  consequently  its  value  will  be  equal  to  1 .  In  like 
manner,  when  the  numerator  is  greater  than  the  denominator, 
the  fraction  expresses  more  parts  than  1  is  divided  into,  and  its 
value  is  greater  than  1.    In  either  case  the  fraction  is  called  an 

improper  fraction  j  thns,  4  (four  Ibiinrths),  f  (five  fifths),  ^  (seven  thirds), 
^  (twenty-one  ninths),  &c.  are  titt proper  factions. 

1*59.  But  this  division  is  not  confined  to  unity ;  we  may  con* 

ceive  the  parts  themiselves  susceptible  of  a  similai:  diWsion; 

every  fraction  may  be  subdivided  into  other  parts  ot  fraAions> 

and  these  into  others,  and  so  on  without  end :  the  expression 

denoting  a  fraction  arising  from  such  a  division  and  subdivision 

of  utiity  is  called  a  compoudd  fraction',  thus,  -J-  of  -^  (one  half  of  one 
half),  -I-  of  ^  (two  thirds  of  three  fifths),  \of^oi\  (one  fourth  df  two  sevenths 
of  three  eighths)  ;  such  expressions  as  these  consisting^  of  two  or  more  fractions, 
with  the  word  qf  interposed  between  them,  are,  as  is  evident,  meant  to  ex- 
press a  part  of  a  part,  or  parts  of  parts,  and  sure  called  compound  fractions. 

160.  A  simple  fraction  is  that  which  is  expressed  by^  one  nu* 
merator  and  one  denominator,  and  both  whole  numbers. 

161.  When  a  whole  numbeV  and  a  fraction  are  connected^  so 

that  both  together  for  pa  but  one  number,  such  an  expression  i^ 

called  a  mixed  number-,  thus,  if  (one  and  two  sevenths),  54  (five  and' 
eight  ninths),  14^  (fourteen  and  one  sixth),  &c.  are  mixed  numbers. 

16%  When  either  the  numerator  or  the  denomina^ar.is  ji| 
mixed  number,  or  when  both  are  mixed,  the  fraction  is  called  a 

complex  fraction  ;  thus,  -il.(three  and  ohe  half,  fourths),  —  (two,  three  and 


2» 

3.^ 


4  '34. 


five  sixths),  —  (two  and  two  thirds,  three  a[nd  four  fifths'),  &c.  are  complex 
fractions. 


«<>  ii. 


s  When  both  terms  are  complex,  this  reading  if^ill  scarcely  be  intelligible  j[ 
perhaps  it  will  be  better  in  read  these  fractions  in  the  folldwing  inanner ;  vis. 

-X  three  and  one  half  6^  four  ;  —  two  hy  three  and  five  sixths ;  J-  two  and 
two  thirds  by  thrpe  and  four  fifths  ',  a(ad  the'lih^  of  either^ 
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16^.  A  common  measure  of  two  or  more  Qumbcn  k  sock  a 
Dumber  as  will  divide  eaeh  without  leaving  any  remainder  |  and 
the  greatest  common  measure  is  the  greatest  number  posMble  thai 
will  divide  each  without  remainder. 

/  164.  A  common  multiple  of  two  or  more  numbeni  is  a  mimber 
which  each  of  them  will  divide  without  reaiaiDderf  and  the 
least  common  multiple  is  the  least  number  that  eaeh  of  them  will 
so  dii^ide. 


REDUCTION  OF  VUtXJAR  t^RACtlONS. 

165.  Reduction  of  Fractions  is  the  changing  them  from  one 
form  to  another  without  altering  their  values.  By  the  opera^ 
tions  of  reduction,  fractions  are  expressed  iff  the  most  convenient 
form  for  the  readily  understanding  of  their  values,  smd  likewise 
prepared  for  adding.,  subtractings  mukif^ying.  aad  dividing^. 

166.  To  find  the  greatest  common  measure  of  two  numbers. 

RvLB  I.  Divide  the  greater  number  by  the  IcIbb^  and  divide 
the  divisor  by  the  remainder. 

II.  Proceed  in  this  manner,  dividing  continually  the  last  di- 
visor by  the  tast  remainder,  until  nothing  remains :  the  last  di- 


— ^    >.    •■»  ?.        -       I.  J-       !     ■         ■     -  ;: 


There  are  tome  other  denominations  of  fractions,  as  eonti$med  fractions, 
nsed  for  approximating  to  indeterminate  ratios  in  small  numbers  y  vanUhing 
fractivMy  the  properties  of  which  are  best  explained  by  Flaxions,  &c. 

^  Previous  to  entering  on  the  Reduction  of  Fractions  it  t^ill  be  proper  to  re- 
mark, that  one  firactioA'  is  always  equal  to  another  when  the  numerator  of  the 
first  is  to  its  denominator  as  the  numerator  of  the  second  is  to  its  denominator; 
tbus,^  is^  equal  to^-orto^orto-l-  or  Ur.*^  or  to  ^^  orto-^-^^,  &c.  for 

4 


1  :5 


A       in 


8 
10  :  20 


50  :   100 
^100  :  200,  &C. 

Hence  it  follows,  that  since  numbers  have  the  same  ratio  to  one  another  that  their 

like  multiples  or  like  parts  have  respectively,  both  teims  of  any  fraction  may 

be  either  multiplied  or  divided  by  any  (the  same)  samber  without  altering  the 

original  value  of  the  fraction ;  thus  both  terms  of -^^  may  be  multiplied  by  7, 9, 

&c.  or  divided  by  10,  5,  &c.  and  the  results  44^,  j.f^,  4,  4,  &c.  will  be  equal 

to  each  other  and  to  the  given  fraction  44* 
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vidor  is  the  greatest  eoBifiion  measure  g(  the  two  giiren  numbers 
as  was  required  K  • 

EXAMPLEI. 

I.  Required  the  greatest  common  measure  of  72  and  120. 
Operation. 

rSU^Oa  Explanation. 

VQ  ^*"*  ^  ^»^*'**  ^^  greater  by  the 

*  *  less,  viz.  1 20  by  72,  and  the  remain- 

48)72(1  <>«'  "  48.     Next  ]  divide  72  by  48, 

^g  and  the  remainder  is  S4.     Lastly,  I 

divide  48  by  24,  aqd  there  is  no  re- 

24)48(2  mainder,  wherefore  the  last  divisor  24 

43  is  ttte  greatest  com^ion  measure  re- 

'— '  quired. 

Jns,  24  the  greatest  common  measure, 

Q,  Required  the  greatest  commoa  measure  of  536  and  792. 

536)792(1 
536 


266)536(2 
6I« 

24)256(10 
24 

16)24(1 
16 

8)16(2 
16 

Answer  8  the  common  measure  required, 

3.  What  is  the  greatest  common  measure  of  12  and  }5  ^ 
Ans.  3. 


^  If  any  number  measures  two  other  numbers,  it  will  measure  both  their 
sum  an4<dilEereriee;  this  being  pr«mi8ed,  the  truth  of  the  rule  may  be  shewn- 
from  the  first  Example ;  thus,  24  measures  48,  as  appears  by  there  being  no 
remainder ;  wherefore  it  measureg  48 -f  24,  or  72 ;  and  since  it  awaMres  both 
48  and  72,  it  likewise  must  measure  48  +  7S,  or  120 ;  wherefore  24  is  a  oom- 
mon  measure  of  72  and  120. 

It  is  likewise  the  greatest  common  measure ;  for  if  not,  let  there  if  possible  be 
a  greater  $  then,  skioe  this  greater  meaaures  72  and  120,  it  will  measute  their 
difference,  (vte.  15»)  — 72or)  48 ;  and  since  it  measures  72  and  48,  it  will 
likewise  measure  their  difference,  (or  72 — 48}  »  24;  wherefore  a  number 
greater  than  24  will  measure  24,  which  is  absurd;  wherefore  24  is  the  greatest 
common  measure. 

l3 
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4.  What  is  tbe  greatest  pm^fQn  ff^^etmr?  of  376  a^d  940 Jt, 
Ans.^H8. 

5.  What  is  the  greatest  common  measure  of  144  and  240? 
Jns.  48. 

6.  Wfaflut  is  the  greatest  commoa  measure  of  lSf6  wad  9408  ? 
Ans.  2. 

16/.  To  find  the  greatest  common  measure  of  three  or  more 

numbers, 

BuLE  L  Find  the  greatest  common  measure  of  any  two  of 
the  given  numbers  by' ti]^  last  rule. 

II.  Find  the  greatest  common  measure  of  this  common  mea« 
sure  and  another  of  the  given  numbers  by  the  last  rule. 

III.  Find  the  greatest  common  measure  of  this  last  common 
measure  and  another  of  the  given  nambef8>.and  aocn  until  all 
the  given  numbers  have  been  taken  5  t]|e.la^t  cpmmon  measure 
is  the  greatest  common  measure  of  all  the  given  numbers  ^. 

7.  Required  the  greatest  common  onoasure  of  32^  48>  and  68. 

Operation. 

First  32)48(1 
32 

'~F\  00  /o  Explanation. 

oA  Ficct  I  find  the  greatest  common  measure  of  32  aad 

^  '  48,  (by  Art.'166%)  which  is  16. 

Theil  T  find  tbe  greatest  commoa  measure  of  1 6  and 

Then.  Y^^tsMA  the  remaining  number  68>  which  is^;  therefore  4  is 

^    ^  the  greatest  common  measure  of  the  three  given  nom- 

^^  bers  32,  48,  and  68,  as  was  required. 


4)16(4 
16 


Ans,  4. 


*n'y""*"     ■"  ■>— ^■^*<i  I    Mil   ii  I  |i««i    I    ii|it     |ii   ijiii  I  ■■  I  >»»ii  f   fniiiiiii   »iin   »*»t«  ii>w 

•  ■       1  ■    .  •      .  '   •  t  •    ••  i 

I  ^  Hanug  found  th«  greatest  ci^mmpp  measivei  ol4wQ  qC  tbe.givdnr  i^nmbers^  if 
this  measures  the  third,  it^^^^riHevid^ly  \»  the  greitttitr  comBmnib^ufe.  «£att^ 
the  three ;  but  If  not,  then  it  is  equally  evident  that  thegrcMcstConinraii^nmisiiffe. 
of  thb'said ctounoti  m^aMoe and  of  thethird. number  w^ -lli^  the  greelefct celn- 
mon'meaMue  of  th«  th^ee  giv«o  numbera  %  and  in^e  sii|ii«,  v»mai  t|ie  gref^t^ 
(!it  co«k^)oa  mwsare  Q^foar  or  flkoredttdiben  fnay  be  a«7coust^d  ISmt* 
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8.  What  k  tlie  greatest  common  messufe  i^  144^91 6,  tod 

The  greatest  common  measurti)/ 144  md-^lG^^  Art\  166,  it 
72,  and  the  greatest  common  nteasure  of  7^  and  324  is  36, 
the  greatest  common  measure  rf quired. ' 

9.  What  i3  tiie^^te6t  common  measure  of  S6,  ld$>  \B4i  and 
165  ? 

The  greatest  com.  meas,  of  SB  and  132 1«44. 

^/44  and  154  is  ^9. 
of  22  and  165  w  11,.  the  answer  req. 

XO,  What  is  the  greatest  common  measure  of  7%  1^0>  and 
13S^?     4ns.  12.  . 

11.  Wtiat  is  the  greatest  common  measure  of  376,  D40, 1034> 
and  1081  ?     Ans,  47. 

12.  Required  the  greatest  common  measui^  cS  10&;  200, 
350,  425,  and  505.     Ans.  5. 

168.  To  find  the  least  common  multiple  of  two^iven  numbers. 

.  BiJju»  1.  Fmd  th^  greatest  common  measure  of  the  two  giyen 
wmbers,  by  Arjt.  166* 

II.  Multiply  the  two  given  numbers  together,  and  divide  the 
Jnrodut^t  by  tl^  greiilest  common  measure ;  the  quotiei^t  is  the 
least  common  multiple  rfi(|uired  *. 

13.  What  is  tt^e  least  common  multiple  of  12  and  18  ? 

^  ^      12)18(1 

The  greatest  common  measure  1   '        jg 

of  12  and  18,  found  by  Art.  >  -^mq/o 

166,  isC',  thus,  J  ^>J*V« 

12 

•  ,  _  ,^  • 

And  their  product  l^  X  18=^216. 

'    ^16 
Therefore  — ;—  =;  36  the  least  common  multiple  required.      „ 
6 


«        '    t     r. 


yrrsfS 


^  For  the  ^eatest  common  measure  of  two  numbers  will  evidently  mtflsflra 
their  product ;  and  if  a  number  greater  than  the  greatest  common  meal/IHft  be 
assumed,  then  one  of  the  two  numbers  being  divided  by  it,  the  quotient  will  be 
a  fraction,  and  the  other  given  numb^  -  being  multiplied  by  this  fraction,  the 
product  will  not  be  a  multiple  of  that  number ;  whence  the  rule  Is  plaiQ. 
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14.  What  is  the  least  common  multiple  of  48  and  72  ? 

Their  greatest  common  measure  (by  Art,  166.)  is  24,  and 

their  product  48  X  72  s=  3456. 

3456 

Therefore =  144  */i€  answer, 

•^         24 

15.  To  find  the  least  common  multiple  of  30  and  40. 

Greatest  common  measure  10. 

^      ^       SO  X  40        1200       ,^^  ^, 

Therefore = =  120  the  answer.        • 

•^  10  10 

16.  What  is  the  least  common  multiple  of  15  and  20  ?  Ans.  60. 

17.  Find  the  least  common  multiple  of  60  and  84.    Ans.  420. 

18.  Required  the  least  common  multiple  of  108  and  162. 
Ans.  324. 

169.  To  find  the  least  common  multiple  of  three  or  mare 

numbers  "*.- 

Rule  I.  Find  the  least  common  multiple  of  any  two  of  the 
numbers  by  the  last  rule. 

II.  Find  the  least  common  multiple  of  this  multiple  and  an- 
other of  the  numbers,  and  it  will  be  the  answer  for  three  Bum* 
bers. 

III.  Find  the  least  common  multiple  of  this  last  multiple  and 
another  of  the  numbers,  and  it  will  be  the  answer  tor  four  num« 
bers. 

IV.  Proceed  in  this  manner  until  you  have  obtained  the  least 
eommon  multiple  of  all  the  given  numbers. 


ii  1 1 


»  The  rule  g^veo  by  Mr.  Bonnycastle  is  as  follows : 

**  1 .  Divide  by  any  nomber  that  wUI  fiiFUie  tr^  or  more  of  the  given  num* 
bers  without  remainder,  and  set  the  quotients,  together  with  the  undivided 
numbers,  in  aline  beneath.^' 

**  2.  Divide  the  second  line  as  before,  and  so  on  till  there  are  no  two  nom* 
bers  that  can  be  divided ;  then  the  ccmtinaed  product  of  the  divisors,  quo* 
tients/'  and  undivided  numbers,  **  will  give  the  multiple  required/' 

Thus,  to  find  the  least  common  multiple  of  4, 10,  and  15.  ' 

5)4     10     15( 


2)4 

2 

3 

2)2 

1 

3 

1 

1 

3 

fUrtfore  5)<2X2X3»60^Ae  Ueut  common  muUipie  required. 
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19.  What  is  the  least  common  multiple  of  4>  10>  and  15  > 
The  least  common  multiple  of  4  and  10  (by  Art.  168)  i» 

4  X  10       40       ^^ 

— ;; — =-7r==20. 

The  least  com.  mult,  of  20  and  15  i* = =  60. 

5  5 

Therefore  60  is  the  least  common  multiple  required. 

20.  What  is  the  least  common  multiple  of  12,  16,  and  30  ? 

12  X  16 
.  Least  common  multiple  of  12  and  16  is =  48. 

48  X  30 

Least  common  multiple  of  4S  and  30  is =  240  An$, 

6 

21.  Find  the  least  common  multiple  of  the  nine  digits  1>  2« 
3,  4,  5,  6,  7,  8,  9. 

Here,  because  B  is  a  multiple  of  1,  2,  and  4,  every  multiple  of 
8  will  be  some  multiple  of  1,  2,  and  4 ;  in  like  manner  6 
being  a  multiple  of  3,  every  midtiple  of  6  will  be  some  muU 
tiple  ofS;  wherefore  in  the  operation  the  numbers  1^  2,  3» 
and  4,  may  be  omitted,  as  being  aliquot  parts  of  some  of 
the  other  numbers.  To  find  the  least  common  multiple 
therefore  of  all  the  nine  digits,  we  have  only  to  find  that  of 

5,  6,  7j  8,  and  9. 

5x6 
The  least  common  multiple  of  5  and  6  is  -^ =  30  5  of 

^                               30  X  T                                             210  X  8 
SO  and  7  is — !-  =s  2IO5  o/210  and  8  is ^ — ts 

840  x  9 
S40>  and  of  840  and  9  is r =  2520  the  answer. 

22.  What  is  the  least  common  multiple  of  3,  4,  and  8  ? 
Ans.  24. 

23.  What  is  the  least  common  multiple  of  3,  5*  8,  and  10  ? 
Ans.  120. 

24.  What  is  the  least  common  multiple  of  3>  8,  14^  and  22  ? 
Ans.  1848. 

170.  To  reditee  afraetwn  to  its  lowest  terms. 

Rule  1.  Find  the  greatest  common  measure  of  the  numera« 
tor  and  denominator  by  Art.  166. 

II.  Divide  both  terms  of  .the  fraction  by  the  greatest  common 
measure^  and  the  quotients  will  be  the  numerator  and  denopai- 
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nator  refspectNely  ^  die  firactMH  which  etpstetis  the  I<mest 
teitDs  of  the  given  fraetion'*. 

144 
85.  Reduce  -----  to  its  lowest  terms. 

First,  find  the  greatest  ^      144)186(1 
common  measure  hjf   >  144 

Art,  166,  thus,  J  42)  144(3 

126 

1S)42<2 
36 

greatest  common  m^(avre  6)18(3 

18 

Secondly,  divide  both  terms  of  the  given  fraction  by  the  greatest 

144       24 

common  measure  6,  ihus;  6) =  —  the  answer, 

U86      31 

Of* 

46.  Reduce  ---  to  its  lowest  terms. 

The  greatest  common  measure  by  Art,  166  is  12. 

Mn  J*  ^6  3 

Jmrefore  1^)—  =  —  the  lowest  terms  required, 

tj'  Reduce  -7-7-7-  ^o  its  lowest  terms.    Ans,  --7. 
816  34 

Common.m^asure  24. 

144  6 

28.  Reduce  ■ '■  ■■  to  its  Ipwtest  terms.    Ans,  -^. 


"  Two  fractions  are  equal  to  each  oilier  wben  the  numerator  of  one  has  to 
its  denominator  the  same  ratio  which  the  numerator  of  the  other  has  io  \t6  de- 
nominatdr,  a^  is  plain  from  the  definition  of  a  frttetkm ;  hence  if  Ib1k>w#  that 
the  same  fraction  may  be  expressed  in  a  great  variety  of  ways ;  thus,  '-^'  is  1^ 
same  as  4  or ;|Jor 4  or  -^  or^^  •r. kW^ ^*  9  ^^^ beingprefni^^, the  ab«ve 
rule  teaches  to  find  the  least  numbers  possible  that  will  express  any  given  Arac- 
tion ;  if  a  fraction  be  not  in  its  lowest  terms,  both  terms  must  evidently  be 
dividedy  and  .they  .rnnst  bath  |>e  lliirided  by  Me  ffftie  fuffi^betrf  otherwise  the 
terms  would  n»t  be  proportionals,  and  therefore  the  resulting  fra^on  wnnld 
not  equal  the  given  one ;  (see  note  on  Art.  165.)  :  moreover  this  divispr  must 
be  the  greatest  possible,  (viz.  the  greatest  Cbmmoil  n^^asuriJ  oY  both  t^rm&,) 
otherwise  the  quotients  will  iM  be  the  least  poMible:  whence  the  rule-  is 
plain.  •  ..     .     •  •  *  '  .      , 


39.  Reduce -— -  to itsipw^t  t€«i9B.    4ns.  ^. 

2592  .    .  3 

SO.  Reduce to  its  least  terms,    jins.  — . 

3456  4 

2064  '         '  86 

3 1 .  Reduce  --—  to  the  lowest  terins  possible.    Ans, 


3432  .  »   x^ .- .  143 

171.  To  reduce  afrfwtion  toitslgmst  t^m»»  without  fr$t 
finding  the  greatest  common  measure. 

Rule  I.  Divide  both  terms  ef  the  fraction  by  any  number 
yrlfi}fih.  will  divide  bot]ii  without  pemainder^  and  the  quotients 
will  form  another  fraction  equal  to  the  former^  but  in  lower 
tnmis. 

n.  Divide  both  terms  of  this  latter  fraction  by  any  number 
that  will  exactly  divide  tliem*  and  th^  quotients  will  form  an- 
other fraction  in  stilt  low^  terms  than  the  last,  and  equal  to  it. 

III.  'Proceed  in  this  manner  as  long  as  division  can  be  made> 
and  the  last  fraction  will  be  thie  lowe^  terms  required ". 


«  Aoy  number  thji^  wi)i  diy^d^  both  terms  of  a  fraction  will  evidently  pro- 
duce an  equal  fraction  in  lower  temU  s  no#  if  tbi»  last  fraction  be  in  like  man- 
ner reduced,  and  likewise  the  resulting  one,  and  sd  on  oetotinually  as  long  as 
division  can  be  made,  it  is  plaiti  the  last  fraction,  arising  from  this  continued 
operation  will  be  the  given  fraction  in  its  least  terms.  To  assist  the  operations 
in  this  ntk  it  may  be  remarked,  that, 

1.  Any  number  ending  with  an  even  number  or  a  cipher  is  divisible  by  3. 

2.  If  the  right  hand  place  be  a  cipher,  the  number  is  divisible  by  10. 

3.  Any  number  ending  with  5  or  0  is  divisible  by  5. 

4.  Jf  the  two  right  hand  figures  be  Hivisible  by  4,  the  nunlibei'ls  divisible  by 
4. 

5.  If  the  three  ri^bt  l^and  i^gures  l^  divisible  by  8,  tttc  number  is  divijtibl^ 
by  8. 

6.  If  the  sum  of  the  digits  coqstituting  any  number  be  divisil^le  by  3  or,  9* 
the  whole  is  divisible  by  3  or  9. 

.  7.  :lf  ^  inSb^  Iw^td  digit-be;^vieii>  iq4  the  s^tn  of  aU  tlip  digits  ^is^Ue  hf 
6,  the  whole  will  be  divisible  by  €..•• .".  ''••..•  •• 

I  8.  Htbe  sioBiofitlle  first,.  tUr4,.fifkb,  digits  be  «qual  to  the  waa  of  tlK  te- 
comif-imMtll^  sia|by  &&;  the  mimber  !» idiMnbk  by>  1  k  , 

.  '9, 1  A.'iaiKb6D m\nkh  ib^ not  ia.8qitai;Sy'  tKta.  diMilibU  by  somfe  iNimber  l^a  than 
its  square  root,  is  a  prime. 

10.  ATI  prime 'numbers,  except  2  and  4,  have  either  1,3,  7,*  or  9,  in  tl»e 
units  place  :  all  other  numbers  are  compq«^.    > 

11.  When  numbers  having  the  sign  •}-  of  addition,  or  —  of  subtraction. 
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32*  Reduce  ~rr  ^o  its  lowest  terms. 
864 

OrSRATION, 

6)  4)  3)         2) 

720      120      30      10       5     .    _        ^^  .    ^ 

— --  = =  ■—-  =  ---=:---  ^Ae  loujest  terms  required. 

864      144      36      12       6  ^ 

JEspUtuttioH* 

Here  I  readily  discover  by  inspection  that  6  win  divide  both  terms  of  the 

ISO 

given  fraction,  and  the  quotient  is  ttt  ;  this  again   will  •  divide  by  4,  ^d 

30  10 

the  quotient  is  ^ ;  this  I  find  will  divide  by  3,  and  the  quotient  is  —  ;    I  di« 

5 
vide  this  by  2,  and  the  quotient  -^  not  being  divisible  (vis.  both  terms)  by  any 

number  greater  than  I,  is  the  answer. 

'    If  the  numbers  you  divided  by,  viz.  6, 4, 3,  and  2,  be  multiplied  together,  th* 

product  144  is  the  greatest  common  measure  of  the  given  fraction, 

240 
33.  Reduce  -r-  to  the  least  terms  possible. 
720  *^ 

10)  3)         4)         2) 

240       24       8        2         1     .^     ^ 

=  --=-—= — s=:  — 'the  Answer. 

720       72      24       6        3 


296400 
34.  Reduce  ■     ■  -      to  its  least  terms^ 

1284000 
Here  dividing  successively  by  lOOj  and  12,  the  Ans,  is 


247 
1070' 


between  them,  and  \%  is  reqiyired  to  divide  them  by  any  number,  each  of  tke 
number*  must  he  divided.  But  if  they  have  the  sign  X  of  multiplication  between 

them,  then  wUy  one  of  the  number*  rnu9t  be  divided.    Thus,  .^L "^  ."" ^s 

3X6X9X12 
l'4-2+3 — 4s  2,  where  each  number  is  divided  ;  and ..    ■         =*  ^  X 

6x9X12,  or3xSX9Xl«,  orax6X3xl2,  or 3 >^ « X 9 >< 4 («648J, 

where  one  factor  only  in  each  case  is  divided. 

P  Tikis  rule  is  nothing  more  4han  reducing  an  integral  quantity  into  such 

parts  as  the  denominator  expresses :  thus  in  ex.  37  we  are  required  to  rediioa 

4|- ;  n^w  here  we  bring  the  4  into  Hxthsy  vix.  24  sixths,  to  this  we  add  the  5, 

29 
which  is  likewise  sixths^  making  in  the  whole  29  sixths,  or  -g- ;  ^d  the  Uk?  u|l 

all  cases :  wherefore  the  rule  is  plain* 
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19^  1  ' 

35.  Reduce  — ^  to  its  lowest  t^rnui.    jhis^  — . 

36.  Reduce  -— -  to  its  lowest  temis.    Ans.  — . 

172.  To  reduce  a  mixed  number  to  its  equivalent  improper 

fraction. 

Rule  I.  Multiply  the  whole  nuinbet  by  the  denominator  of 
the  fraction^  and  to  the  product  add  the  numerator^ 

II.  Place  this  number  over  the  denominator  of  the  fraction, 
and  it  will  be  the  answer  required  <*« 

37.  Reduce  44-  to  its  equivalent  improper  fraction. 

Operation.  Explanatum. 

4  X  6  +  5  =  29  numerator.     ,  ^  multiply  the  whole  Dumber  4  by  the 

denoichmator  6,  atid  to  the  product  24  I 
^,       29    ,  ddd  the  numerator  5,  which  makes  99 ; 

ili£n—  the  answer,  ^his  I  place  orer  the  denominator  6  for 

the  answer. 

38.  Reduce  5f  and  S-^^  to  improper  fractions. 

5x7+6      41    .             ^^        8xlO-h9       89, 
6f  = j----jAns.        aA  = j5 ^^Ans, 

39.  Reduce  12f  to  its  equivalent  improper  fraction.  Am,  — . 

5 

7409 

40.  Reduce  1234|.  to  an  improper  fraction.     An$* ^. 

6 

«   ,  .  -       .  35994 

41.  Reduce  3124-|4  to  an  improper  fraction.    Aus,  — . 

115 ' 

173.  To  reduce  an  improper  fraction  to  its  equivalent  whole 

of  mixed  number. 

Rule  I.  Divide  the  numerator  by  the  denominator^  and  the 
quotient  will  be  the  whole  number. 

II.  Place  thfe  remainder  (if  any)  over  the  denominator^  and  it 
will  be  the  fraction>  which  must  be  subjoined  to  the  whole  num- 
ber for  the  answer  ^ 


4  This  mode  of  operating  is  the  converse  of  the  former.  Here  we  haVe  a* 
number  of  parts  given,  and  are  required  to  find  how  many  wholes  can  be  made 
out  of  them,  supposing  that  one  whole  contains  as  many  parts  as  are  exjiressed 

* 

by  the  denominator ;  in  order  to  this^  we  must  evidently  divide  tlio  ntuuerator 


16$  joxa&u^fo.  iPabtI. 

42.  Reduce-— to iil»eqldvaJiiDli)IVbied' number. 

4 

OperaTIOMP.  Sief^v^on. 

^g  Here  I  divide  the  numerator  29  by  the  denominator  6, 

—  =:  4|.  Am*    uid  the  quotient  is  the  whole  nitmber  ;  aln(-  the  remain- 

6  der  5  placed  otct  the  denominator  6  gives  ^  for  the  frac- 

tion ;  these  ooaneoted  give  4|-  for  the  answer. 

43.  Reduce  ---  aod  —  to  mixed  iiumliei!^.      . 

7  10 

—  =  5f  Am.  15"^^^  ^^' 

72.         100 

44.  Reduce  —  and to  mixed  numbers.  Ans,  lOf  and  W^, 

i  y 

234  700 

45.  Reduce  — --  and  to  mixed  numbers.    An$,  \9^ 

a«(f  53j4. 

35994 

46.  Reduce  — ~ to  a  mixed  number.    Ans,  312-H4. 

115 


174.   To  reduce  a  whole  number  to  an  equivalent  fraction, 

having  a  given  denom'mdtor. 

Rule.  Multiply  the  whole  number  by  the  given  denominator, 
and  under  the  product  place  the  said  denominator,  and  it  will  be 
the  fraction  required'. 

47.  Reduce  3  to  an  equivalent  fraction,  having  4  ^r  a  deno* 
minator. 

Thus,  3  = =  —  the  answer, 

4  4 


^f  the  de||M>i»inator,  the  quotient  will  then  express  the  nomber  of  wholes  con- 
VMned  inr  the  ^iven  fraction,  and  the  remainder  will  be  the  parts  over  j  this  is 
plain  from  ex.  4'^.     This  rale  and  the  preceding  prove  each  other. 

'  Here  the  given  number  is  reduced  into  such  parts  as  are  denoted  by  the 
denominator';  und^r  these  the  denominator  is  placed,  to  designate  those  parts. 
Th«  troth- of  the  ri^le  may  be  shewn  by  dividing  the  numerator  of  this  traction 
by  its  deBOQunator,  by  which  the  given  number  will  he  produced.  Hence  any 
whole  number  is  reduced  to  the  fontt  of  a  fraction^  by  placing  1  under  it  for  a 
denoniiaatoc* 
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48.  Reduce  8  and  9  to  equal  fractions/ havii%  10  {or  the  de- 
nominator of  each. 

_,^^       8X10       80.         ^        „.  9x10      90. 

10  10  ^*.         >     10  10 

49.  Reduce  %  3,  and  4  to  equal  ft'actions^  having  25  for  a 

A  •     ^  ^      50  75         ,  100 

denominator.     Am.  — ,  — ,  and  , 

50.  Reduce  9,  8,  7>  6  to  fractions^  which  will  have  5,  4,  3, 

45   3^   21 ■         12 
and  2  respectively  tbt  denominators.     Am,  — ,  — ,  — ,  and  — . 

*^  ^         ■  ■  5     4     3  2 

175.    To  reduce  a  compound  fraction  to  its  equivalent  simple 

(M^^,  or  to,  a  stTnpkr  form. 

Rule.  Multiply  all  the  numerators  continually  together  for  a 
numerator,  and  the  denominators  together  for  a  denominator. 
Rediice  this  new  fraction,  if  it  be  a  proper*  fraction  and  requires 
it,  to  its  lowest  terms,  (by  Art.  170.  171.)  y  but  if  the  new  frac- 
tion be  an  improper  one,  reduce  it  to  a  whole  or  mixed  number, 
by  Art.  173'. 

2  5 

51.  Reduce  -rr  of  —  to  a  simple  fraction. 

3  7  * 

2>        5       13 

Thus  —  of — :=:--' the  answer.    Here  we  multiply  2  artd  5 
3.*'   7       20  ^         .        <: 

together  for  the  numerator,  and  3  and  7  together  for  the 
denominator. 


*  Having  a  part  of  ajDor/  giTen^  we  are 'faere tatight  how  to  reduce  it  to  its 
proper  part  of  the  ttkole.    Le^  — L  of  -I—  be  a  .compound  fraction  propQsed  to 

13  1  *       2  3 

be  reduced  ;  now  —  of  —  is  evidently  — ,  ?rtierefore  —  of  —  will  be  twice 

3         4  4  3         4.;- 

2  1  '  *  2  3 

as  great,  or  — ,  or  — ,  which  is  the  same  as  the  rule  ;  for  by  it  —  of  —  = 

*  '        4  2  ■  '34 

6  1  *         3  2  0 

—  a*  — ,  the  very  same  ab  before.    AsP'^f  ^^  ^^  -^  ^'^i^  evidently  be  -^  ;* 

12        2  5.7  ■         '  \  35 

V 

for  —  of  —  =» *-  5  =*  — ;  therefore  —  of  —  «  —  X  3  =  —  as  be- 

5         7         7  35  5  7         35  3d 

fore:  iHttnce the mle is maniTesf .  v    - 
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4  2         6 

52.  Redace  —  of  —  of  —  to  a  simi^  fraction. 

5  3        7 

Thus  —  of —  of —  = =  —  the  amtwer.     Here  we  re* 

5    -^   3    •'   7        106       35 

48 

duce  the  fraction to  Us  lowest  terms  btf  Art.  170, 171- 

105 

4         3         9         3 
63.  Reduce  —-of  —  of  —  of —  to  a  simpler  furm. 

6  2        2        4  '^ 

«L       4     ^  ^     /.  9     ^  3        324       81 

Tfltt*  -—  of-T-'  of—-  of---  = = --  =  4JV  *««  answer. 

5''2-'2''4  60        20       ^^ 

324  81 

Here  we  reduce  to  its  lowest  terms  —  Ini  Art.  170, 

80  20     ^ 

171>  and  then  we  reduce  this  improper  fraction  to  a  mixed 

number.  Art.  173. 

15        4  20 

54.  Reduce  -r-  of  ---  of  —  to  a  simple  fraction.    Ans. 


3  7        9  '^  189 

4  7         13  1 
55.  Reduce  —-of —  of —  of-— to  a  simple  fraction.  Ans,  — . 

7        9        4        5  ^  15 

3  8         5         7 

66.  Reduce  -z-  oi  --r  oi—-  of  —  to  a  simpler  form.    An- 
7         3         4         8  '^ 

5 
swer  -—  =  1^. 
4 

176.  When  any  of  the  terms  are  whole  or  mixed  numbers,  thej 
must  first  be  reduced  to  improper  fractions  by  Art.  172,  and  then 
proceed  as  before  *. 

4  3 

57.  Reduce  —  of  —  of  5i  to  a  simpler  form. 

7 

21 
Here  S^=z  —by  Art.  172. 
4 

TO      -       4     ^3      .21        252       63       9       ,      ^ 

1        2       "1 

58,  Reduce  —  of  —  of  -—  of  1^  to  a  simple  fraction. 

15 
Here  1{.  =  —  6y  Art  172. 
o 

Therefore  —  of-^  of-^of-^^ = Ans. 

79''l2*'8        6048       1008 


*  The  Tfson  of  this  rule  is  tufficiently  plain  from  the  foregoiDg  Qote*. 
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69.  Reduce  —  of—  of—  of5i^   to   a  simpler  form. 

4  •)  «r 

77 
^ns.  — ,  or  lii, 

60.  Reduce  —  of  —  of  —  of  124  to  a  simpler  form. 

T         6         • 

^'"'  It- 


177.  To  reduce  a  complex  fraction  to  it»  equivalent  nmpk  one. 
First,  when  one  term  only  of  the  gir>en  fraction  is  a  mixed 
number, 

m 

Rule  I.  Reduce  the  mixed  term  to  an  improper  fractioD>  and 
make  the  numerator  of  this  improper  fraction  that  term  of  a 
new  fraction  which  correspottds  with  the  mixed  term  of  the 
given  one. 

II.  Multiply  the  unmixed  term  of  the  given  fraction  by  the 
denominator  of  the  auKod  one,  and  make  the  product  the  other 
term  of  the  said  new  fraction^  which  will  be  the  fraction  re- 
quired \ 

61.  Reduce  —  to  ks  equlvaleajt  ample  isaction. 

Operation.  Explanation. 

^4         2x4-4-3         11  Here  I  reduce  the  numerator  3^  ^^ 

—  =s — ^ 22  —  Ans,       *n  improper  fraction,  the  nnmerator  of 

5  5x4  20  which   1 1    I  make  the  numerator  of  a 

new  IradMrn ;  and  tbe  deaomkoator  4  I 
multiply  into  tlie  iwuiiixad  part  S«  maUo^^  for  the  dexiominator  of  tba  Acpr 
fraction. 


V  Xhc  muiwiatvr  «nd  4e9omioator  are  here  equally  multiplied  ^  wherefore 

the  resulting  fraction  tvill,  it  is  plaiis  be  equal  to  the  given  one  :  thus,  ex.  6l . 

S^  and  5  are  both  multiplied  by  4 ;  for  taking  away  the  denominator  from  ^ 

multiplies  It  by  4  ;  wlierefore  multiplying  the  2  by  4  produces  8,  and  multSply- 

8  +  8       M 
ing  the  5  by  4  produces  20,  whence  the  fraction  becomes  or  —,  as  in  the 

example. 
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3 
62.  Reduce  —  to  its  equivalent  simple  fraction. 

Operatiow.  JSxplmnaium. 

3  3x6  18  Here  the  denominator  beiDgf  the  mixed 

=s  —  jins,    part,  I  reduce  it  to  an  improper  fraction. 


44-        4x64-5  29  and  make  its  numerator  29  the  denam- 

nmior  of  a  new  fraction  ;  I  multiply  its 
denominator  6  into  the  unmixed  term  3  for  the  numerator  of  the  new  frac- 

18 
tion  rr*>  which  is  the  answer. 

5* 

63.  Reduce  -^  to  a  simple  firactiott. 

„      54-       5  X  «  -f-  I        11    , 

Here  -—-  =  — —  ^z---  the  answer, 

6  G  X  2  12 

7 

64.  Reduce      ^    to  a  simple  fraction. 

„        7  7  X  10         70  , 

Here  —-r—  = =  —  the  answer. 

8A        8  X  10  +  9      89 

^    ,        44  34 

65.  Reduce  -^  to  a  simple  fraction.    Jins.  — . 

I  2 

66.  Reduce  5-  to  a  simple  fraction.    Ans,  — . 

12^  16 

67.  Reduce  -~-  to  a  simple  fraction.    Ans.  -—. 

20  *^  25 


178.   Secondly,  when  both  terms  are  mixed  numbers. 

Rule  I.  Reduce  each  of  the  terms  to  an  improper  fraction, 
and  place  the  nume]*ator  of  each  opposite  that  term  of  the  given 
fhiction  from  whence  it  is  derived,  and  a  new  fraction  will  be 
formed. 

II.  Multiply  the  numerator  of  this  new  fraction  by  the  deno- 
minator of  the  lovfer  term  of  the  given  complex  fraction  for  a 
numerator,  and  the  denominator  of  the  new  fraction  by  the  de> 
nominator  of  the  upper  term  for  a  denominator,  and  it  will  be 
the  fraction  required  '. 


«  The  numerator  and  denominator  are  equally  here  multiplied,  and  therefore 
the  resulting  fraction  is  equal  to  the  given  one ;  thus  tn  ex.  €8.  both  terms 
are  mnltiplied  by  5  X  8 ;  whence  the  rule  is  evident 
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68.  Reduce  —^  to  a  simple  fraction. 


JSxpianaiion, 


Operation  ^  *"J  '^*'^"'''  &|-  to  an  im- 

v/FERATlQN.  proper  fraction,  the  numerator 

«..    3x5  +  4       19  ^  ofwhichia  19;  next  I  reduce 

'  fi  V  ft  -A.  /r  ^  It  new  fraction.  6-J  to  an  improper  fraction, 

O  X  O  +  7        o&  the  numerator  of  which  is  55  ; 

— -         19  X  8  152  the«e  form  the  new  fraction 

*'**'''  T^      -.  ~  ■;; —  ^^6  ansfcer.       is 

55  X  5  275  TT :  I  then  multiply  the  nu- 

Or  thus  more  conveniently.  f  *^f  ^^  IW^^  denomiiui 

'  tor  8,  and  the  denominator  55 

34         (3  X  5  +  4)  X  8  152  ^^  **^*  denominator  5,  for  the 

—  =s 1 s= i^e  atW.  answer.    The  second  method 

6i        (6  X  8  -h  7)  X  5         275  differs  only  in  foim  from  the 

first. 

124 

69.  Reduce  to  a  simple  fraction. 

^       12x7  +  6      90      18  .     ^.  ^,.18X4 

Thus, =  —  =  —  new  fraction  ;    then  — 

'  13  X  4  -f  3      55      11      •    -^  11  X  7 

77 
_    .        12f        (12  X  7  +  6)  X  4        360       72    ^ 

Or  thus,  -—r-  =  -^^ ::: =  -7: —  =  —  -^«*»  <^ 

'   134.        (13  X  4  +  3)  X  7        385       77 

before. 

123-J4 

70.  Reduce  -— to  a  simple  fraction, 

23444  *^ 


Thus     ^^^^  =   (123  X  13  -f-  12)  X  16  _  25776 

"*'    23444   "■    (234  X  16  +  15)  X  13  ""  48867 

8592     , 

Arts. 


16289 


24  !«  77 

71.  Reduce  --  and  --  to  simple  fractions.  Jns. and 

5f  24-  *^  164 

25 

39' 

179.  When  either  of  the  terms  of  a  complex  fraction  is  a 

simple  fraction^  or  when  both  terms  are  umple^  the  operation 

will  be  somewhat  less  difficult^;  thus> 

y  Here  both  terms  of  the  fraction  arer  equally  multiplied :  thus  in  ex.  72. 

14 
both  terms  are  multiplied  by  7  X  3,  wherefore  the  resnltii^  fraction  -_  equals 

the  given  one,  which  was*  to  be  shewn ;  and  the  same  is  true  in  e?ery  instance 
•f  thi»  kind. 

M  2 
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9 

72.  Reduce  -~-  to  a  simple  fmetkm. 


2x7       14 
Multiply  2  hy  7,  a»d  5  6y  3,  thus, —  =  —  Jns, 


f 

7S.  Redace  :?-  to  a  shtiple  fraction. 


^^gil^ 7Ji± 

2^      (2  X  4  -♦-  1)  X  9 


28 


<!•      4  34-  21 

r*.  lUdoee  _,  -.  a»d  -,  to  simple  fnulioas.    ^„,.  -  = 


,  .     10       5         .66      S3       , 
*'*''  18  =  "9  '  *^  l4  "^  T  "  '*^- 


180.  To  reduce  fractiojis  of  different  denomhuihrs  to  equiva- 
lent fractions ,  having  a  commoji  denominator. 

Rule  I.  Multiply  each  numerator  into  all  the  denominators 
except  its  own  for  a  new  numerator. 

II.  Multiply  all  the  denominators  continually  togethw  for  a 
common  denominator. 

III.  Place  each  new  mimerator  over  the  common  dcttoiuina- 
tor^  and  there  will  be  as  many  new  fractions  formed  as  there  are 
fractions  given  in  the  question  ^  also  each  of  tioe  new  fractions 
will  be  equal  to  its  respective  one  in  the  question^  viz.  the  tot 
equal  to  the  firsts  the  second  to  the  second^  &c.* 


*  It  will  appear  (by  placing  the  numbers  in  a  convenient  mMmer)  that  both 

terms  of  each  fraction  are  equally  multiplied ;  that  in  ex.  76.  each  of  the  terms 

2      *  4 

of  —  is  multiplied  by  5  X  6,  each  of  the  terms  of  —  by  7  X  6,  and  each  of 

7     -  6 

the  term*  of —  by  7  X  5>  as  follows: 

2   I  X  5  X  6       60  T 
1x5X6      SIO 

X  7  X  6  ^  168 
*'2I0 

35 
210 


± 
5 

1 


X  7  X6 
X7  X5 


6   1X7X5 


the  answers  as  in  the  example  ; 
wherefore  the  rule  i»  manifest* 
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4  6 

75.  Reduce  —  and  —to  eqwl  fractions,  having  a  oontmon 

5  7 . 


new  Miimera/or#. 


denominator. 

Operation. 

6  X  5=3 so/ 

5  X  7  =  35  com.  denominator. 

Wherefore  ---  and  -r  *^  ^w*. 
35  3o 

common  denominator.    Lastl|r,  I  place 
denominator  for  the  answer. 


EjFploMatum, 

Here  I  multiply  the  first  numerator 
4  into  the  denominator  7*  which  gives 
28  for  the  first  new  numeratvr.  I  next 
multiply  the  second  numerator  6  into 
the  deuomiii4(ojr  5,  ^d  the  product  30 
is  the  second  new  numerator.  Next 
J  multiply  the  (knominatory  5  and  7 
together,  and  the  product  3^  is  the 
both  new  numerators  over  the  common 


2      4  1 

76.  Reduce  -~,  ^^,  and  -^^  to  a  commQ^  denominator. 
7     6  6 


Opwation. 

2x5x6=    60'\ 
4x7x6=]  68  >  new  num. 
1x7x5=    35  J 

7x5x6  =  2 10  com.  denom, 

eo    les      .  35 


Ans. 


310*  210 


and 


210 


Hgre  I  mul^ply  the  numerator 
2  into  the  denominators  5  and  6 ; 
the  Qumen^tor  4  ii)to  the  denomi- 
nators T  and  6 ;  and  the '  numera- 
tor 1  into  the  denominators  7  and 
( ^  the  products  are  the  nfw  num^ 
rators;  |  the^  multiply  tibe  deno- 
minators 7)  5»  and  6  together  for 
the  comn\QD  denominator. 


77.  Redttoe  y*  .. .  ^ 


2     4     3  *  1 

;  and  -^9  to  ^  coQiaaqn  denominator. 

2 


Thus,  2x7x5x2=  140^ 

4x3x5x2  =  laol   ^^^  ^„^^»*^^^ 
3  X  3  X  7  X  2^  126  f  "^«^  ^^^^^'^ors. 

1X3X7X6?^  IO5J 

3x7x5  x2  =  210  common  denpmvnator. 

140     120     126         ,105 

^"' •215"' "215"' -^iS"' ^'^^ -210  • 

Whole  and  mixed  number^  must  be  r^c^d  tp  improper 
fractions,  compound  and  complex  fractions  to  9i<9Pie  ones,  when 
any.  of  these  occur  in  the  question. 


M  3 
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2        4  li 

78.  B«duce  24^  —  of  -—-,  and  ---,  to  a  common  denominator. 

„       ^         2x4  +  3         11,,  2^4        8 

Here  24= 7-^- — =—  by  Art.  172.  -^o/  — =r  — 

4  4     ^  3    -^   5        15 

r      ^  *    .^'ir         J  If       (Ix2-fl)x3       9,      , 
6y  Art.    175.    ami  -i  =  ~ -— ^^ — i s= — by  JrL 

^  24-       (2  X  3  +  2)  X  2      16   ^ 

178. 

Whence  the  fractions  to  be  reduced  are  — ^  — ,  and  — . 

4     15  16 

Wherefore  11  x  15  x  16  =  2640^ 

8  X   4   X  16  =  512   >  new  numerators. 

9  X   4   X  15  =  540  J 

4  X  15  X  16  =  960  common  denominator. 

^      2640    512         ^  540 

Ans.  — — -,     ^  ■»  ana . 

960'  960  960 

2  4 

79.  Reduce  —  and  —  to  equal  fractions^  having  a  common 

3  5 

denominator.    Ans.  —  and  — . 

15  15 

80.  Reduce  — -,  -— -,  and  -r-*  to  a  common  denominator. 

^      ^     7      \^  9 

189     ISO        ^  280 
^'"^  315-' -315"' ^^  315- 

2     12  4 

81.  Reduce  ---,  --,  ---,  and  •--,  to  a  common  denominator. 

735  9 

..     270    315     378         .  420 
Ans.  ,  rr— r"i  "*~7r">  ^i^^ 


945'  945'  945'  945' 

7  3     2  1 

82.  Reduce  —-,  --,  --,  and  -— ,  to  a  common  denominator. 

8  4     7  4 

.       784     672     256         .  224 
^'^'  896-' ^96"' "856-' ^''^  "896  • 

15  2* 

83.  Reduce  —  of  — ,  li,  and  -^y  ^o  a  common  denominator. 

1120  2240   5880        ,2016 
'^"'•Sl56'3136' 3136''^'' 3136- 

181.  To  reduce  fractions  to  other  equivalent  ones^  having  the 

feast  common  denominator. 

RuLB  I*  Find  the  least  common  multiple  of  all  the  denomi- 
nators by  Art.  169>  and  it  will  be  the  common  denominator  re- 
quired. 
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II.  Divide  the  common  denomioator  by  the  denominator  of 
each  fraction,  and  multiply  the  quotient  by  the  numerator, 
the  several  products  will  be  the  numerators^  which  place  over 
the  eommon  denominator  for  the  answer*. 


the  least  common  denominator. 


Ofekation. 
The  least  common  multiple   of  4 


and  S  by  Art,  168  is 


4  X  8  _ 

4       "" 
8  X  12 


8^  and  of  8  and  12  is 

=?  24  the  common  denominator, 
24 


>  new  num. 


Therefore  —  x  3  =  18 
4 

24  X   5  =15 

8 

«24 

—  X  11=22 

12  ^ 

^         18   15       ^22   ^. 
Whence  — -,  — ,  and  —,  the  answer, 
^4   24  S4 


I  first  find  the  least  com- 
mon multiple  of  the  denomi- 
nators 4  and  8,  which  is  8 ; 
then  of  8  and  the  remaining 
denominator  \9,  which  is  34 ; 
this  beings  the  least  common 
multiple  of  4,  8,  and  19,  viz, 
of  ail  the  denominators,  is 
the  least  common  denomina- 
tor. I  next  divide  S4  by  4, 
8y  and  12>  the  three  denomi- 
nators, and  multiply  the  quo- 
tients by  3,  5,  and  11,  the 
three  numerators,  and  the 
products  18,  15,  and  22. 
placed  over  the  eommon  de- 
nominator 24>  give  the  an- 
swer. 


*  The  common  denominator  is  a  common  multiple  of  all  the  given  denomi- 
nators, as  is  plain ;  and  the  process,  as  directed  in  the  second  part  of  the  role, 
is  merely  the  taking  such  parts  of  it  for  new  numerators  as  hare  the  same  ratio 
respectiTely  to  the  whole  as  the  numerator  of  each  given  fraction  has  to  its  de- 
nominator; thus,  ex.  84.  mnltlpKying  S4  (the  common  denominator)  by  3,  and 

dividing  by  4,  is  the  same  as  taking  —  of  84,  the  result  of  which,  viz.  18,  has 

4 

18  • 

the  same  ratio  to  24  that  3  has  to  4 ;  whence  -^  s=  the  given  fraction  — .   In 

4 


24 


like  manner  15  :  24  : :  5  :  8.  or  —  »  ~ 

24         8 


Likewbe  22  :  24  : :  II  :  13; 


33       11 
wherefore  _  «■  _ ;  from  whence  the  reason  of  the  rule  will  be  understood. 


M  4 
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'455  3 

dJJ.  Rcdttee  — ^,  — ,  — ,  am!  — ,  to  the  least  commoa  deno- 

9     8     6  4 

minator* 
^     ^.S^x8      ^,,      7^x6     ^^_.  72x4 


Tyo^  V^    X^^^  ^^^^  comTfion  multiple  of  9,  8,  6,  4md  4,  6y  Art.  169, 


Then  —  x  4  =  32 
9 

72 

L.X5  =  45 


11 
6 

71 

4 


^  new  numerators. 


X  5=:6SO 
X3SS54 


«,x     ^      32   45   6a        .54     - 

^^^^^®^  :;;^»  ;;:;>  ;;:^'  ^^  m*  ^^  ^wwwer. 

72  72  72  72 

8^.  Rediioe  -^,  --,  — ,  and  --,  to  the  least  common  deno- 
7     3     9^     14 

mkiator.  v  '  '  '  . 

^    X    rJ<  8       ...      21  X  9      ^„     63  X  14       ,^^ 
iV«l,  ■    ■'"  SB 31,    — - —  =  63, — -  =  126  com- 

M091  Sin^fiiytiM,^f(JT, 

Then  -t:-  X  6af  108,    — —  x  2 a±  84,    -^  X  5  =  70> 


snd 


7 

126 

» ■ 

14 


3  '       9 

X  3  =;:  27>  the  new  numerators. 
108      64       70  .    27 


''***^'^''  1m' las'  Im'  ''"'*  w« '  "^ "^"^^ 

67-  Redufici  -^  and  -r-  to  the  ksit  cofmaoa  dMUGmiiNitor. 
o  9 

3  T  11 

88.  Reduce  — ,  -—,  and  -;r,  to  tbe  least  common  denomina- 

4  10  \% 

'  45  42        ,65 

tor.     Ans.  ——,  —-,  ana  -— -. 
•O  60^      60 

89.  Reduce  -^/  ^1  and  --,  to  the  leaat  common  denomina- 

16 


,       308 
tor.    4ns,  -:rrr>  - 


336     336 


>  and 


105 
336 
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90.  Reduce  --,  —-,  ---,  and  — ,  to  the  least  common  deno- 
3     3    ,7  9 

_.    *  .        ^       84       90  ,  lift 

Bnnator.    Arts,  ^-^ — , , ,  and . 

126'   12^'   19/$'  126 

18^.  To  reduce  any  fraction  to  another  of  equal  value,  having     d^ 

i   a  given  denominator. 

Rule  I.  Find  the  numerator  by  a  Rule  of  Three  stating;  thus^ 
say^  as  the  denominator  of  the  given  fraction  :  is  to  its  nume- 
rator : :  so  is  the  given  denominator  :  to  a  fourth  number^ 
which  will  be  the  required  numerator. 

II.  Place  this  numerator  over  the  given  denominator^  and  it 
will  give  the  fraction  required ''. 

4 
01.  Reduce  ~  to  an  equal  Mction,  having  100  for  its  deno- 
5 

minator. 

«,,        .   ,  ,  4  X  100        400 

Tfitts,  5  den,  ;   4  num,  :  :   100  den,  :  = = 

5  5 

80  the  numerator, 

80 

Tker^bre  — —  is  the  fraction  required, 

92,  Reduce  -^  to  m  ftaction  of  equal  vahie^  having  ^  for  its 

denominator. 

»r,  ,  ^^  ,  11  X  20        220 

Thus  12  den.  t  1 1  futm.  : :  20  den,  :  •- 


12  12 

l8-^.st  lei  numerator. 

'     184^ 
Therefore  — -  the  fraction  required, 

2 

93.  Reduce  —  to  a  fraction  of  equal  value^  whose  denomina- 

18 
tor  is  27.    -^ns,  — . 

27 

19 

94.  Reduce  —  to  an  equal  fraction^  having  5  for  its  denomi- 


■atl»r*    Ans,  '•^, 


5 


^  Here  the  numerator  of  the  given  fraction  is  to  its  denominator  as  the  jm- 
meratorofthe  resulting  fraction  is  to  its  denominator;  tiierefore  the  latter 
fraction  is  equal  to  the  former ;  which  shews  the  rule  to  be  rights 
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183.  To  reduce  the  fraction  of  a  less  denomination  to  that  of 
a  greater,  retaining  the  sante  value, 

HuLE.  Multiply  (he  denominator  by  all  the  denominatioiis 
between  that  which  is  given  and  that  which  is  required  -,  ^ver 
the  product  place  the  given  numerator,  and  you  will  Bave  the 
fraction  required  *. 

95.  Reduce  —  of  a  penny  to  the  fraction  of  a  pound. 

•7 

0P£RATI0N. 

8  8  8  1 

Thus,  —  d.  = ~ — —--  =  ^j^   =  rrir—  '^^*» 

'9  9  X  1«  X  30       2160       270 

Espkmatum, 

I  multiply  the  denomiDator  9  by  12  and  90,  (because  13  pence  make  a  •hil- 
Xvagf  and  SK)  shilUogs  a  puuody)  and  place  the  numcntor  8  over,  whicb  gives 

8  1 

.,  this  reduced  to  its  lowest  terms  is  ■  the  aaswer. 


2160  S70 

4 
96.  Reduce  -r-  of  a  grain  to  the  fraction  of  a  pound  troy. 

97*  Reduce  -^  of  a  pound  to  the  fraction  of  a  cwt. 

2  2  2  1 

Thus,  — -  Z6.  =s =  -----  =  -—--  cwt.  Ans, 

3  3  X  28  X  4       336         168 

98.  Reduce  ---  of  a  pole  to  the  fraction  of  a  mile. 

7 

«,.        6  6  6  3 

Thus,  —  p.  = rr =  -rr  -  =  ttX::  ^^^  ^^  -^^«- 

7  7  X  40  X  8      2240      1120         ' 

99.  Reduce  —  of  a  penny  to  the  fraction  of  a   pound. 

At 

Ans,  — _—  X,. 
480 


^  This  rule  is  equivalent  to  that  for  reducing  a  compound  firactioo  to  a 

simple  one  (Art.  175.)  ;  thus,  ex.  95,  i-  of  a  penny  is  1  of  -L  of  2  of  a 

9  9         12        20 


of  the  process  is  plain. 


o 

pound,  that  is ?  and  the  same  in  general :  wherefore  the  reason 

•  9  X  12  X  ^ 
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4 

100.  Reduce  —  gf  a  peony  to  the  fraction  of  a  guinea. 

^n$, -^^^  guinea. 
316 

9 

101.  Reduce  t^  of  a  nail  to  the  fraction  of  a  yard.    An-^ 

swer yard, 

160  ^ 

7 

102.  Reduce  "^  of  a  square  pole  to  the  fraction  of  an  acre. 

jins.  -r —  acre. 
1^80 

2 

103.  Reduce  —  of  a  bushel  of  coals  to  the  fraction  of  a  chal- 

dron.     Ans.  -—  chaldron.  ^ 

54  • 

9 

104.  Reduce  —  of  a  day  to  the  fraction  of  a  year.    An* 

184.  To  reduce  the  fraction  of  a  greater  denominatum  to  that 
of  a  less,  retaining  the  same  value. 

Rule.  Multiply  the  numerator  by  all  the  denominations  be- 
tween the  given  one  and  that  which  is  required  >  under  the 
product  place  the  given  denominator^  &nd  it  will  give  the  frac* 
tion  required'. 

105.  Reduce  of  a  pound  to  the  fraction  of  a  penny. 

Opbbatiok. 

1  X  90  X  12       240       8  J     . 

^^"'' 270 =  ^0=T^-^"*- 

JEsplanation. 

I  mttltiply  the  numerator  I  by  20  and   12,  (the  denominations  between 
pounds  and  pence,)  and  place  the  denominator  S70  under  the  product,  making 

S40  8 

the  fraction  • — ,  which  reduced  to  its  lowest  terms  gives  — « 

270  9 

*  This  rule  is  likewise  of  the  same  nature  with  Art.  175,  for  its  operation  is 
simply  the  redocing  a  compound  fraction  to  a  simple  one ;  thus  (ex.  105.) 

—  of  a  pound  is  —  of —of  i?  of  a  penny,  or  i2L??-2Li?  j  wherefore  the 
270         '^  270       1        1  «70 

rule  is  evident. 
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106.  Reduce  ----:  of  »  pound  troy  to  tbe  fraettou  of  a  grain. 

7200         ^  ' 

^       1  X  1«  ¥  20  X  24       5760       4  . 

Thus, = =  —  gr.  Arts. 

'  7200  7200       6  ^ 

o 

107.  Reduce of  a  yard  to  the  fraction  of  a  nail. 

1(>0  "^ 

9x4x4        144        D         . 

7%«5  zs  —-—  ss  ---  n.  Arts, 

'  160  160        10 

1  #2 

,   108.  Reduce  -----  of  a  cwt.  to  the  fraction  of  a  lb.  Ans.  —  Jh. 

168  ^ 

109.  Reduce  •—--  of  a  pound  to  the  fraction  of  a  penny. 

960  '^ 

Ans,  -—  d, 
4 

110.  Reduce  of  a  guinea  to  the  fraction  of  a  iienny. 

504 

Ans,  —  d, 
2 

40 

111.  Reduce of  a  guinea  to  the  fraction  of  a  pound. 

2 
Ans.  —  L, 

7 


185.  To  reduce  compound  numbers,  S^c.  in  money,  weights,  and 
measures,  to  fractions  of  sowjc  higJier  denomitkatiou. 

Rule  I.  Reduce  the  given  number  to  the  lowest  denomina- 
tion  mentioned  for  a  numerator. 

II.  Reduce  the  integer  of  wbkh  (he  above  is  to  be  made  a 
fraction  into  the  same  denomination  .#Dr  a  denominator. 

III.  Place  the  numerator  over  the  denominator^  and  reduce 
the  fraction  to  its  lowest  terms*.  Ait.  170. 


*^  In  ex.  1 13,  3f.  M»  «  4.2  pence,  and  U.  =  340  pence  ;  therefore  3s.  6d,  is 
42  parts  out  of  240  of  a  pound ;  whence  the  reason  of  this  proceiss  is  plain. 

H  is  best  to  reduce  the  gt^en  number,  and  the  integ^er  of  tvbidi  H  is  to  be 
made  k  fraction,  to  the  greatest  denomination  common  to  both ;  for  then  the 
fraction  will  be  in  to  lowest  terms.    Thu«  (ex.  1 19.)  3s.  Sd,  =fi  7  sixpences^ 

and  1/.  =  40  sixpences;  therefore  3s. 6d,  =*  — /.  as  in  the  example. 

40 
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lis.  Reduce  39.  €d.  to  tlw  ftaoUon  of  It  pound. 

Thus,  Ss,  6d.  ss  42  pence,  the  numerator. 

And  1  pound  =:  240  pence,  the  denominator. 

43         7 

Therefore =:  —  Lthe  answer. 

"^        240       40 

lis.  Reduce  I4t.  6d.4.  to  the  fkvctioii  of  a  guinea. 

Thtt9,  I4s,  6d.^  =  S49  halfpence,  the  numerator. 
And  1  ^inea  =:  504  halfpence,  the  denominator, 

349 

Therefore  14*.  6d.4.  sr of  a  gwnea,  Ans. 

114.  Reduce  \oz,2dwts,  to  the  fraction  of  a  lb.  troy. 

Thus,  \oz,  ^dwti,  =s  95idwts,  the  numerator, . 

And  lib,  =  ^40dwts,  the  denominator, 

22  11 

Therefore  \oz,  ^dwtf.  as  — ■ —  =  ,-      W,  troy%  An$^ 

24a        120  ' 

115.  Reduce  \lh.  2oz,  S^dr,  to  the  fraction  of  a  lb. 

Thus,  lib,  ^oz.  S^dr.  =  583  het^  drams,  numerator. 
And  lib.  =  512  half  drams,  denominator. 

Therefore  lib.  Zoz.  B^dr. «  —-r-^  -<^' 

512 

1 16.  Reduce  12*.  to  the  fraction  of  a  pound.    Ans»  —  L, 

39 

117.  Reduce  19*.  6d.  to  the  fraction  of  a  pound.  .  Ans,  —  L. 

*^  40 

7 

118.  Reduce  Zqrs.  14/6.  to  the  fraction  of  a  ctl^t.  Ans.  —  cust. 

a 

119.  Reduce  B^rs.  3n.  to  the  fraction  of  an  English  ell. 

3 

Ans.  —f  K,E. 

4 

120.  Reduce  Xhhd.  5tgal.  3qts,  to  the  £raction  of  a  tun. 

263 

Ans. tun. 

1008 

121.  Reduce    3bu.  '^pks,    to    the   fraction    of  a  quarter. 

25 
Ans.  -^  quarter, 

122*.  Reduce  lO&ti.  Spks.  to  the  fraction    of  a    chaldron- 

Ans.  *-— -  chakHrm. 

144 
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123.  Reduce  12to.  3d,  4h.  Sm.  6"  to  the  fraction  of  a  year  of 

418417 

365  days  6  hours.     Ans. ^^^     year. 

1753200  ^ 

1S6.  To  find  the  value  of  a  fraction  in  the  kfiown  parts  of 

the  integer. 
Rule  I.  Reduce  the  numerator  to  the  next  lower  denomma- 
tion,  divide  the  result  by  the  denominator,  and  the  quotient  will 
be  of  the  said  lower  denomination. 

II.  Reduce  the  remainder  to  the  next  denomination  lower 
than  the  last,  divide  the  result  by  the  denominator,  and  the 
quotient  will  be  of  thb  last  denomination. 

III.  Proceed  in  this  manner  until  you  arrive  at  the  lowest 
denomination^  then  collect  all  the  quotients  together  for  the 
answer '. 

7 

124.  Required  the  value  of  —  of  a  pound  sterling. 

o 

Operation. 

7  7  x20       140       _    ^_    . 

-— -  =  — - —  = =  17*.  od,  the  answer, 

8  8  8 

EspUmaium. 

I  redace  the  numerator  7  to  shillings,  viz,  140 ;  this  I  divide  by  the  deno- 
minator 8,  and  the  quotient  is  17,  and  4  over;  4  shillings  are  48  pence,  eights 
in  48  will  go  6  times. 

l25.*Reduce  —  L.  to  its  proper  quantity. 

_,,       11       11  X  20        r220        ,^       -    . 

Thus,  —  = =  — —  =  185.  4d.  the  answer, 

4 

126.  Reduce  -r-  of  a  lb.  troy -to  its  proper  quantity. 

4  4  X  12      48 

Thus,  ---  =  — - —  =  ---  r=  9oz.  Vldiots,  the  answer, 

5  5  5 

7 

127.  Reduce  —  of  a  ton  to  its  proper  quantity. 

%f 

t       T  X  20        140 
Thus,  —  =:  — = =  15cw^.  2gr.  6^6.  3oz.  ^dr. 

,    47  V  9 


f  Since  the  numerator  is  less  than  the  denominator,  the  former  may  be  con- 
sidered as  9. remain^,  and  the  latter  as  a  divisor;  whence  the  rule  ha«  its 
reason  in  the  nature  of  compound  division,  where  every  remainder  is  reduced 
to  the  next  lower 'BfenominatioUy  and  being  then  divided,  produces  integers  of 
the  said  denomination.     See  Art,  108  to  124. 
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3 

128.  Reduce  —  of  a  pound  sterling  to  its  proper  quantity. 

Ang.  12  shillings, 

129.  Reduce    —  of  a   pound    to    its    proper    sum.    Ath- 

swer  Bs.  Sd.^  ^. 

7 

130.  Reduce  —  of  a  crown  to  its  proper  sum.    Ans.  2s.  lid. 

7 

131.  Reduce  —    of   a  cwt.  to  its    proper  quantity.    An- 

sw€r3qr.  14/6. 

25 

132.  Reduce  r^  of  a  quarter  of  corn  to  its  proper  quantity. 

Ans.  Sbu,  2^pks. 

14 

133.  Reduce  —  of  an  acre  to  its  proper  quantity.    An- 
swer 3r.  294p. 

19 

134.  Reduce    57:   of  a  week  to  its  proper   time.     Anstoer 

G^.  15^.  36m. 


ADDITION  OF  VULGAR  FRACTIONS. 

187«  When  simple  fractions  are  to  he  ctdded  together. 

Rule  I.  Reduce  tlie  given  fractions  to  a  common  denomina- 
tor, b^  Art.  180. 

II.  Add  the  new  numerators  together,  under  their  sum  place 
the  common  denominator,  and  reduce  the  fraction  to  its  lowest 
terms  for  the  answer,  by  Art.  170. 

III.  If  the  resulting  fraction  be  an  improper  one,  reduce  it 
to  its  equivalent  whole  or  mixed  number,  by  Art.  173  ». 

s  As  whole  numbers  of  different  denominations  cannot  be  added  or  stib- 

tracted,  so  dissimtlar  fractions  (namely,  such  as  are  not  like  parts  of  the  same 

S  3 

whole)  cannot;  to,  in  Example  1,  — cannot  be  added  to —  until  they  are 

7  o 

2 
reduced  to  the  same  denomination :  this  reduction  being  performed,  -~..  becomes 

7 

16  .    3  ,  21  ,.       .      ^     ..  ,     16       .  21    .    . 

—  •  and  —  becomes  — ;  now  these  two  fractions,  namely  —  ana  .»,  beuhf 

56  8  56  56  56- 


176 


arithmehc. 


Part  I. 


Examples. 


2 
3 


1.  Add  *:r-^^W^5"  together. 


PFERATION. 

X  8=161 
X7  =  2l  J 


new  numerators. 


37  their  sum, 
7x8  =  66  common  denom. 

Answer's. 
56 


Explanation, 

I  first  redace  the  given  £r»eli(M9ui  to  a 
common  denominator ;  I  then  add  the 
new  numerators  16  and  21  togetber, 
and  under  their  sum  37  place  56,  the 
common  denominator,  which  gives  the 
answer. 


2.  Add  —, 


3,3 

— -,  and  —  together. 


Operation. 

2  X  4  X  8  =  64 

3x3x8  =  72  >  new  numeraiors. 

3x3x4 


=  64^ 

=  72  > 
=  36  J 


172  sum. 
3  X  4  X  8  =  96  common  denom, 

172  76  * 

Ans,  — —-  =  1  — -  sum  required. 
96  96  ^ 


jEjtplanation, 

Having  reduced  the  fractions 
to  a  common  denomiraftor,  and 
added  the  new  numerators  toge- 
ther as  before,  I  plaee  the  sotn  1T2 
over  the  common  denominator 
96,  ifHikh  being  bb  itnptoper 
fraction,  I  reduce  it  to  a  mixed 
number  for  the  answer. 


,^.,12         ,3         ^^  ^       263 

4.  Add  — *  *r->  and  —  together.    Sum  -— -- 

O       9  4  olo 


16+21         37 
added  together,  the  suxn  is  evidently  — r^ — ,  or  73,  as  in  the  example ;  and 

do  9Q 

the  same  of  others. 

Nothing  can  be  plainer  than  the  grounds  of  this  process ;  for  since  the  de- 

nominator  only  indicates  what  parts  the  fraction  consists  of,  therefore,  when 

several  fractions  having  the  same  denominator  are  proposed,  the  comparatite 

ralae  of  each  will  be  expressed  by  its  numerator.    Thus,  let  the  firactions 

13  3  2     '  1.3 

— ,  — ,  and  —  be  proposed ;  it  is  plain  that  —  is  double  of  — ,  attd  — 

triple  of  iX$  and  that  the  sum  of  all  three  can  be  nothing  but  sevenths,  that  is, 
it  win  consist  of  as  many  sevenths  as  there  are  units  in  all  the  numerators 


1       2 


3 


ta1cMitoe>Mher;  trtictcfore  *t*9  "tTy  "^  T"  **^^  together  will  anuMintto 


Y*«  Wfaioh  is  fha  n^. 
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I-    Ajj  2     3     5         ,7  '  65 

5.  Add  — ,  — ,  —,  and  —  together,     Sum  3- 


5'  4'  9' 8  '^^-"'-*^  288' 

^    A , ,  3     2     7     2        ^    1  ,      ,^  ,  853 

o.  Add  — ,  -— ,  — -,  --,  and  --  together.     Sum  2 . 

8     5     9     7  2      ®  2520 

188.  JVhen  there  are  whole  or  mixed  numbers  to  be  added. 

Rule  I.  Add  the  fractions  together  by  the  preceding  rule. 

II.  Add  the  whole  numbers  together,  and  prefix  their  sum  to 
the  sum  of  the  fractions  (found  by  the  preceding  rule)  for  the 
answer". 

12  1 

7.  Add  3—,  4—,  and  5—  together, 

Thus  1  X  9  X  6  =  54^ 

2  X  7  X  6  =  84  >  new  numerators, 
1X7X9  =63  J 

201  their  sum. 

7x9x6  =  378  commxm  denominator. 

201         67 

■^Tg-^-Tog-  sum  of  the  fractions.  Art.  187;  also  3  +  4 

57 

+  5  =  12  sum  of  the  whole  numbers.     JJ^herefore  l2 — -— 

•^  •'126 

the  sum  required. 

3  4  11 

8.  Add  2-7-  and  3—-  together.    Sum  6 — . 

4  5^  20 

12  3  11 

9.  Add  1—,  2—,  and  3---  together.    Sum  7— . 

-«        *>  4  12 

571  5 

10.  Add  — ,  2—,  5—,  and  6  together.    Swrn  15--. 

7        o        ^  56 

189.  When  compound  or  complex  fractions  are  to  be  added. 

Rule.  Reduce  the  compound  and  complex  fractions  to  simple 
ones,  reduce  their  equivalent  simple  fractions  to  a  common  de- 
nominator, and  proceed  as  before*. 


"  This  rule  is  evident ;  for  if  the  sum  of  the  whole  numbers  be  prefixed  to 
the  sum  of  the  fractions,  it  is  plain  that  the  result  will  be  the  sum  of  all  the 
given  numbers,  both  whole  and  fractional. 

X  Fractions  cannot  be  added  together  until  they  are  first  reduced  to  Hmpk 
VOL.  I.  N 
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2  5    24         II 

11.  Add  -rot--,~,  and  -=•  together. 

3  7    7         »i- 

OPBaATIOH. 

First,  -^of—si—by  Art,  175. 
3         7       21 

Secondly,  ^  =«     ^  ^  ^    ■  =  ^g  ^  -^»**-  ITT. 

TAirrf/..     H^ax8H'2)x2_lQ__  2     .     ..  ,^^ 

Bmrthly,  10  x  35  x  3  =  1050^ 

14  X  21  X  3  SB    882  >  new  num. 
2  X  21  X  35  =  1470  J 

3402  thdr  sum, 
21  X  35  X  3  =  2205 

-     ^,    3402       486        162       64         19,^ 
Lastly,  --— -  =  — r- »  — —  =b  ---  =  l —  the  answer » 
^2205       315        105       35        35 

EsplanmHiiM, 

2  5  10 

Fint,  I  reduce  the  compoimd  fraction  of  —  to  — .    SeoodBy  and 

3  7         i^l 

14  2 

thirdiy,  I  reduce  the  two  complex  fractioiii  to  —  and  — $  their  respectiTO 

35  3 

10    14  2 

limple  ones.    Foarthly,  I  reduce  these  three  fractions^  — ,  — » and  —  to  a 

SI    3d  3 

3402 
common  denominator.    Lastly,  I  reduce  the  ansiwer  — ~.  to  its  lowest  terms 

2205 
by  dividing  snccesilrely  by  1,  3^  Mid  3»  and  then  I  veduce  the  impioper  Aao* 

tion  —  to  a  mixed  number. 
35 


fractions  of  the  same  whole,  and  then  to  simUar  part*  of  the  same  whole, 
namely,  to  a  common  denominator;  when  all  this  is  eifected,  the  sum  of  the 
whole  is  eridently  found  by  adding  all  the  numeiators  of  the  reduced  fno- 
tions  together,  and  placing  under  the  sum  the  oommoi|  denominator,  as  ia 
Art.  187  >  wherefore  the  rule  it  manifest. 


Pa»t  I.  VULGAR  FRACTIONS.  179 

12.  Add  — ,  —  of—,  and  -r-  of -r-  of -^  together. 

•n.  .    3  3x5  15      1     .3        3      2     .^  4     . 

J/i«#,  — ^  S8  — — — —  =  — ;  — of —  =  — :  — of' — of 

'fl-       4x5  +  2       22'    2   •'4        8  '    3   "^   5   "^ 

$""30  ""15* 

Tim  15  X  8  X  15  =5  1800^ 

3  X  22  X  15  =   990  >  new  numerator^. 

4  X  22  X  8  =   704  J 

3494  their  sum. 

22  X  8  X  15  =  2640  common  denom. 

„      .      3494       1747      ,^  ',   ,, 
'^^'^^^  2640  "  IS25  =  ^^^  *^  ^'''^• 

13.  Add  -r  of  -—  and  -—of  —  together.    Sum  -—r-* 

4        2  5        7  280 

t^4jj  4^32^4-  6         ^1^1 

14.  Add  —  of—,  _  of  —  of  — ,  and  —  of  —  together. 

763  5         7  3  4° 

60 

24-  2 

15.  Add  ~  and  —  together.    Sum  Iff-. 

O  3-5- 

2  34 

16.  Add  —  of  44.  and  ^  together.    Sum  3ff . 

3  4^ 


190.  When  the  fractions  to  be  added  are  of  different  denomi- 
nations in  money,  we^^hts,  or  measures. 

Rule.  Reduce  the  fractions  to  their  proper  quantities,  by 
Art.  186.  then  add  the  pr6per  quantities  together  by  the  niles 
of  Compound  Addition'. 


7  It  is  plain  that  the  fractions  treated  of  in  this  rule  being  dissimilar  can- 
not be  added  together  until  they  are  reduced  as  the  rule  directs ;  when  this 
redaction  is  performed,  the  remainder  of  the  operation  (dependiog  on  the  rules 
of  Compound  Addition)  is  laiBcteiitly  obvioos. 


112 
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17.  Add  —  of  a  pound,  —  of  a  crown,  an 

together. 

Opbkation.  iE.,|«*i^». 

5       5  X  20       100  _  '•     ^  . 

—  = g """"6^""  Fiwt,  I  wdnce—iLtft  its  proper 

7  7  X  5        35       _  quantity,  which  kjCf.  W.;  next, 
is""       12      ""12       ""  J.  cr.  which  is  2».ll<^.;  then -1. 

8  _  8  X  12  _  96       _    ^  ^^-  ^^^   ^jjj^jj  j^  ia«A;  these  three 

9  9              9  snms  I  add  together,  which  gives 

o               ^-     J  1 — 7^ — tT  the  answer. 
iSMm  reqUtred  1     O    5^ 


11  5  4  3 

18.  Add  —  of  a  ton,  -7-  cwt.  -—  or.  andi  --•  lb,  together. 

12  8  7  4 

_       11  11  X  20        220      «^'-  ^-  ^  ''f-   ^'■• 

^"''12'^=— ir^'="i2-=^^  1  ^  «  ^^ 

5,          5X4  20  o.«w«^ 

—  cwtzs sa--    =    0     2  14     0.0 

8  8  8 


12 

5X4 

8 

4  X  28 

7 

3  X  16 

4                4  X  28          112         ^    ^  ,^     «    ^ 
—  or,  =- = 3    O    O  16    0    O 

7  ^ 

A,6.  =  iiii^  =  1?  =  o   o  012   o 

4  4  4 


5Mm  rcgwired  19    O  12    1     54^ 

4  6 

19.  Add  —  of  a  pound  to  —  of  a  shifling.    Sum  16$.  lOd. 

5  6 

20.  Add  —  of  a  guinea,  ---  of  a  pound,  and  —  of  a  shilling 

12  o  8 

together.    Sum  12«.  Bd.^, 

3  7 

21.  Add  —  of  an  English  ell  to  ^  of  a  yard.    Sum  lyd.  Iqf. 

10  8 

22.  Add  -^  cwt.  and  —  lb.  together.    Sum  3gr.  Ulb.  Uoz. 

0  o 

12fdr. 

12 

23.  Add  —  mUe  and  —  furlong  together.    Sum  ^fur.  lep. 

4  5 

1  9  7  ^^j 

24.  Add  —  of  a  square  mile,  —  of  an  acre,  and  —  of  a  rood 

4  10    •  o 

together.    Sum  161a.  19p* 
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2  3  3 

25.  Add  —  barrel,  —  gallon^  and  —  <{uart  of  beer  together. 

Sum  &gal.  2qt.  -i^pt, 

191.  When  the  fractions  are  such  as  will  not  reduce  to  known 

quantities  withei^t  remainder. 

Rule,  Redpce  the  giyen  fractions  to  fractions  of  the  highest 
denomination  mentioned,  (Art.  183.)  then  reduce  these  to  a 
common  denominator,  (Art.  180.)  add  the  numerators  together, 
as  in  Art.  187*  and  reduce  the  9um  to  its  proper  quantity,  (by 
Art.  186.)  which  will  be  the  answers  , 

3  5-8 

26.  Add  -—  of  a  pound,  -—  shilling,  and  —  penny  together. 

Operation. 

X.     •  5     r.»  S  6  1    _ 

First,  —  skill.  = — -  =  —7- —  =  —-  JL. 

7  7  X  20       1^0       28 

^  penny  ^  9  X  12  x  20  ""2160""  270      ' 

Then  3  x  28  x  270  =  7560^ 

1  X  11  X  270  =  2970  >  new  num. 
1  X  11  X    28=    308  J 

10838  sum. 

tl  X  28  X  270  =  83160  com.  den. 

Wherefore  JgggJ  L.  =  -^  L.  =  ^l?,^  "°  =  ^.  7d. 
-^        83160  41580  41580 

193 

the  answer. 


693 

Esplamttion, 
5,  g 

I  first  reduce  ^sMll.  and  — d.  to  fractions  of  a  pound,  which  is  the 
7  9 

3       1  1 

highest  denomination  in  the  question.    I  have  then  —,  — ,  and  — ,aHfraG- 

^  11    28  270 


■  This  rule  will  be  readily  understood ;  for  it  is  plain,  from  what  has  been 
shewn  in  the  preceding  notes,  that  in  order  to  add  fractions  together,  they 
must  be  reduced  first  to  parts  of  the  same  whole,  and  then  to  parts  of  the  same 
denomination ;  after  which  the  sum  is  evidently  found  (as  before)  by  adding 
all  the  new  numerators  together,  placing  the  common  denominator  under  the 
sum,  and  reducing  this  fraction  to  its  equivalent  value  in  known  denomina- 
tions. 

N  S 
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s 

tiflof  of  a  poqnd,  thcte  I  rcdoee  to  a  cwon  draoniiMfor,  and  a4d  as  in  Ait. 

10838 
180;  tJKfaai  -^^^uaoct  fcdac«dtDitf  lowcit  toss, and laiite to  iu pro- 

83IG0  '  "^ 


per  qoantitj,  winch  b  the 

27.  Add  —  lb.  —  oz.  and  —  dwt  together. 


9  9  X  12       108  5  S  X  20  X  12 


1200  • 


Then  1  x  106  x  1200:=  129600^ 

1X7    X  1200  as     8400>iiev 
1  X    7    X    108=s       7B6J 


138756  their 

7  X  106  X  1200  =  907200  com.  den. 

_,      .      138756,.         11563  „        ,       ,^j  ,  ,..        ^^    ^ 
Wherefore  zzz^zr-U).  =  -r— — tt.  =  loz.  iMioU  1^.  — --  ^»t. 
•^        907200  7560Q  ^      106 

13  13 

28.  Add  —  of  a  pound  to  —  of  a  shilling.    Ami  2f.  9d.  — . 

9  5  lo 

2  1 

29.  Add  —  of  5  pounds  to  —  of  seven  sbiffings.    Smn 

SI  7$.  4d.  -I-. 
0 

SO.  Add  — of  a  week, —  of  a  daj^andrr  <*  an  bpurtog^ 
ther.    /Smiw  21A.  65m.  12". 


SUBTRACTION  OF  VULGAR  FRACTIONS. 

192.  When  the  given  fractions  are  both  eimple. 

Rule  I.  Reduee  the  fractions  to  a  common  denominator^ 
beginning  with  the  numerator  of  the  greater  fraction. 

II.  Subtract  the  lower  new  numerator  frtjm  the  upper,  and 
under  the  remainder  place  the  common  denominator  5  this  frac- 
tion being  reduced  to  its  lowest  terms  will  be  the  answer  \ 


*  As  fractiont  of  different  denominations  cannot  be  added,  so  neither  can 
they  be  subtracted ;  we  nrast  first  reduce  them  to  a  common  denominator,  and 
then  it  is  plain  that  their  difference  is  found  by  taking  the  difference  of  the 
new  numerators,  and  placing  it  over  the  common  denominator*  Thus  in  Ex.  1  • 


Part  I. 


VULGAR  FRACTIONS. 


168 


Examples. 


«         8,5 
1.  From  —  take  -— . 
9  7 

Operation. 
Thus,  8  X  7=  661  ^^^  „,^^ 

11  difference. 
9  X  7  =  63  common  den. 

Answer  —  t/ie  difference  required. 


SxplaHation. 

Beginning  with  the  numera- 
tor 8  of  the  greater  fraction,  I  re- 
duce the  fractions  to  a  common 
denominator;  I  then  subtract 
45  from  56,  and  place  the  re- 
mainder II  over  the  common 
denominator  63,  which  fraction 
being  in  its  lowest  terms,  is  the 
answer. 


11  7 

2.  From  --r  take  --. 

12  8 

Thus,  11  X   8  ssSSl 

7X1*=84}^"««' 

4  the  difference, 

12  X  8  =  96  common  den, 

4         1 
Wherefore  r::  =  r-  *^  answer. 
-^       96      34 

3.  Ffom  ---  take  ---,  and  from  -—  tAke  —-. 

7  8  2  3 

4.  From  —-  take  — ,  and  from  --  take  -— .    Diff.  —  and  —-, 

3  9  8  4  -^^     9  8 


^\f'  56  ^^  "e 


11  2  ■  5  5 
5.  From  --  take  —-,  and  from  -—  take  -- 

12  5  6  7 


^w*.  31      ^5 
Diff,  —-  and  --. 
•^60         42 


193.  When  there  are  mixed  numbers,  compound  or  complex 

fractions. 

Rule  I.  Reduce  mixed  numbers  to  improper  fractions^  com- 
pound and  complex  fractions  to  simple  ones^  reduce  these  to  a 
common  denominator,  and  proceed  as  before. 


_.and_  reduced  become and  —  respectively,  and  the  difference  of 

9  7  63  63 


these  is  evidently 


56  mm^  45         1 1 

,  or  -w,  as  in  the  example. 


63     '       63 

Nothing  can  be  plainer  than  this  rule ;  for  if  one  fraction  be  subtracted 
firom  another  of  the  same  denomination,  the  remainder  is  eyidently  a  firactioa 
of  the  same  denomination  with  both ;  thus,  if  two  fiftha  be  taken  from  thret 
fifikiy  thft  remsunder  will  be  onejffth;  and  the  same  of  other  fractions. 

K  4 


184  ARITHMETIC.  Paut  L 

II.  If  the  answer  be  an  improper  fraction*  reduce  it  to  its 
equivalent  whole  or  mixed  number  ^ 

3  5 
6.  From  34  take  —  of  — . 

4  6 


Brst,  3^  = 


Operation. 
3x4-1-1        13 


4  4 

^        _,      3     .5        15 

Secondly,  —  of —  =  — . 

Thirdly,  13  x  24  =  312 1 

15  X  4  =    60  J  ^^^  numerators. 

252  difference, 

4  X  24  =  96  common  denominator, 

^     ,^,      252       21      ^5     , 
Fourthly,  --_-,  =  -—  =5  2 —  the  answer. 
96  8  8  ' 

JE^xploMotion. 

13 
First,  I  reduce  the  mixed  oixmber  to  an  improper  fraction  — .    Secondly* 

4 

the  compound  fraction  to  a  simple  one  — .    Thirdly,  I  reduce  these  two  to  a 

common  denominator,  and  subtract,  which  gives  the  fraction .    Fourthly, 

.96 

21 
I  reduce  this  fraction  to  i^  lowest  terms  — ,  and  this  to  a  mixed  number. 

.•  .         .  .         .      8 

7.  From  -^  take  ^. 

•  5  5-J-     . 

Operation. 

^    /S^       3  X  4  +  1        13 

First,  -^  = =  — . 

5  5x4  20 

.     ^   54.       (5  X  2  4-  1)  X  3       33 
Thirdly,  13  x  33  =  429 1 

16  X  20  =  320  J  ^^  numerators. 

109  difference. 
20  X  33  =  660  common  denominator. 

109 

Fifthly,  the  answer. 

Explanation, 

\%  16 

The  two  complex  fractions  are  first  reduced  to  the  simple  ones  —  and  —  ; 

20      .    33 
these  are  next  reduced  to  a  common  denominator  \  and  all  the  rest  as  before. 

^  This  rule  is  sufficiently  plain  from  what  is  shewn  in  the  note  on  the  simi- 
lar rule  in  Addition  of  Fractions,  (Art.  189.) 
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2  5  4         1         ^2  17 

8.  From  —  of  —  take  —  of  --  of  — .     Diff,  —. 

3  6  5         3         3  -^45 

11  *>  T 

9.  From  2^  take  li,  and  from  H  take  — .    Diff.  —  and  — . 

2  31  7*  '■  1 

10.  From  —  take  -^y  and  from  —  take  —  of  3^.    Di 

13        ^  143 

and 


105  288 

3  2  19 

11.  From  —  of  4  take  —  of  3.     Diff.  1—, 

5  7  -^35' 

12.  From  |t  take  p^.    Diff.  -^. 

34-  54  -^348 

1 94.  To  subtract  mixed  numbers,  without  reducing  them  to 

improper  fractions. 

Rule  I.  Reduce  the  fractional  parts  to  a  common  denomina- 
tor, and  having  subtracted  the  less  whole  number  from  the 
greater,  subjoin  the  difference  of  the  fractions  to  the  difference 
of  the  whole  numbers  for  the  answer.  - 

II.  But  if  the  lower  new  numerator  is  greater  than  the  upper, 
subtract  it  from  the  common  denominator^  add  the  remainder 
to  the  upper  numerator,  and  set  the  sum  over  the  common  de- 
nominator for  the  fractional  part  3  then  carry  1  to  the  less  whole 
number  before  you  subtract  it  from  the  greater  *". 


c  The  first  part  of  the  rule  evidently  supposes  that  the  whole  number  and 
fraction  to  be  subtracted  is  each  less  than  the  whole  number  and  fr»:tion  from 
which  they  are  respectively  to  be  taken ;  now  it  is  plain,  that  if  2-|-  be  taken 
from  3^,  the  remainder  is  1-|-;  and  it  will  be  equally  so  when  applied  to  other 
similar  examples. 

But  with  respect  to  the  second  part  of  the  rule,  where  the  lower  new  nume- 
rator is  the  greater,  subtracting  it  from  the  common  denominator  is  equivalent 

'■ifl 
to  borrowing  1,  (as  in  simple  subtraction)  ;  thus  in  Ex.  14,  where  6 —  is  to 

45 

be  taken  from  12 — ,  1  say,  36  from  10  I  cannot,  1  therefore  borrow  45,  (or. 
45 

45 

,  which  is  equal  to  1,)  then  36  from  45,  and  9  remain ;  this  added  to  the 

45 

19  45\ 

10  irives  ID,  viz.  — ;  then,:  because  I  borrowed  1  (or  — -)  in  the  fraction,  1 

45  15 

must  carry  1  to  the  subtrahend  of  the  whole  numbers ;  wherefore  carrying  1  to 
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«  4,3 

13.  From  4—-  lake  1 — . 
5  7 

Operatiov. 

F.«*,  4  X  7  =  «8 1  ^^at^,, 

3  X  5=  lo  J 

13  difference, 

5  X  7  =  35  comnum  (leRoiiitiiafof . 

7%€n  4—1  =  3  difference  of  the  whole  manhen^ 

Wherefores —  the  aiumer. 


4  B 

Uniag  ndattd  the  fractions  —  snd  —  to  a  ooibbiod  denomiiuCor,  and 

6  7 

fabCnctcd  at  before,  I  next  tobtnct  the  whole  nnmben  1  from  4»  and  3  re- 

naint ;  to  thb  I  tnfrfoui  the  fraction  —  for  the  answer. 

.    35 

9  4 

14.  From  1£—  take  6—. 
9  5 

Opehatiok. 

4  X  9  =  So  J 

9  X  5  =  45  common  denominator. 
Secondly,  45  —  36  -f  10  =  19. 

19 

Therefore  the  fraction  i$  --. 

45 

Thirdlpi  carrying  1  to  the  6  s  7. 

Therefore  12  —  7  =  5  <^  whole  number, 

19 

Whence  5--  <^  OTUtoer. 
46 

3  4 

Having  first  reduced  the  fr?u:tions  —  and  —  to  a  eommott  denoniinator* 

^  9  5 

secondly,  I  snbtraci  36  from  45>  and  add  10  to  the  remainder,  which  gives  19, 

>  19 

this  placed  over  the  common  denominator  45,  gives  —  for  the  fractional  part ; 

I  then  carry  1  to  the  whole  number  6  is  7,  this  I  subtract  from  the  whole  num- 

19 
ber  13,  and  5  remains  for  the  whole  number ;  wherefore  5 —  is  the  answer  re- 

45 
({aired. 


(T  makes  7>  which  taken  from  12  leaves  5 ;  all  this  is  evident,  being  exactly  the' 
I^rooes»  of  simple  subtraction* 
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1  a 

15.  From  18---  take  4—. 
%  7 


Thui,  1  x7=   7 


X7=   7\ 
x«=13/ 


nfiw  numeraton. 


2  X  7  ==  14  common  denominator. 

9 

Then  14  —  12  -|-  7  =  9,  therefore  — the  fraction;  also  carry 

1  to  the  4  is  S,  then  18  —  5  s  13  the  whole  number ; 

9 
wherefore  IS--—  the  difference  required, 

2  4  1  3  19 

16.  From  5—  tak^  2—,  and  from  3—  take  2—.    Dif.  2— 

9  5  a  9  45 

and  — , 
13 

2  1  1  13 

17.  From  11--  take  3--,  and  from  11  take  9-r.    Dif,  8— 

3  8  2  -^     24 

^     1 
mid  1—-. 
2 

4  3  13  1 

18.  From  20-r  take  4—,  and  ftt)m  1—  take  — .    Diff.  16— 

5  4  2  4  "^       20 

and — . 
4 

11  12 

19.  From  32*rr  take   1~,  and  fi«m  7—  takta  4t— -.    Di/f. 

5  1 

30—-  and  2—. 

195.  To  subtract  a  proper  fraction  from  a  whole  number. 

RuLB  I.  Subtract  the  numerator  of  the  frtiction  from  the  de- 
nominator^ aad  place  the  remainder  over  the  denominator  for 
the  fractional  part. 

2.  Subtract  1  from  the  whole  number^  prefix  the  remainder 
to  the  fractional  part,  and  it  will  give  the  answer  ••. 


^  This  rule  depends  on  the  same  considerations  with  the  preceding,  as  may 

be  seen  by  an  attentive  examination  of  the  90tb  example,  in  which  it  is  re- 

5  9 

quired  to  take  —  from  8  ;  now  here  we  borrow  ],  or  — ,  from  which  takinr 

9  d 

5  4  9      \ 
,  the  remainder  is  — :  then,  because  we  borrowed  ( — >  or)  ly  we  mustcom- 

9  9  9 

pensate  by  (subtracting  or)  lessening  the  8  by  the  1  we  borrowed. 
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20.  From  8  take  — . 

4.  ,  .     • 

Thus,  9  —  5  =  4,  wherefore  — -  is  the  fraction  -,  then  8—1 

4 

=  7  the  whole  number;    wherefore  7 —  the  answer  re- 

quired, 

■  ■    "  '  '** 

21.  From  10  take  --. 

12 

< 

7 
,    Thus,  12  —  5  =  7^  wherefore  —  the  fraction ;  also  10—1 
«.  12 

...  .  J 

=  9  th^  whole  number  ;  wherefore  9 —  the  answer, 

2  8  11 
^2.  From  4.  take  -—-,  and  from  1  take  — .    Diff,  3 —  and  — . 

3  ,  ,.  9-^3  9 

5  '  7     "  2 

23.  From  25  take  — ,  and  from  10  take  — .     Diff,  24 —  and 

7  9  *^        7 

9 — 
9    .  V 

3  2  2  5 

24.  From  1  take  -— ,  and  from  2  take  — .    Diff,  —  and  1 — . 

5  757 

196.  When  the  fractions  are  of  different  denominations  in 

money,  weights,  or  measures. 

Rule.  Reduce  the  fractions  to  their  proper  quantities,  then 
subtract  by  the  rules  of  Compound  Subtraction  \ 

3  5 

25.  From  ---  of  a  pound  take  -^  of  a  shilling. 

8  o  ^    . 

Operation.  ' 

3               3  X  20       60       '*  ^*                   Explanation, 

Thus,  —  L.  = =  —  =  7  6         Having  reduced  the  fractioni 

00  fQ  their  proper   quantities,  I 

5  5  X  12       60  subtract  the  lower  \0d.  from 

—  s,     = =  —  =  O  10  the  upper  7*.  6d.,  and  the  re- 

00         mainder  6*.  8rf.  is  the  answer. 

Answer  6  8 


•  The  grounds  of  this  rule  are  explained  in  the  note  on  the  similar  rule  in 
Addition  of  Fractions,  Art.  l^O. 
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4  7 

26.  From  -r-  of  a  lb.  troy  take  —  of  an  ounce. 

o  o 

A  a.  V  lO  ^Q         o«.  dwt,  gr,' 

7%«,  i- Z6.  =  i4-b  =   ^   =9     IS    Q 
5  5  5 

7  7  X  20        140 

8  8  8  ■ 

8     14  12-^itt;^. 


«         3  1 

27.  From  —  of  a  pound  take  -g-  of  a  shilliag.  X>i/.  14«.  lOd 

2  7 

28.  From  —  of  a  guinea  take  —  of  a  pound.     Diff.  2^.  4d. 

5  11 

29.  From  -^  of  a  pound  take  —  of  a  crown.    Diff.  155.  Sd.^, 

3  7 

30.  From.  —  of  a  ton  take  —  of  a  cwt.  Diff.  llcwt,  Oqr.  Ulb. 

31    '  1    • 

31.  From  —  of  a  mile  take  -j  of  a  furlong.     Diff.  Stfur.  34p. 

32.  From    3—  weeks  take   4—  hours.     Di/.  3u?.  2d.  23ft.  ^ 
22m.  30".  ' 


197.  When  the  fractions  will  not  reduce  to  known  quantities 

without  remainder. 

Rule.  Reduce  the  given  fractions  to  fractions  of  the  greatest 
denomination  mentioned,  reduce  the  latter  to  a  common  deno- 
minator, subtract  the  less  numerator  from  the  greater^  as  in 
Art.  192,  then  having  placed  the  remainder  over  the  common 
denominator^  reduce  this  fraction  to  its  proper  quantity^  by  Ait* 

186'. 


'  This  rule  depends  on  the  same  principles  with  the  similar  rule  in  Addition 
of  Fractions,  Art.  19 1.  It  will,  in  some  cases,  be  more  convenient  to  reduce 
the  fraction  of  the  greater  denomination  to  an  equivalent  one  of  the  less,  and 
proceed  according  to  the  latter  part  of  the  rule. 
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33.  From  -;=-  of  a  pound  take  —  of  a  shilling. 

Ofbbatiok. 

Then  3  X  36  s  t08 1 

I  >^    T  —      T  I  ^^^  numerators, 

101  difference, 

7  X  39  =  252  common  denominafor. 

-,.      ^       101    ,        101  X  20      2020       505       ^1     ... 

Therefore  — . —  L.  =s = =s =s  B--  mw- 

•^        252  252  252         63  63 

lings,  the  answer. 

Espianation, 

5  1 

yirtty  ^  of  a  ihilliiur  reduced  to  the  firactioo  of  •  Doiuid  it  .^  ;  then  I  le- 
9  "^  36 

3  1 

dace  —  and  —  to  a  commoo  denominator;  then  subtractiaf  7  from  108»  the 

7  36 

reminder  is  101.    Lastly^  1  reduce  .^~  L>  to  ita  proper  quantity,  which  is 

Zo« 

S-L  thill. 
63 

3  1 

34.  From  —  of  a  hhii.  of  wine  take  3— gallons. 

ri .  5 

Thus,  ^- gal  =.- gal  ::=^-^^^j^hhd. 

Then  3  X  315  =  945^  ^ 

I  new  numerators, 

16  X    11  =  176/ 

769  difference. 

II  X  315  =  3465  common  denominator, 

«/!.      r        769   ..^        769  X  63        48447         16149 

'^"^^^  si65  ^^^- == -"-lieT- = -iie^ 

9 
I3gal  3qt  Ipt.  S--— gills,  the  answer. 

x«>9 

5  4 

25.  Fronk  -^  of  a  pomd  take  —  of  a  shilling.    Diff.  ISi. 
7  '  5 

29 

5  3  11 

36.  From  8^  acres  take  7—  poles.    Diff,  8a.  Ir,  ISp,  — . 
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2  8 

37.  From  TT  of  a  barrel  take  —  of  a  gallon.  Diff,  5gal,  ^L 

■  »''•  w 

3  5 

38.  From  —-  of  a  chaldron  take  —  of  a  sack.    Dif,  Gsa.  16. 

5  9  •'^ 


MULTIPLICATION  OF  VULGAR  FRACTIONS. 

198,  To  multiply  fractions  together. 
Rule  I.  Multiply  the  numerators  together  for  a  numerator^ 

and  the  denominators  together  for  a  denominator. 

II.  If  the  new  fraction  be  a  proper  fraction^  reduce  it  to  its 

lowest  terms  5  if  an  improper  one,  reduce  it  to  its  equivalent 

whole  or  mixed  number  *. 

Examples. 

•  3     2  7 

1.  Multiply  -~,  —-,  and  -—  together. 
43  o 

Operation. 

^,3         2         7        42        7 

Explanation, 
I  firtt  midliply  the  mimetatora  9,  2y  asA  7  to^etlier,  and  the  f  roduct  it  43. 

—  -       -  ■  ..... 

*  To  multiply  a  fraction  by  a  whole  number,  we  must  evidently  multiply 
the  numerator  by  the  whole  number ;  but  to  divide  it,  we  must  multiply  the 

denominator  by  the  whole  number :  thus,  if  —  be  multiplied  by  2,  the  pro- 

4 

2  1X2  1  1^1 

duct  will  be  —  (or  — - — ),    But  —  divided  by  2  is  evidently  —,  (or        J 

for  two  fourths  are  double  of  one  fourth,  and  one  eighth  is  the  half  of  one 

2  4 

fourth :  this  being  premised,  let  it  be  required  to  multiply  ---  by  —\  now  2 

multiplied  by  4  equals  8  ;  bat  it  is  not  2,  but  a  third  part  of  S,  which  is  to  be 

8 
multiplied,  and  therefore  the  product  will  be  the  third  paat  of  8  only,  or  "r-* ) 

but  the  multiplier  is  not  4,  but  the  fifth,  part  of  4  only,  wberefosc  the  product 

8  8  2        4         8 

will  be  the  fifth  part  only  of  — ,  that  is,  — ;  wherefore  T"  X  "7~  =  "TT ;  or 

the  numerators  multiplied  together  give  the  numerators  of  the  product,  and 
the  denominators  multiplied  give  the  denominators  ;  which  is  the  rule. 


m  ASITHMETIC.  Fast  L 

Then  I  multiply  the  denomiiiaton  4,  3,  and  8  together,  and  the  prodoct  if  96. 

42  7 

1  then  redoce  r^  to  its  lowest  terms  —  . 
96  IS 

4  11 

2.  Multiply  —  and  —  together. 

4  11        44         14 

Thug,  -^  X  ---  =  --  =  3--  the  product, 

5  o         15  15 

2  4  6 

3.  Multiply  —  and  —  of  —  together. 

rtn^        '^         4^6  4S         16    -  ,    , 

Thus,  —  X  —  of  —  = =  —  the  product, 

'35-^7  105        35        ^ 

4  2  8 

4.  Multiply  —  and  —  together.     Prod,  — , 

y  o  4o 

3  5  12 

5.  Multiply  — ,  — ,  and  —    continually    together.       Pro^ 

4  8  13 

duct 


104 


2  4  14         9 

6.  Multiply  -^  of  —  and  -^  of  —  of  "T"  together.       Pro^ 

3  5  »         s         10 

24 


I7& 

12    7  3         6  7 

7.  Multiply  -—,  ■--,  and  -7-  of  -—  together.     Prod,  1—- . 
58  47  20 

199.  When  mixed  numbers  or  complex  fractions  are  to  he 

multiplied, 

KuLE.  Reduce  the  mixed  numbers  to  improper  fractions,  and 
the  complex  fractions  to  simple  ones,  and  proceed  as  before  \ 

8.  Multiply  34.  by  ^. 

5 

Operation. 

i»    .  o.       3  X  2+1        7 
J!r#f,3i=: ^ =  -. 

Secondly,  —  = =  — . 

^5  5x3  15 

Thirdly,  V  ^  77  =  q^  —  ^^  ^^  product. 


^  Th«  reason  of  this  process  syidently  follows  from  the  preceding  note. 
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Explanation, 

7 
First)  I  reduce  S-^  to  the  improper  fraction  -r-.     Secondly,  I  reduce  th< 

13  7 

complex  fraction  to  its  equal  — .    Iliirdly,  I  multiply  the  two  fractioot  — 

Id  ^ 

13  91 

and  —  together,  and  reduce  the  product  —  to  its  equivalent  mixed  num- 

iMjrSVr- 

9.  Multiply  — ,  -^,  and  -7  together. 

-,.         4  4x4  16  3f       3x7  +  4       25 

ai       2x4  +  19'         8  8x7  56' 

24  _  (2  X  3  +  2)  X  5  _40  _2£ 

3f  *"  (3  X  5  +  3)  X  3  ""  54  ""  27  ^ 

_,,   16   25   20    8000    1000  .     ,  ^    .  ' 

Thm  -r-  X  --  X  —  =— r = the  product  required, 

9       56      27       13608       1701  •  ^ 

2  3 

10.  Multiply  2—  by  3—.     Prod,  10. 
■^  34 

5        5  1  1 

11.  Multiply  — ,  4—,  and  1—  together.     Prod,  4—. 

3  1  54  615 

12.  Multiply  —  of  2—  and  ~  together.     Prod,  -t— •  . 

*^^    4  2  8    ^  448 

I*  2'  128 

13.  Multiply  —  and  -^  together.     Prod.  -rrr-. 

*T  3"a-  U^O 


200.  To  multiply  a  whole  number  and  fraction  together. 

Rule.  Multiply  the  numerator  of  the  fraction  by  the  whole 
number,  and  under  the  product  set  the  denominator  -,  then  re- 
duce this  fraction  to  its  lowest  or  proper  terms,  as  the  case  re- 
quires^ and  it  will  be  the  answer  % 


*  Whatever  parts  a  fraction  consists  of,  its  product  when  multiplied  by  any 

whole  number  will  consist  of  like  parts ;  thus  two  sevenths  multiplied  by  three 

3  2x3         6 

will  produce  sia  settenths,  that  is,  —  X  3  =  '-r—  (=  —),  which  is  the  rule. 
»■  til 


VOL.1 


k 
I 
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3 

14.  Multiply  2  by  — . 

o 

Operation.  Esplanation. 

o  6  a  ^^^  ^  QU^plf  t|M  MHMWtM  3  by 

2  X  — : =s product.     tl*«  whole  number  2,  and  under  the  pro- 

8  8  4  d^ct  6  I  place  the  denominator  8  (  ttien 

6  3 

I  reduce  the  fraction  —  to  its  lowest  terms  — . 

8         .  4 

7    3 

15.  Multiply  2,  — ,  — ,  aod  4  continuaHy  tc^tber. 

9     8 

3  8  4 

16.  Multiply  -y,  — ,  a^d  12  together.    Proi.  4—- 

IT.  Multif^  7  by  ~  of  — .    Prod  6-5-. 

4  12  8 

18.  Multiply  —  of  -T  of  —  by  3.    Froi.  —. 

7         o         9  03 

201.  ^1^  the  whole  number  luill  divide  the  denominator  of  the 
fraction  without  remainder,  divide  by  it,  and  set  the  quotient 
under  the  given  numerator  >  thi3  fractipn  reduced  as  before  will 
give  the  apswer^. 

19.  Multiply  —  by  12. 

Operation.  Esplanation. 

1  4  1  Here  I  divide  the  d«noq4nator  48 

—  X  12  := =  —  prod,     by  the  whole  number  13,  and  set 

48  48-1-12         4  the  quotient  4  under  the  numerator 

1  for  the  ansiiwr. 

^        ^  To  divide  the  4eaoaitiiiator  by  ai^  number  is  the  same  as  to  multiply  tiier 

numerator  by  it  i  for  let  —  be  multiplied  by  2,  the  product  by  the  last  rule 

4 

Q  \ 

will  be .  which  reduced  to  its  lowest  terms  is .     Let  now  the  denomina- 

4  2 

tor  4  of  the  f^^ptio^  ^^  be  divi(le4  by  2,  tbi^i  ^■.  ..» 4n4  th«  %imU«At  1^  ba- 

4  -         4-*-2 

2,  making  the  resulting  fraction  -L,  the  sapie  as  by  the  former  method ;  and 

the  same  holds  true  in  every  other  instance :  wherefore  the  truth  of  the  rule  is 
manifest. 
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119 

20.  Muliiply  -— --  by  9. 

144 

119  119  7 

'^^  M4T9-  =  16-=  ''16  *^f">^*- 

21.  M«ltiply  ^  by  25.    Prod.  -|^. 

9f2.  Multiply  A  by  15.     Prod.  l^. 
45  3 

23.  Multiply  -^  1^  54.    Prod,  53-^-. 

202.  When  a  numerator  and  dmommator  are  the  satnef  both 
may  be  omitted  in  the  operation^  a  small  line  being  drawn 
through  the  figures  omitted;  this  operation  is  caFfed  canoel- 
ling*. 

O  A 

24.  Multiply  —  and  —  together. 

S        A        S 

Thus,  -y-  X  -~-  =  —  *Ae  product.    Here  we  left  out  the  A, 

which  is  both  a  numerator  and  a  denominator, 

25.  Multiply  — ,  — ,  —,  and  —  together. 

Thus,  -^X-4-X~-X--  =  r7:^^  product.    Here  we  omit 
P        8        7        5       56 

the  6  and  6,  and  the  5  and  5. 


*  Tlii&  nomerator  of  a  fraction  may  be  considered  as  a  multiplier ,  and  the 
denominator  as  a  divisor  ^  it  is  plain,  that  if  any  number  be  both  multiplied 
and  divided  by  any  (the  same)  number,  the  result  will  be  the  same  as  the 
given  number;  wherefore  such  multiplication  and  division  fas  they  mu- 
tnally  deitroy  the  effect  ^  eaeb  other)  may  be  omitted-:  which  is  what  the  rule 
directs. 

It  may  be  hirtlier  observed,  that  one  numerator  cancels  only  one  equal  de- 
nominator, and  vice  versa  ;  but  it  will  cancel  two  or  more  when  it  is  equal  to 
their  product ;  thus,  in  ex.  26.  the  numerator  4  cancels  the  denominator  4 
aikiy».but  the  datominater  6  cwiceli  both  the  nmnerators  2  and  3>  beomue  it 
equals  3  X  3. 

o  2 
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Q     3     4     5  6 

26.  Multiply  — ,  — ,  -g-,  y,  ^d  —  together. 

Here  the  threes,  fours.  Jives,  and  sixes  being  omitted,  the 
product  will  be  — . 

^       Q       o  i>y  (^ 

27.  Multiply  — ,  — ^  —/and  —  together.     Prod.  — . 

7  &      4  8  40 

28.  Multiply  — ,  — ,  — ,  and  —  together.     Prod.  — . 

203.  FFhen  a  numerator  and  a  denominator  can  be  divided  by 
any  {the  same)  numher,  draw  a  small  line  through  the  numbers^ 
and  use  the  quotients  instead  of  them  '• 

8  12 

29.  MuKiply  y  by  — . 

Operation.  Explanatum. 

a          A  Here  8  and  36  both  divide  by  4 ;  I  dasb 

A         ^j        Q  <>^t  these  numbers,  and  write  the  quotients 

Thua    ~  V  — —%rod  ^  ^^^  ^  opposite  its  respective  number : 

A  rtWF,    0        1^0       27  ^  also  12  and  9  divide  by  3  ;  I  cancel  these, 

o          g  and  write  down  the  quotients  4  and  3  ;  then 

t  multiply  2  by  4  and  3  by  9  for  the  answer. 

«      Tt*  ,  .  T    12  26   1 1        ^  6  ^ 

30.  Multiply  — ,  — ,  — ,  and  y  together. 

Operation'. 

2        2  2 

^,       ri      i0      11       ^         88 

3 

JBsptanation, 
Here  12  and  18  are  divisible  by  6,  which  goes  twice  in  the  former  and  5 
times  in  the  latter ;  I  therefore  put  2  opposite  IS,  and  3  opposite  18  ;  13  and 
18  are  therefore  cancelled :  in  like  manner  13  cancels  26  by  2,  and  3  cancels 
6  by  2 ;  the  ones  need  not  be  put  down;  I  therefore  multiply  2,  2,  l^and  2 
together  for  the  numerator,  and  27  and  7  for  the  denominator; 


f  The  tvttth  of  this  will  appear  by  multiplying,  the  given  fractions  together, 

8  12       96 
and  reducing  the  product  to  its  lowest  terms ;  thus,  ex.  29.  —  X  --r  =*■  -—-> 

9  o6      i>»4 

o 

which  reduced  to  its  fowest  terms  is  — ,  the  same  with  the  answer  obtained  by 

27 

the  rule.    This  method  •f  cancelling,  when  it  can  be  applied,  saves  much 
trouble. 
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31.  Multiply  — ,  ^,  _,  — ,  and  y  together. 

3  3 

4  1  10  4 

82.  Multiply  — ,  — -,  and  —  together.     Prod,  —. 

5  2  11  11 

33.  Multiply  M,  i-,  H,  and  |-  together  '  Prod.  ^. 

13  4  1 

34.  Multiply  4---,  2 — ^,  and  —  together.     Prod.  7— • 

4  3  15  i 

35.  Multiply  2— >  _  of  -^  and  --  together.    Prod.  ■—.     ^ 

o         4       7  6  251 

36.  Multiply  —  of  --,  3^,  and  -rr  together.     Prod,  1-—-. 


DIVISION  OF  VULGAR  FRACTIONS: 

204.  To  divide  one  fraction  by  anotksr.     . 

Rule.  Invert  the  diviscv^  and  then  multiply  the  {factions 
(with  the  divisor  so  inverted)  together,  as  in  Art.  19^. 

Mixed  numbei*s  must  be  reduced  to  improper  fractions,  and 
complex  fractions  to  simple  ones,  previous  to  the  operation '. 


n 

f  The  reason  of  this  rule  will  appear  from  the  first  example,  wliere  —  is  re- 

4 

t  q 

quired  to  be  divided  by •    First,  suppose were  to  be  divided  by  5  only, 

7  .4 

H  is  evident  that  the  quotient  would  be  ,  or ;  but  instead  of  5,  the 

4X5         20 

.  .        5  3 

divisor  --.  is  only  one  seventh  |)art  of  5,  and  therefore  the  quotient  — ,  arising 

from  a  divisor  seven  times  too  spreat,  must  be  seven  times  less  than  it  ought  to 

be,  and  consequently  Aiust  be  multiplied  by  7  to  viake  it  right;  wherefore 

3  X  7       21  ^  K 

— - —  «  —-  (as  in  the  example)  is  the  true  quotient  of  —  divided  by  —  ; 
20  20  4  7 

and  this  quotient  arises  by  multiplying  3  by  7^  and  4  by  5,  or  by  inverting  the 

divisor,  as  has  been  shewn. 

o  3 


IM 


J£XAMPL96. 


ft^»T  L 


1.  Divide  —  by  — -. 
4        7 


OPERATIOlf. 


I  fiifi.inveft  the  divisor —    and 

7  ''' 

The  divisor  inverted  is  -— .  n  ))ecomeft  -1.;  l  thea  maltiply 

Ti;^«   ^    w    ^— ^^  —  1^    ^,^*      *b»  •'^^^  —  torether,  and  reduce 

the  product to  a  mixed  namber. 

2f 


2.  Divide  S-—  by  3—. 

o  4 

Opeilation. 

1         2x34-1 
First,  2-i-  =  ^^^ 
3  3 

^1         3x4+1 
3_  = j_^ 

The  divisor  imjerted  is 


7 
3 
13 

4 


13 


Then  y  >^  ^[J  =^  5^  quotient. 


MaplatuUioH, 

I  firtt  reduce  the  two  mixed  num- 

7 
bers  to  the  improper  fractions  — ^ 

13 
and  ._ ;  the  latter j»  being  the  divi- 

..4 

sor,  I  invert,  and  multiply  the  for- 
vott  bf  %  wfaith  givos  the  qttdtieiit. 


S4         7 

S.  Divide  -— -  by  -— . 

7  7  X  a 


17  7  8 

— .     r/i€B  —  int^er^ed  is  -—-. 
42  a  7 


Therefore  -x  j=^  ^—^  ^^  the  quotient. 

4.  Divide  i- of  I  by  |.  of  ^  of  |-. 

The  dmofir  ifweft&i  is  ^  of  —  €f -f^. 

3        7        * 


5 


»9^ 


i   '^  9       B^       7   "^  i      %l        %l       ^ 


4         24- 

5.  Divide  •— by ----. 

7       4f 

16% 
The  divisor  redatei  temd  imoeritdis  ^ — ^. 

91 

«*      ^       4         165         560  23      ^  . 

Therefore  y  x  -^  =  -g^  =  \-^  the  quotimU 

6.  Divide  4-  ^1  r^>  and  4  by -^^    <iV'Ot^  Hanlx—. 

9     -^  11  6     -^  5  90  18 

^.-^,  .-^6,      3         ,1,      2       ^^.^6       i3 

7.  Divide  2—  by  — ,  and  —  by  —-.     Qmt.  4^  and  ^. 

4  2  '        ^       '    '      1        '  9  lr6 

8.  Divide  —  of  -r  by  9-~,  atid  2*^  by  ~-     C^^*-  -^t^nr'  ^^ 

5  3     ^    10  4     -^  10  297 

2 

9.  Divide  -  by  -  of  ^,  ^y  by  -.    «uo^.  S-j^  and  j^. 

T'  o  IS  21  18         f 

10.  Divide  -^  by  12  tr*  w^  4--i  by.  5-r-*     (iu»U  -i^and  r--.       » 

14         ,.  7  2  ,4  4d4"  23         » 

9         7  3  2  19 

11.  Divide  8^  by  — .  and  ^  by  1~-    Quoi.  11—  and  — . 

12.  Divide^  by  -i-  of  -?-  ©^  ^-     ^««>*-  3^. 

24^   '   2         6     •   8  14 

205.  When  the  numerator  of  the  divisor  will  divide  thfi  nume'^. 
rator  of  the  dividend,  and  the  denominator  divide  the  denominator, 
both  without  remainder -,  then  (without  inverting  the  divisor) 
divide  numerator  by  numerator,  and  denominator  by  denomina- 
tor^ SLnd  the  quotients  will  £6rm  ^  fraction^  which  (reduaed  if 
neced&ary)  will  be  the  answer*^. 

13.  Divide  I  by  4. 

Ofbratiow.  Mxplanaiion* 

1043  I  put  tb6  sign  of  division  be- 

ThuSi i-  *^—  =  —  quotient,  tween  the  fractions,  then  divide 

d5         &          7  12  hy  4,  and  35  by  6. 


^  The  truth  of  this  process  will  appear  by  working  the  examples  included 
under  thl»  mle  by  the  fotmet  taTe,  as  in  both  C4s<?i  the  satdte  wfsnlt  will  be  pro- 
duced ;  antf  it  !«  teeiMMieiided  to  pf^te  ev^  (SJMtaHiloit  id  this  by  the  fonaei 
rnte. 

O  4 
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14.  Divide by  — . 


Thus, 


121 
120         3        40 


121 


rr=u  =  ^4o9"^^'- 


15.  Divide  12;^  by  l\ 
20    -^     2 


83 


Thus,  12—  =  -- — ,  and  l-^-^—i  then *-±- -j.  — :  ^ 
20         20  2         2  '      :        20         2       10 

3 

.=  8—  the  quotient. 

8  111  2  1 

16.  Divide  —  by  — ,  and  —  by  — .     Quot.  2—  and  — . 

12         6  20        4  2  2 

17.  Divide  ~  by  — ,  and  —■  by  — .     Quot,  —  and  1—.   .     i 

9    '     3  2         2  3  1 

18.  Divide  3—  by  — ,  and  4-^  by  — .     (iuot  6 —  and  6---. 

19.  Divide  25;:?.  by  ^  of  4.    Qwoe.  31^^. 

25    "^    5  w  5 

r  •      . 

206.  To  divide  a  whole  number  by  a  fraction. 

Rule.  Invert  the  fraction,  and  multiply  the  numerator  of  the 
inverted  fraction  by  the  whole  number^  under  the  product  place 
the  denominator^  and  reduce  this  fraction  (if  necessaiy)  for  the 
answer*. 

20.  Divide  12  by  -I"- 

8 

The  divisor  inverted  is  — :  then  l^  x  —  =  ---=  13 —  tfte 

7  7       H  7 

quotient  required. 

21.  Divide  20  by  4- 

3 

Thus,  20  X  —  =  —  =s  30  <Ae  quotient. 

5  1  2 

22.  Divide  4  by  -^-^  and  2  by  ---.     Quot,  6---  and  6. 

8  3  5 


'  If  1  be  put  for  a  denominator  to  the  whqie  nnmber,  it  will  become  a  frac- 
tion, and  the  divisor  being  inverted,  this  rule  will  coincide  with  the  i^rst  rule 
in  Division  of  Fractions^  and  is  consequently  founded  on  th^  same  prinqpleit 
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23.  Divide  9  by  —.'and  10  by  — .     Quot  13—  and  17—. 

X  9  -3 

24.  Divide  I  by  — -,  and  3  by  — .     Quot.  2  and  4 — . 

'2  '^  13  13 

9  2         ■  1 

25.  Divide  9  by  -— ,  and  11  by  — .     Quot.  10  and  9,7—, 

10  5  2 

207.  To  divide  a  fraction  by  a  whole  number. 
Rule.  Moltiply  the  denominator  of  the  fraction  by  the  whole 
number,  and  over  it  set  the  numerator  ^. 

26.. Divide— by  5. 

3  3 

Thus,   ^  *   .    =  -—  (Ac  quoHent. 
4  X  5       20        ^ 

27.  Divide  —-  by  14. 

7  71 

ThuSi 7  = =  --r  the  quotient. 

8  X  14       112       I?.    . 

4  1  4  1 

28.  Divide  —  by  3,  and  —  by  4.     Quot.  --7  and  — -. 

5  -^  3     "^  15         1^ 

11  40  11 

29.  Divide  —  by  10,  and  ---  by  4.     Qmo^.-— --  «id  2. 

12  5     "^  120 

• 
208.  When  the  wJiole  number  will  divide  the  numerator  of  the 

fraction  without  remainder^  then  divide  the  numerator  by  it, 

and  under  the  quotient  set  the  denominator  *. 

30.  Divide  ||  by  4. 

12  "4-4        3 
Thus, —  =  —  the  quotient. 

13  13        ^ 


^  Place  1  as  a  deoomiDator  to  the  whole  number,  and  this  rule  will  coincide 
with  the  first,  in  the  same  manner  as  the  preceding  rule  has  been  shewn  to  co- 
incide with  it. 

^  The  truth  of  this  rale  is  evident  from  ex.  30 ;  for  the  one  fourth  part  of 
twelve  thirteenths  is  evidently  three  thirteenths :  and  the  like  will  appear  from 
other  examples. 
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ai.  Divides— by 5. 

7 

Thus,  3-2-  =:  — :  th€n  — - —  :£i  —  tha  qttotient, 
7        7  7  7 

32.  Divide  ~  by  34. 

54-68  68  -s^  34         2 

Thus,  —  ris  — :  then cs  —  */i€  quotient. 

6i      75  75  75        ^ 

10  21  2.3 

33.  Divide  —  by  5,  and  --  by  7.     Quot.  -—  ma  — . 

7  2  1  5        *  16 

34.  Divide  6~  by  11,  and  --  of  7—  by  6.     Qiro^  —•  <t«d  — . 

8  3  9  ■         o  2/ 

35.  Divide  —  of  --  of  5-i  by  2.     Qmo^.  1-^, 

3         5  2     -^  15 


209.  Promiscuous  Examples  for  practice. 

4  II 

1.  What  is  the  sum  and  the  difference  of  --^  ftnd  ~-  ?     An- 

7  13 

.  -38    i,^  2^ 

^loey,  SMW  1-^,  rfi/.  — . 

7-7 

2.  Require*  the  product  and*  quotient  of  S-g-^  ^  '^  ^^  ^• 

,       11  10 

Answer,  prod.  \0^-y  quot.  I---. 

64  21       '  , 

5  11 

3.  Which  is  greatest,  the  sum  of  —  and  --r,  or  the  difference 

7  12 

7  29  377 

of  J-—  and  --,  and  how  much  ?    Answer ,  the  sum,  by  — -- — . 
10         30'  .  ^  42P 

2  •      7 

4.  Which  is  the  greater,  the  product  of  -r-  by  — ,  or  their 

3  9 

64 
quotient,  and  how  much  ?    Answer,  the  quotient,  hy 
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5.  How  much  is  -—  greater  than  -^  ?     Answer  — . 

9  ^  JO  90 

3         5  5 

6.  Which  is  greatest,  the  quotient  of —  by  — ,  or.tiiftt  of -^ 

3  19 
by  —,  and  how  much  t  Answer,  the  latter,  hy  — , 

4  90 
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7.  If  ~  be  multiplied  and  divided  by  -^,  which  is  the  great- 

esU  the  product  or  the  quotient,  and  how  much  ?    Answer,  the 

27 
quotient,  by -J—. 

7  4 

a  If  e—  be  added  to  — ,  a«d  also  divided  by  it,  wKch  is 

greatest,  the  sum  or  the  quotient,  jsmd  how  oauch  ?    Amwer,  the 

sum,  by . 

'      '  ^  160 

9.  What  sum  will  arise  by  adding  the  sum  and  difference  of 

4  2 

—  of  3  guineas  and  —  of  4  pounds  together  ?     Ans,  51,  69.  Sd, 

3  4 

10.  If  the  quotient  of  2—  by  ~-  of  ^  be  multiplied  by  the 

sum,  what  is  the  product  ?   *  Answer  7 . 


210.  PROPORTION,  or,  THE  RULE  OF  THREE 
IN  VULGAR  FRACTIONS. 

RyjfB  I.  £}&amine  the  question  so  as  to  be  able  to  determine 

.    how  the  stating  is  to  be  made,  then  reduce  the  first  and  third 

terms  to  fractions  of  the  same  denomination,  if  they  are  not  so 

alreacfy,  and  the  second  to^  fraction  of  the  greatest  denomkia« 

tion  contained  in  k,  or  of  a  greater  d^ominatioa  if  convenient. 

II.  With  the  fractions  to  which  the  given  numbers  are  re<- 
daced  state  tke  question,  and  exansiBe  whether  the  answer  will 
be  greater  or  less  than  the  second  term ;  if  greater,  mark  the 
less  extreme  for  a  divisor,  but  if  less,  mark  the  greater, 

III.  Invert  the  marked  term,  and  then  multiply  the  three 
terms  continually  togethet)  the  product  will  be  a  fraction  of 
the  same  denomination  with  that  which  the  second  term  was 
reduced  to,  and  must  be  reduced  to  its  proper  quantity  for  the 
answer". 


*  ThM  role  it  fouoded  co  the  same  principles  with  the  Bale  q£  Three  ia 
trhole  BOBibera,  (Art.  Ti^,)  and  andef  it  are  inciadtd  both  the  direct  and  iir 
veree  ctthes,  which  im  c^ct  are  only  branches  of  one  and  the  same  general 
rale. 


304  ARITHMETIC.  PiKxl. 

Examples. 

1.  If  ^—cwt,  of  cheese  cost  lOZ.  2#.  6rf.  what  cost  Icwt  Iqr, 

14Z6.  ? 

Reduction  of  the  terms. 

%-^cwt.  =  -^cwt.        lOZ.  2*.  6d.  =  lO-^--!*.  ==  -^i*. 

3  11 

Icm;^  lor.  14/6.  ±=  1 — cwt.  =  — cw^ 
^  8  8 

Stating. 

*'-rCwt.  :  — L,  :  :  — cwt.  ; 
5  8  8 

Operation. 
81       11        5         405  _        ^,  ^    ^^ 
8         8        11  o4 

Eteplanation, 
I  first  reduce  the  terms  which  will  be  the  first  and  third  to  fractions  of  an 

hundred  weifht>  viz.  2 —  to  — cwt.t  and  \cwt.  lor.  14/6.  to  — :  next  I  reduce 

5         5  8 

81 
10/.  2».  6d.y  the  second,  to  — L.:  1  then  state  the  question,  from  the  nature 

8 
of  which  I  find  that  the  answer  ought  to  be  less  than  the  second  term ;  I  there- 
fore mark  the  greater  extreme  —  for  a  divisor ;  having  inverted  — ,  I  put  the 

1        .         •  b  •   •        5 

three  terms  down  with  signs  of  multiplication  between,  and  multiply  them  to- 

405 
gether  ;  the  product ^  is  next  reduced  to  its  proper  terms^  which  gives  the . 

64 
answer.    In  the  multiplication,  the  elevens  cancel  each  other. 

* 

4  3  7 

2.  If  —  of  a  yard  of  lace  cost  —  of  a  pounds  what  cost  —  of 

a  yard? 

Stating. 

— vd.  :  — L.  : :  -z^^d. 
9^  5  16* 

Operation. 
5   ^  16  ^   4  ""  "320 


-^  X  tt:  X  -r  =  -rrTrl-.  =  11«.  9^4  answer. 


Esplanation. 

llere  as  the  terms  require  no  reducing,  I  first  state'the  question,  and  find 
that  the  answer  will  be  less  than  the  second  term ;  I  therefore  mark  the  greater 

4 

term  —  for  a  divisor,  which  being  inverted,  and  multiplied  by  the  two  othe^ 
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189 
texmS)  produces  the  fractioo  —L, ;  tbis  reduced  to  its  proper  quantity  is  the 


answer. 


3.  If  my^end  lends  me  10  guineas  for  lO  weeks  and  3  days, 
how  long  ought  I  to  lend  him  5/.  4<.  6d.  to  acquit  myself  of  the 
obligation  ? 

21  73 

10  guineas  st  lO^L.  =  -r-t.         lOw.  3d.  =  lOitr.  =  — w. 

%  7 

S09 

5f.  4s.  ed.  =  5-^L.  =  -TTT^' 

40 

Stating. 

21,       73        .209*, 

2  7  40 

Opebation. 

21       73         46  30660         ,        ^  ,     ^  ^         146    ^ 

-;r  X  -r-  X  -r —  = T —  week  =  20  wecArs  6  day*  -rrr-  -^««. 

2         7        209  1463  ^    209 

Exptaiuition,  . 

1  find  that  the  answer  will  be  greater  than  the  second  term,  consequently  I 
mark  the  less  extreme,  and  proceed  as  before. 

4.  If  by  walking  24  niHes  an  hour  I  can  perform  a  journey 
in  8f  days,  how  many  days  will  another  who  can  walk.  3f  miles 
an  hour  require  to  go  the  same  distance,  allowing  12  hours  to 
the  day  ? 

11  62  16 

Thus,  24w.  =  — m,        84d.  =  --d.        Z^m,  =  -— m. 

4  7  5 

^,      11  62,         16*  11       62        5        1705, 

Then  — 1».  :  — d.  —  -r-wi.  :---X  —  X  —  =  -35^0.  = 
47  5  471^        224 

19 

7d.  7h,  -—  the  answer. 
56 

3  3 

5.  If  —  of  a  cwt.  of  iron  cost  -—  of  a  pound>  what  is  thie  value 


5 


of  —  of  a  cwt.  ?     Ans.  lis,  8d. 
6 


A  3 

6.  If  —  of  a  yard  of  cambric  cost  — -  of  a  pound,  what  cost 

9  "^  5         . 

5 
-—of  a  yard?     -^rw.  16*.  lOd.^-. 

7.  If  34.  ounces  of  gold  cost  17^  15».  ^d.  what  sum  will  pur- 
chase 44  ounces)     Ans,  21  ^  \\s,  Sd.-f. 
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3  11 

8.  If  —  lb.  of  indigo  eort  — L.  what  quantity  iviil  ^l  8^.  4is 

buy?     Ans.  14Z6.  2o2.  14dr.TV. 

9.  Paid  2i.  2«.8<i  lor. the  carriage  of  Ictoi.  %r.  142^.;  what 
sum  will  pay  for  344*  cwt*  carried  the  same  distance  ?    ^aui  3iL 

16*.#d44. 

5  6^ 

10.  If  ---  of  a  calf  be  worth  —  of  a  pounds  what  is  the  whole 

12  7 

calf  worth?     Jns.  ^l.  Is.  Id,^, 

11.  If  7  men  can  mow  a  hay-field  in  4},  days,  how  long 
would  4  men  require  to  mow  the  same  ?     Ans.  8-^  days, 

12.  Paid  11  shillings  for  —  of  a  gallon  of  brandy  -,  what  must 

o 

be  given  for  4f  gallons  at  the  same  rate  ?     Ans,  7 2. 2s.  Sd.j-. 

2 

13.  If  —  of  a  block  of  mahogany  cost  SiL.  what  sum  will 

9 

purchase  the  remaining  -^  ?     Ans.  III.  I6s.  3d. 

14.  Supfkoae  15  £eeC  of  plank  9  inches  wide  suflicienA  to*  make 
a  side-board,  how  many  feet  of  plank  l-ffoot  wide  will  berequhredF 
ta  nafce  another  of  equal  dimensions  ?     Ans*  T  ftei  %  tachts. 

lb.  If  9  fittgliah  ells  of  linen  cost  II.  17«.  64  what  cost  10 
flemish  ells  ?     Ang.  IL  &<. 

16.  What  is  the  value  of  5^  fother  of  lead^  at  169. 4d.  pet 
cwt.  ?     Ans.  41.  lis.  6d.l^. 

17'  A  eorn-chandler  charges  9/.  6s.  6d.  for  a  load  of  barley ; 
what  must  be  given  for  3f  bushels  at  that  price  ?  Ans.  I5s.  2d.-^|^. 

18.  Suppose  120  men  can  build  a  ship  in  IS-J-  weeks,  how 
long  will  it  be  building  if  87  men  only  are  employed  ?  Ans.  21  w. 

19.  If  Bl.  6s.  Sd,  be  paid  for  the  use  of  1732.  2^.  6d.  what  sum 
HMBt  be  paid  for  the  use  of  3 10^1^*  for  the  same  time?    j^. 

81.  I9s.  6d..^. 

2  $ 

20.  After  using  —  of  a  Cheshire  cheese,  —  of  the  remainder 

sold  for  134.  ^-^'j  what  was  the  whole  cheese  ^vorth.?    Ans, 
II.  25.  5d.^. 

21.  If  3f  yards  of  cloth  If  yanl  wide  wiU  msd^  a  suit  of 

detheSj  wh«t  quantity  of  cloth  •*-  yard  wide  will  be  neeessary 
to  make  a  similar  suit  ?    Ans,  10yd.  1^.  047i. 
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7  1 

22,  If  —  of  3  guioeas  will  purchase—  of  a  lottery^ticket^ 

how  many  tickets  can  be  bad  for  a  thousand  pounds?     Am- 

51iV  tickets. 

5  3 

93,  Bought  -^  of  a 'privateer,  —  of  which  part  I  presented  to 
9  7  ♦ 

my  brother,  and  afterward  sold  —  of  my  remaining  share  for 

2251.  lOf .  3  what  is  the  privateer  worth  ? 

24.  How  many  yards  of  carpet  1^-  yard  wide  will  be  required 
to  cover  a  floor  SJ-  yards  long,  and  6f  yards  wide  ? 

• 

211.  COMPOUND  PROPORTION  IN  VULGAR 

FRACTIONS  ". 

Examples. 

1.  If  --X.  will  pay  the  interest  of  2{^L.  for  —  of  a  yev>  what 

5 

sum  will  pay  the  interest  of  lOL.  for  —  of  a  yeai*. 

14 

First,  2tL.  =  —L. 

&     • 

Stating. 
*14  1 

5  10 

*1  5 

-yr.:  ::-yr.      . 

Operation. 


1       ,..       ^  5 

--  X  10  X  ---         — 

10  7  r  300         150 

5    ^  12  60 

"  This  rale  depends  enttie  sam^  rea«QB8  as  Compoupd  Pro^ertioD  m  'wlioie 
nmnben,  and  its  operations  are  performed  lo  the  same,  nanner,  as  far  as  re- 
lates to  the  general  principle,  differing  only  as  a  fractional  differs  from  an  inte- 
gral process. 

<*  It  will  be  found  more  conTenient  to  place  the  fractions  all  in  one  line,  with 
the  diviioni  inyerted;  thna» 

J-X  —  X  —  X  —  X~  (which  by  ctnccirmg,  Art.  203,  becomes)  = 
10         1         7        14         1 

.— .X.  SB  3/.  Is.  9d.^  as  above. 
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Explanation. 

Haring  stated  the  question,  and  marked  the  diyisors,  8cc.  the  complex  frac- 
tion which  arises  from  the  operation  is  reduced  to  a  simple  one',  by  multiply^ 
in^  5  by  60,  and  14  by  7  ;  the  result  is  next  reduced  to  its  lowest  terms,  and 
then  to  its  proper  quantity,  which  is  the  answer. 

2.  If  12  niea  earn  ^^L.  in  ^  days,  what  sum  will  20  men 
earn  in  Vl\  days  ? 

Reduction. 

7  9  49 

First,  24-L.  =  — L.        44.  days  =-^-         12^  day*  =  — d. 

Stating, 

7 
Then  12*m.  :  — L.  : :  20»i. 

2  4 

Opekation. 

7        ^^      49        1  i        3430 

yX^0X-jX  —  X^  =  -^^=:  Id,  lis.  8d.i^  Answer. 

i 

3  4 

3.  If  34^  yards  of  cloth  —  yard  wide  cost  ---  L.  what  sum  will 

4  5 

4 

44^  yards  of  ---  yard  wide,  and  equal  in  quality,  cost  ? 
5 

7  15 

34.  yd.  =  —yd.        44yd.  =  --yd. 
»  4 

7*  4  15 

—  yd.  :  : :  —-yd. 

3 

4^       /S'       4         2         4        32,  ,      , 

-—x-fx-— X---X  —  =  —L.  =  18».  3d.f  Answer. 

4.  If  9  students  spend  lOJ-L.  in  18  days,  how  much  will  20 
students  spend  in  3^  days  ?     Ans.  392.  ISs.  4d.-gS^. 

5.  If  lOOl..  gain  44L.  interest  in  a  year,  what  sum  will  gain 

5 
S^-L.  interest  in  —  of  a  year  ?     Ans.  IS81.  18*.  lld.T^. 

6.  A  trench  is  required  to  be  dug  100  feet  in  length,  and  10 
men  have  been  employed  64  days  in  digging  49^  feet  of  it  >  how 
long  will  12  men  require  to  finish  the  remainder  ?  Ans.  5d. 
Sri^h.  at  12  hours  to  the  day. 


Tart  L  decimals.  £09 

7.  If  134-  feet  of  deal  9  inches  wide  cost  3^.  4(2.  what  siim  will 
pay  for  the  floor  of  a  room  154-  feet  long  and  124.  wide  ?  Ans. 
31. 3s.  Sd-i. 


% 


DECIMAL  FRACTIONS. 

812.  If  unity  be  supposed  to  be  divided  into  10^  100,  1000, 
&c.  equal  parts  indefinitely,  that  is,  into  ten  parts,  or  any  tnul- 
tiple  oi  ten,  that  which  expresses  any  number  of  such  parts  less 
than  that  the  unit  is  divided  into,  is  called  a  Decimal  Fraction. 


NOTATION  OF  DECIMALS. 

913.  It  is  well  known,  that  the  talue  1^  any  figure  is  in- 
creased tenfold  by  removing  it  one  place  to  the  left  hand  of  the 
place  it  occupies  j  thus  1  removed  one  place  to  the  left  (by 
placing  a  cipher  to  the  right  of  it)  becomes  10,  or  ten  times  1 ; 
remove  it  one  place  farther,  and  it  becomes  100,  or  ten  times 
10;  remove  it  one  place  ferther,  and  it  becomes  1000,  or  ten 
times  100  -,  and  so  on  without  end.  Hence  likewise  it  follows, 
that  if  any  figure  be  removed  in  a  contrary  direction  from  the 
left  hand  towards  the  right,  its  value  will  be  decreased  tenfold  at 

every  step  of  such  removal  5  that,  by  removing  T  one  place  to  the  right, 
1000  becomes  100,  or  one  tenth  of  lOOO;  100  becomes  10,  or  one  tenth  of 
100;  10  becomes  1,  or  one  tenth  of  10 ;  and,  since  1  is  the  least  whole 
anftber,  this  ia  as  fiur  as  we  can  go  in  whole  nvmben. 

S14.  But  it  is  plain,  that  1  may  be  removed  step  by  step  in- 
definitely towards  the  right ;  if  therefore  we  put  a  point  to  the 
right  hand  of  the  place  of  units  to  distinguish  it,  and  then  place 
the  1  to  the  right  hand  of  the  point,  thus  .1,  it  is  evident  from 
what  has  been  ssud  that  it  will  express  one  tenth  of  an  unit,  or 

-—  5  if  we  remove  the  1  a  place  ferther  to  the  right,  by  inter- 
posing a  eipker  between  the  paint  and  the  1,  thus  JOl,  this  will 
express  one  tenth  of — ,  or  one  hundredth  part  of  unity;  if  two 

cipheiB  be  interposed,  thus  .001,  it  will  express  one  tenth  of 
VOL.  I.  p 
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,  or  one  thousandth  part  of  unity ;  if  three  ciphers  be  in- 

1  ^ 

terpo6ed>  it  will  express  one  tenth  of  Trrr>  or  one  ten  thou- 
sandth part  of  unity;  and  so  on  without  end*". 

215.  The  point  which  is  employed  to  mark  the  place  of  units 
is  called  the  decimal  mark;  it  separates  between  whole  num- 
bet's  and  decimals ;  that  part  of  any  number  which  is  to  the  left 
of  the  decimal  mark  being  the  whole  number^  and  that  to  the 
right  the  decimal. 

216.  We  have  chosen  the  number  1  on  account  of  its  simpli- 
city for  the  illustration  of  this  doctrine  -,  but  the  same  equaUy 
holds  true  of  all  the  other  figures ;  thus,  .2  expresses  two  tenths,  or 

2                                                     3                                                        4 
-' —  :  .03.  three  hundredths,  or :  .004,  four  thousandths,  or •  &c. 

10  roo  1000 

217-  Hence  it  appears,  that  a  decimal  fraction  is  expressed 
by  the  numerator  only;  the  denominator,  (being  understood 
to  consist  of  an  unit  with  as  many  ciphers  subjoined  as  the 

decimal  has  places,)  is  always  omitted:   thus,  .5  denotes  -^,  .07 

10 

7  9 

denotes ,  .0009  expresses  — ^— «.,  ^. ;  by  this  simple  artifice,  fraetioftf  and 

100  lOOOO 

whole  numbers  are  exhibited  under  one  and  the  same  form ;  a  whole  number 
and  a  decimal  constituting  together  but  one  number,  in  all  respects  (the  deci- 
mal mark  excepted)  similar  to  a  whole  number;  so  that  if  a  whole  number  and 
a  decimal  be  connected,  they  constitute  one  uniform  scale,  the  steps  of  which^ 
beginning  at  the  right  hand  figure,  regularly  increase  through  both,  up  to  the 
left  hand  figure  in  a  tenfold  proportion  at  each  step,  and  decrease  in  the  same 
proportion  at  every  step  through  both,  from  the  left  hand  figure  to  the  right. 

218.  Another  advantage  follows  from  the  similarity  of  deci« 
mals  Xx>  whole  niuubei's^  namely^  that  the  modes  of  operation  sh^ 


P  Hence  it  follows,  that  every  cipher  on  the  left  hand  in  any  decimal  eToatesr 
sion  decreases  the  value  of  the  decimal  tenfold,  and*  therefore  such  ciphers^ 
when  they  occur  must  always  be  put  down,  otherwise  t)ie  value  of  the  decimal 
will,  for  every  cipher  omitted,  be  increased  tenfold,  &c.  more  than  its  proper 
Talue. 

It  appears  also  that  ciphers  on  the  right  hand  of  a  decimal  do  not  alter  ita 

5      hO      '>0A 

Talne,  for  .5  »  .50  »  .500,  &e.  that  is,  — ,  _,  Jfzl,  are  equal  to  each  other  ; 

10   100  1000 

^  this  if  evident,  for  each  it  equal  to  — ;  and  the  same  b  true  in  general. 
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a]ike  in  both ;  the  only  peculiarity  in  decimals  relates  to  the 
right  placing  of  the  decimal  mark^  \vhich  will  easily  be  under- 
stood from  ^he  rules  and  explanations  which  follow. 

219.  In  addition  to  the  foregoing  observations^  it  has  been 
thought  necessary  to  subjoin  the  following  table>  whereby  the 
whole  system  of  notation  in  whole  numbers  and  decimals  will  be 
satisfactorily  shewn. 

WHOLE  NUMBERS.  .  DECIMALS. 


^ 


•3   •• 

5  -3 


=  1 


.4 


I  •§    I  i  "i    .  .  i  I    11 

&c.  968472531.  35274869  &c. 

It  appears,  by  inspection  of  this  table,  that  the  figure  on  each 
side  of  the  units  place,  and  equally  distant  from  it^  is  of  like  de- 
nomination, one  in  parts,  and  the  other  in  wholes ;  but  as  in 
reading  large  whole  numbers  we  make  use  of  an  abbreviated 
mode  of  expression,  the  same  is  found  convenient  in  reading  de- 
cimals. The  above  table  is  thus  read  5  Nine  hundred  and  sixty- 
eight  millions,  four  hundred  and  seventy-two-  thousands,  fiv^ 
hundced  and  thiily-one,  and  thirty-Jive  millions,  two  hundred 
and  seventy-four  thousands,  eight  hundred  and  sixty -nine,  hundred 
millionths :  this,  as  fiu*  as  it  relates  to  the  whole  numbers,  is  suf- 
ficiently obvious.  With  respect  to  the  decimals,  this  latter  mode 
of  expressing  them,  and  that  in  the  table,  may  at  first  sight 
appear  to  be  different ;  we  wiU  shew  that  they  are  exactly  of  the 
same  import. 


Thus,  3  tenths are  equal  to    30 

5  hundredths 5 


} 


J 


a 

o 


2  thousandths 200^ 

7  tens  of  thousandths 70  >  thousands 

4  hund.  of  thousandths  * 4  J . 

8miUionths BOO 

6  tens  of  millionths 60 

9  hundreds  of  millionths  ...•••••  9 

That  is,  the  decimals  as  expressed  in  the  table  are  together  equal 
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to  35  millions,  ^74  thousan^^  869  hundred  miUioaths^  a$  we 
expressed  their  value  above  ;  which  was  to  be  shewn. 

220.  There  is  another  method  of  reading  decimals^  whieh  is 
very  convenient  for  pnuTtice,*  as  follows : 

The  first  place  of  decimals  next  to  unity  is  called  the  place  of 
primes ;  the  next  place  is  called  the  place  of  seconds,  &c.  and  the 
figures  occupying  those  places  are  called  respectively  primes, 
seconds,  thirds,  fourths,  &c. 

Thus  the  number.  &  •  27  l»Mail  Jive^  two  ftrimes,  mtid  seven  eecenie :  and  nine 
thirds^  eight  fourths,  and  six  sevenths*  is  thus  expressed  in  figures,  .0098006. 

221.  Examples  in  Decimal  Notation  avi>  Numeration. 

Write  in  words  the  fciUowing  decimals. 

.8  ^  A53  12.008 

.25  .002    ^  2.2222 

.752  .1013  .00001 

1.234  .2002  .12345 

Write  in  figures  the  following  decimals. 

Six  tenths.  Thirty-nine  hundredths.  Four  hundred  and 
fifty-six  thousandths.  One  miUicmth.  Five^  and  twenty-^three 
hundredths.  Three  thousand  three  hundred  and  thirty-three 
ten  thousandths.  One,  and  twenty-four  ten  thousandths.  Seven, 
and  eight  primes.  Two^  and  two  seconds.  Nine  thirds^  eight 
fourths,  seven  fifths^  aiMl  six  sixths*  Seven  sixths,  eight  ninths, 
and  nine  tenths. 


222.  ADDITION  OF  DECIMALS. 

BuLE.  Place  the  numbers  so  that  the  decimtd  marks  may 
stand  in  a  line  under  each  other ;  then  will  units  stand  under 
units^  tens  under  tens,  tenths  under  tenths,  hundredths  under 
hundredths,  &c.  then,  1i}eginning  at  the  right  hand,  add  the  num- 
bers together  like  whole  numbers  3  and  from  the  right  hand  of 
the  sum  cut  off  as  many  figures  by  the  decimal  mark  as  are 
equal  to  the  greatest  number  of  decimal  places  in  any  of  the 
given  numbers  <». 


^  The  rule  for  placing  th«  trambers  to  be  added  is  extrerady  obvious;  for, 
«loo«  figiireB  of  diff«reat  dcSMnuoMtions  caaaot  be  added  together,  it  is  pU^ 
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Examples. 

1.  Add  2.34  +  36.2  -|-  .7831  +  1.2481  +  8.0379  together, 
Opebation. 

2.34 

35^2  Espkmatitm, 

•783 1  Havings  placed  the  numbers  to  that  like  places  may 

1  2481  '^'^^  under  like,  I  add  up  exactly  as  whole  numbers  are 

fi'iviro  *^^  >  ^''^  ^  coBBt  four  (efoal  to  the  greatest  number 

fJAXyJJ  of  decimal  places)  £rom  the  right  band  of  the  sum,  and 

Sum  47.6091  P^'^^  ^^®  decimal  mark  to  the  left  of  the  fourth  figure, 

'    At-  o^#^V     "^^^  proof  is  tbe  same  as  io  simple  Additiou. 
45.2o91 

Proof  476091 

2.  Add    12.9  +  7.38  -f  8.2  +  .945  +  1.805   together.     Sum 
31.23. 

3.  Add    7.^39  +  10.0046  -f  3.27  +  .89  +  .0073    together. 
Sum  21.410». 

4.  Add  942.64  +  2.301  +  71. 5  +  8.457  +  3091.9  together. 
5ttm  4116.798. 

5.  Add  .4937  +  .008  +  .37042+89139+1.290037  together. 
Sum  3.053547. 

6.  Add  3748.2  +  9.8073  +  12a965  +  1374.7  +  48.  together. 


223.  SUBTRACTION  OF  DECIMALS. 

Rule.  Place  the  less  number  below  the  greater^  with  the  de* 
cimal  marks  under  each  other>  so  that  units  may  stand  under 
units,  tenths  under  tenths^  &c.  as  in  Addition ;  then  subtract  as 
in  whole  numbers^  and  cut  off  fr(Hn  the  right  hand  of  the  re- 
mainder as  many  figures  for  decimak  as  there  are  decimal  places 
in  either  of  the  two  given  numbers'. 

>  ■-»!  I       I.      .■■■        -..I        .— ^i^ii^i— .         Ill    I.——.  I.      I  ■      <.■  I  ■  y 

that  those  of  the  same  deaonioation  must  be  placed  under  each  other,  as  thcf 
alone  are  capable  of  bei^g  added. 

With  respect  to  the  ^eratioD,  it  is  plain  that  10  buodredths  make  1  teBth« 
10  tenths  make  1  unit^  10  units  1  ten,  and  so  on  in  every  denomiaatioD,  vhe- 
ther  it  be  above  or  below  unity ;  wherefore,  since  the  same  lav  obtains  in  both 
decimal  parts  and  whole  numbersy  both  most  evidently  be  added  by  the  same 
rule^  namely^  by  simple  Addition. 

'  The  observations  contained  in  the  preceding  note  apply  equally  to  this 
vale,  which  is  obvious  from  the  nature  of  simple  Subtraction. 

When  ciphers  occur  in  oiie  or  more  of  the  left  hand  decimal  places,  they 
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Examples. 

1. 

From  13.745 
Take  10.123 

2. 

.470349 
.46712 

3. 

3.617 
1.71438 

Diff.    3.622  .003229  1.90262 

Proof   13.745  .470349  3.617 

4.  From  .740352  take  .214091.     Diff.  .526261. 

5.  From  4  21304  take  1.20037.     Diff-  3.01267. 

6.  From  12.3456  take  .78095.     Diff.  11.56465. 

7.  IVom  .081059  take  .0003741.     Diff.  .0806849. 

8.  From  9876  take  .05432.     Diff.  987.54568. 

9.  From  .638176  take  .03749.    Dif  600686. 


224.  MULTIPLICATION  OF  DECIMALS. 

Rule  I.  Place  the  factors  so  that  the  right  hand  figure  of  the 
multiplier  may  stand  under  the  right  hand  figure  of  the  multi- 
plicand^  and  multiply  as  iif  whole  numbers. 

II.  Count  the  decimal  places  in  both  factors,  and  from  the 
right  hand  of  the  product  mark  ofiF  as  many  figures  for  decimals 
as  there  are  decimals  in  both  factors  together. 

To  prove  the  operation,  multiply  the  multiplier  by  the  multi- 
plicand, and  proceed  as  before ;  or  cast  out  the  nines,  as  in 
simple  multiplication. 

III.  When  the  number  of  decimals  in  both  factors  exceeds  the 
number  of  figures  in  the  product,  prefix  as  many  ciphers  to  the 

/left  of  the  product  as  will  make  up  the  number,  and  to  the  left 
of  them  place  the  decimal  mark '. 


mast  always  be  put  down,  but  ciphers  occupying  the  right  hand  decimal  places 
may  be  omitted ;  thus  in  ex.  2,  the  two  ciphers  at  the  left  of  the  difference  are 
put  down,  and  in  ex.  3,  the  two  that  arise  at  the  right  hand  of  the  proof  are 
omitted :  likewise  when  any  of  th*  rig^ht  hand  places  of  decimals  are  wanting, 
as  in  ex.  2  and  3,  the  operation  is  to  be  performed  as  though  there  were  ciphers 
in  those  racant  places. 

■  To  make  the  truth  of  this  rule  plain,  recourse  must  be  had  to  an  easy  ex- 
ample ;  thus,  let  .5  be  multiplied  by  .3;  these  numbers  are  equivalent  to 

5,3  53 

._  9na  — y  as  appears  from  the  nature  of  decimal  notation :  now  —  X-  -r- 

JO  10  ^  10         10 
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To  prove  the  operation,  multiply  the  multifdier  by  the  multi- 
plicand^ and  mark  o£f  decimals  in  the  product  xts  before^  or  cast 
out  the  nines,  as  in  simple  multiplication. 


Examples. 
1.  Multiply  12.34567  by  3.5847. 
Operation. 

Thus,  12.34567 
3.5847 


8641969 
4938268 
9876536 
6172835 
3703701 

Prod.  44.255523249 


Proof. 

3.5847  multiplier, 
12.34567  multiplicands 

250929 
215082 
1 79235 
143388 
107541 
71694 
35847 


44.255523249  Prod. 


JBxplanation, 

Here  are  5  decimals  ia  one  factor,  and  4  in, the  other,  that  is,  9  in  both ;  I 
therefore  count  9  places  from  the  right  of  the  product,  and  'put  the  decimal 
mark  to  the  left  of  the  ninth  place. 


2.  Multiply  7.38142  by  .000078. 

Operation. 

Thus,  7.38142 
.000078 

5905136 
5166994 


Prod.  .00057575076 


Proof, 


Explanaiion, 

Here  the  factors  contain  1 1  deer 
mals ;  3  ciphers  are  therefore  ^xtr 
fixed  to  the  product  to  make  np  1 U 


15                                                                                                      15 
by  Vulgar  Fractions  ;  also  .5  X  .3^.15  by  the  mle :  bnt 

100         ^^  100 


.IS 


by  Decimal  Notation;  that,  is,  the  result  obtained  by  this  rule,  and  that  ob- 
tained by  Vulgar  Fractions,  are  the  same :  the  rule  is  therefore  true. 

If  any  doubt  should  remain  respecting  t^e  truth  of  the  rule  when  there  are 
whole  numbers  concerned,  let  the  foctors  in  ex.  I .  be  turned  into  vulgar  frac- 
tions   and   multiplied;    thus   12.345^ 


wherefore  by  multiplication  I!?15?I  X  ^^^  ^44g555S8g49^  ^ 


i!M55l.   and  3.5847  «?5?!I; 
100000  fOOOO 

255.533349 


100000 
44.255533249»a»ina.  1. 


10000      1000000000 


1000000000 
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3.  Multiply  4.83  by  S.53.    fVxMl.  170146. 

4.  MalUply  4735  by  3.74.     Prod,  1770890. 

5.  Multiply  3.1305  by  .748.     Pr^d.  1.593^140. 

6.  Multiply  .056047  by  9.23.     Prod.  .51731381. 

7.  Multiply  .2365  by  .002435.     Prod.  .0005758775. 

8.  Multiply  9.0087  by  .0000395. 

225.  When  the  multiplier  is  a  whole  number,  consisting  of  an 

unit  with  ciphers  subjoined. 

Rule.  Remove  tlie  decimal  mark  as  many  places  to  the  right 
as  there  are  ciphers  in  the  multiplier  \ 

9.  Multiply  123.4567  by  10.    Prod.  1234.567- 

10.  Multiply  .98765  by  100.     Prod.  98.765. 

11.  Multiply  .00001  by  i  00000.     Prod.  1. 

226.  To  contract  the  operation^  so  as  to  retain  in  the  product 
as  many  decimals  only  as  may  be  thought  necessary. 

Rule  I.  Coont  off  from  the  left  hand  of  the  decimats  v/^  the 
multiplicand^  as  many  figures  as  are  intended  to  be  reserved  in 
the  product ;  and  put  a  point  over  the  last  of  these. 

II.  .Place  the  units  figure  of  the  multiplier  under  the  pointed 
figure,  then  write  down  the  rest  of  the  multiplier  so,  that  the 
whole  may  stand  in  an  inverted  order,  viz.  the  last  figure  first, 
and  the  first  last. 

III.  In  multiplying  always  begin  at  that  figure  in  the  multi- 
plicand whrich  stands'  one  place  to  the  right  of  the  multiplying 
figure,  and  carry  I  for  all  numbers  from  5  to  15,  2  from  15  to 
25,  3  from  25  to  35,  &c.  -,  but  this  mode  of  carrying  is  to  be 
^observed  only  in  the  first  ^lace»  nronely,  to  the  figure  over  the 
multiplying  figure,  the  product  of  which  is  the  first  you  set 
down }  for  the  rest,  you  are  to  set  down  ajud  carry  in  the  usual 
way. 

IV.  Race  the  several  products  so  that  all  the  right  hand 
figures  may  stand  under  each  other  in  a.line }  add  up  the  pro- 


*  Tbe  value  of  any  figure  is  increased  tenfold,  an  hundredfold,  a  thousand- 
fold, &c.  by  its  boiog  removed  one,  *wo,  three,  &c.  places  to  the  left,  or  (which 
is  tbe  sw»e  thing)  by  removing  the  decimal  Mark  so  many  places  to  the  right, 
as  appears  from  Art.  IB  j  wherefore  the  rule  is  plain. 
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ductss  and  mark  off  from  the  right  hand  as  many  decimals  as 
were  proposed  to  be  reserved  ". 

Operations  in  this  rule  are  proved  by  common  multiplica- 
tion.   Art.  224. 

12.  Multiply  25.374856  by  5.35647,  reserving  only  five  de- 
cimal  places  in  the  product. 


Ofe&atiom, 

Proof. 

25.374856 

25.374856 

74653.5 

5.35647 

12687428 

177 

623992 

761246 

1014 

99424 

126874 

15224 

9136 

15224 

126874 

280 

1015 

761245 

68 

177 

12687428 

O 

135.M964 

135.91965  491832 

Explanation, 

Beginning'  at  the  decimal  mark,  I  count  .5  decimals ;  over  the  fifth  I  put  adot> 
and  place  the  units  figure  5  of  the  multiplier  uader  the  dotted  fig«re>  and  dis- 
pose of  the  other  figures  so  that  tlte  multiplier  may  stand  backwarit.  I  then 
hegin,  5  times  6  are  30;  put  nothing  down,  btit  carry  3 ;  then  5  times  5  are  25 
and  3  are  28;  put  down  8,  and,  carrying^the  2,  proceed  throngh  the  whole  line 
as  usual.  For  the  second  line,  I  begin  3  times  5  are  15 ;  put  nothing  down> 
but  carry  ^2  ;  then  I  multiply  the  8,  carry  2,  and  set  down  throughout  thia  line 
as  in  the  first  line,  in  the  third  line,  I  begin  by  multiplying  the  8  for  carry- 
ing, but  set  down  the  product  of  the  4 ;  in  the  fourth,  I  begin  at  the  4>  and  set 
down  at  the  7  ;  ia  the  fifth,  I  begin  at  the  7)  and  set  down  at  the  3  ;  in  the 
sixth  line,  I  begin  with  the  3,  and  set  down  the  product  of  the  5. 

"  When  the  ^su^ors  contain  a  great  number  of  decimal  places,  and  but  few 
are  required  in  the  product,  much  labour  and  time  will  be  saved  by  the  appli- 
catkm.  of  this  mte ;  bat  eare  sbeHld  be  taken  to  work  for  one  or  two  figures 
morn  tbiOi  are  waotlng^as  the  right  haad  ^ocimal  arising  from  the  contracted 
(^Kvalion  wiU  soaaetimes  anavoidably  be  wsrnig; 

The  reason  of  placing  the  units  figure  of  the  multiplier  under  the  figure  to 
be  reserved  is  this,  namely,  that  the  right  hand  fiigure  in  every  product  is  of 
the  same  denomination  with  that  ui^der  which  the  said  units  figure  of  the  mul- 
tiplier stands. 

Tile  reason  for  re? enin^  the  multiplier  will  appear  by  consulting  the  opera, 
tion,  and  comparing  it  with  tite  proof;  it  nill  be  seen  that  the  first,  second, 
third,  &c.  lines  from  the  top  in  the  former,  are  re^ecti^vely  e^^ua}  to  the  first, 
second,  third,  &c.  from  the  bottom  in  the  latter* 

The  reason  for  the  increase  in  carrytog  to  ibe  first  figure  in  each  line  is, 
that  the  deficiency  arising  from  the  loss  of  what  would  be  carried  in  the  mul- 
tipHeaittott  and  addition  of  I3ie  figures  omitted  may  be  compensated  as  nearly 
as  possible. 
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13.  Multiply  1234.66789  by  .3697428,  leaving  only  4  places 
of  decimals  in  the  product. 
Operation. 

1234.56789 
8247963. 

3703703  Explanatitm. 

740740  The  units  place  of  the  multiplier  should  fall 

111110  under  the  8,  and  therefore  the  highest  figure 

8642  ^*^°S  *^**®  ^"*  P^*^®  ^^  decimals  must  fall  under 

494  *^*  ^• 

25 
10 


Product  456.4724 

14.  Multiply  2.38645  by  8.2175,  retaining  only  4  decimal 
places  in  the  product.     Prod.  19.6107. 

15.  Multiply  128.678  by  38.24,  retaining  one  decimal  place 
only  in  the  product.     Prod.  4920.5. 

16.  Multiply  325.1234567  by  23.987654,  with  three  deci- 
mals only  in  the  product.     Prod.  7798.948. 

17.  Multiply  .374853  by  .0031245,  with  7  decimals  in  the 
product.     Prod.  .0011713. 

227.  DIVISION  OF  DECIMALS. 

Rule  I.  Divide  as  in  whole  numbers,  then  count  the  decimal 
places  in  the  dividend,  and  also  in  the  divisor,  and  mark  off  as 
many  decimals  from  the  right  hand  /)f  the  quotient  as  the 
former  exceeds- the  latter. 

II.  If  there  are  not  figures  enough  in  the  quotient,  add  as 
many  ciphers  to  the  left  hand  as  will  make  up  the  difference. 

III.  When  there  is  a  remainder,  the  quotient  may  be  carried 
to  any  length,  by  bringing  down  ciphers,  and  continuing  the  di- 
vision }  but  the  ciphers  brought  down  must  be  considered  as  de- 
cimals belonging  to  the  dividend,  and  must  be  counted  with 
those  which  actually  stand  in  the  dividend,  in  order  to  estimate 
the  number  of  decimals  to  be  marked  off  in  the  quotient*. 

«  The  truth  of  this  rule  may  be  shewn  by  Division  of  Vulgar  Fractions ; 

thus,  let  .2464  be  divided  by  .4;  these  numbers  reduced  to  fractions  are 

2464  4 

and  — :  therefore,  inverting  the  divisor,  and  multiplying,  we  shall  have 

10000  10  r/    ©> 
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Examples. 

1.  Dmde  44.80515  by  3.45. 

Operation. 

3.45)44.80615(12.987  quotient 
34  5 


1030 
690 

3405 
3105 

3001 
2760 

2415 
2415 


JSjrplanation. 

The  dlTision  being  performed  in  the  same 
manner  as  in  whole  numbers,  I  find  there  are  5 
decimals  in  the  dividend  and  2  in  the  divisor ; 
5  exceeds  3  by  3, 1  therefore  mark  off  3  from 
the  right  of  the  quotient  for  decimals. 


Proof  44.80515 

2.  Divide  .000064  by  .01234. 

Operation. 

.01234). 00006400(. 005 18638  &c.  quotient. 
6170 


2300 
1234 

10660 
9872 


7880 
7404 

4760 
3702 


10580 

9872 


Esplfmation, 

Beginning  at  the  first  significant  figure 
6, 1  find  that  two  ciphers  mast  be  added 
on  to  the  dividend ;  I  afterwards  bring 
down  ciphers,  and  continue  the  operation 
as  far  as  is  thought  necessary.  Then  5 
ciphers  brought  down  added  to  8  decimals 
in  the  dividend  make  1 3  :  now  there  are 
5  decimals  in  the  divisor,  therefore  5  from 
13  and  8  remains  to  be  marked  off  in  the 
quotient ;  but  tliere  are  only  6  figures ;  I 
therefore  add  on  2  ciphers  to  the  left,  and 
prefix  the  decimal  mark. 


Remainder  708 


2464^        10  _  24640  _    616 
10000  4        40000         1000 


:»  .616,  by  Art.  3(7;  but  .3464  divided  by 


.4,  according  to  the  rule,  gives  also  .616  ;  wherefore  this  rule  agreeing  with 
one,  the  truth  of  which  is  established,  is  shewn  to  be  right. 

But  it  is  not  necessary  to  have  recourse  to  Vulgar  Fractions ;  the  rule  b 
plain  from  the  nature  of  simple  Division,  except  the  right  placing  of  the  deci- 
mal mark  in  the  quotient,  which  may  be  thus  explained  :  if  the  quotient  be 
multiplied  by  the  divisor,  with  the  remainder  added  in,  the  result  will  be  the 
dividend ;  whence,  by  multiplication,  the  dividend  will  have  as  many  decimal 
places  as  there  axe  in  the  divisor  and  quotient  together ;  wherefore  the  quo- 
tient must  contain  as  many  decimal  places  as  the  number  of  decimals  in  the 
dividend  exceeds  that  in  the  divisor ;  which  was  to  be  shewn. 
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3.  Divide  17.0146  by  3.53.     Quot.  4.82. 

4.  Divide  .51731381  by  9.23.     Quot  .056047. 

5.  Divide  123.4531579  by  2.572S.     Quot  479^96,  &c. 

6.  Divide  .0089  by  .09876.     Quot  .Oi)01174tf,  &c. 

7.  Divide  2508.928065051  by  92>41035. 

228.  To  contract  the  operatioiu 

Rule.  Take  as  many  of  the  left  Iniid  figures  of  the  divisor  as 
the  quotieQt  is  intended  to  consist  of;  divide  by  these  only,  at  the 
first  step  of  the  operation^  and  at  each  succeeding  step  cut  off  one 
figure  (or  more  figures  if  necessary  i^)  from  the  divisor,  instead  of 
bringing  down  from  the  dividend,  using  only  the  figures  not  cut 
off;  in  multiplying  these  by  the  quotient  figiane,  yon  most  ob- 
serve to  carry  from  the  product  of  the  preceding  figure  cut  off, 
in  the  same  manner  you  did  in  contracted  multiplication,  viz.  1 
from  5  to  15,  2  from  15  to  25^  &c.  but  carry  as  usual  after  you 
begin  to  set  down. 

To  determine  the  place  of  the  decimal  mark  in  the  quotient, 
observe  under  what  figure  of  the  dividend  the  units  place  of  the 
product  of  the  divkor  by  the  quotient  figure  stands,  and  that 
will  be  the  value  of  the  first  figure  in  the  quotient ;  if  it  stand 
under  nnit»y  the  first  figure  only  will  be  a  whole  number;  if 
tinder  tens,  two  figures  wiH  be  whole  numbers ;  if  under  primes, 
the  first  figure  will  be  primes;  if  under  seeonds,  a  cipher  must 
be  prefixed  ijo  the  quotient,  &c.' 


y  Observing  to  pot  a  cipher  in  the  qnotient  whenever  a  fi^^nre  is  cat  off,  and 
the  remaining  figures  will  not  go  in  the  number  fo  be  divided. 

*  The  place  of  the  decimal  mark  in  the  qnotient  may  be  known  two  ways, 
vli.  either  from,  the  decioiaby  or  from  the  whole  nambers;  the  former  has 
been  explained,  and  the  latter  may  be  shewn  as  follows.  Let  10.9  divide 
12^4.5$;  now  ft  is  plain  that  if  we  had  only  the  integers  to  operate  wrtb, 
(namely,  IS34  to  divide  by  10,)  the  quotient  would  be  123,  that  is,  the  highest 
denomination  I  is  of  the  same  denomination  with  the  figure  2  of  the  dividend 
under  which  the  units  figure  0  of  the  divisor  stands,  namely,  (in  this  instance,) 
fnindreds;  wherefore,  in  the  above  example,  seeing  the  units  place  (0)  in 
actual  division  stands  under  the  hundreds  place  (2),  the  highest  place  in  the 
qnotient  will  evidenrly  be  hundreds.  Again,  let  99.9  divide  1. 1000 ;  now  99 
wiff  not  divide  I  (unit),  and  therefore  wilt  not  pioduce  units  in  the  quotient; 
it  wiQ  not  £vide  1 !  tenths,  and  therefore  will  not  produce  tenths;  but  it  will 
divide  110  hundredths^  and  therefore  will  produce  hundredths,  or,  the  first  or 
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8.  Divide  89.12543  by  12.34«67>  reserving  only  5  agures  in 
the  quotient. 

Operation.  Comfnon  method* 


12.S45|67)89.12543(7.2192       12.34667)89.125 
•  •••        86  419  86419 

2706 
2469 

237 
123 


43(7.2191  &c. 
69 


114 
111 


2705  740 
2469  134 

236  6060 
123  4567 

113  14930 
111  11103 

2  038270 
1  234567 

Rem, 

803703 

3 

Rem,  1 

Sjeplanation, 

First,  I  cut  off  3  figures  from  the  divisor,  leaviog  5  on  the  left  band  to  di- 
vide by ;  this  divisor  goes  7  times  in  the  5  left  band  figures  of  the  dividend  ; 
I  therefore  begin,  7  times  6  are  42 ;  carry  4 ;  then  7  times  5  are  35  and  4  are. 
3d  9  put  down  9s  carry  3,  and  proceed  to  multiply  and  set  down  in  the  usual 
way.  Next  I  subtract,  and  870(»  remains ;  tben  1  cut  off  one  more  figure^  viz. 
5,  from  the  drrisor,  learing  1S34  to  divide  by ;  this  goes  twice  in  2706 ;  then 
twice  5  are  10 ;  carry  1  ;  twice  4  are  8  and  1  are  .9 ;  put  down  9,  and  proceed 
aj  in  common  division.  Next  I  cot  off  the  4,  then  the  S,  and  so  on  catting  off 
1  figure  at  every  step,  and  carrying  from  the  figure  cut  off,  I  froin  5  to  15,&c. 
as  I  did  in  contracted  multiplication.  The  units  place  of  the  product  of  the 
divisor  multiplied  by  7»  falling  under  the  9  (or  units  place),  ahewt  that  7  must 
be  considered  as  standing  in  the  place  of  units. 


highest  figure  of  the<|uotient  will  be  hundredths,  that  !s,of  the  same  nane  with 
the  place  under  which  the  unite  ]^oe  of  the  divisor  staDdi  j  mid  the  tame  in 
oliier  iMtaoees. 
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9.  Divide  3576543218  by  271234567 j   let  there  be  7  fi- 
gures in  the  quotient. 

27.12345|67)357.6543l218(13.18616  quotient. 
• 271  2346 

864197 
813704 

50493 
27123 


23370 
21698 

1672 

1627 


45 

27 

18 
16 

2  rem, 

10.  Divide  23.41005  by  7.9863.     Quot.  2.9312. 

11.  Divide  .019876843  by  .012345678.     Quot.  1.6100244. 

12.  Divide  721.17562  by  2.257432.     Quot.  319.467. 

13.  Divide  165.6994  by  52.7438.     Quot.  3.14159. 

14.  Divide  357.6543  by  13.18616.     Quot,  27.12347. 

229*  In  division,  the  products  of  the  divisor  into  the  several 
quotient  figures  need  not  be  set  down ;  each  figure  of  any  pro- 
duct as  it  arises  may  be  subtracted  from  the  figure  imder  which 
it  should  standi  (if  set  down,)  and  the  remainder  set  under- 
neath, bringing  down  successively  the  figures  of  the  dividend  in 
order,  or  cutting  oflF  those  of  the  divisor  j  observing  to  carry  for 
the  multiphcation  and  subtraction  both  in  one^  whenever  the 
carrying  for  both  occurs  *. 


•  This  is  usually  called  thi^  Italian  method,  and  differs  from  the  commoo 
method  only  as  this  is  a  mental  and  that  a  visible  operation.  Let  no  one  sup- 
pose himself  master  of  division  until  he  can  readily  work  examples  in  this  rule, 
both  by  the  common  anl  contracted  way,  as  is  shewn  in  ex.  16. 
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15.  Divide  123.456789  by  .432. 

Operation. 

.432)123.456789(285.779604  &c.  quotient 
3705 

2496  Explanation. 

3367  I  first  find  that  432  goes  twice  in  1234  ;  I  then 

3438  say,  twice  2  are  4 ;  4  from  4  and  0 ;  put  down  0, 

4.140  *^"^  can7  1  ;  twice  3  are  6 ;  6  from  13  and  7; 

oJin  P^*  down  7,  and  carry  1  for  the  borrowing ;  twice 

2610  4  are  8  and  1  are  9 ;  9  from  12  and  3  remain. 

1800  To  this  second  line  bring  down  5 ;  then  432  in 

Bern.      72       3705  will  go  8  times  ;  then  8  times  2  are  16 ;  6 

from  1 5  and  9 ;  carry  2,  (viz.  1  for  multiplying 

and  I  for  subtracting)  ;  8~times  3  are  24  and  2  are  26 ;  6  from  10,  and  4  ;  carry 

3,  (viz.  2  for  multiplying  and  1  for  subtracting)  ;  8  times  4  are  32  and  3  are 

35;  subtract  this  from  37  atid  2  remain  ;  to  the  remainder  249  bring  down  6, 

and  proceed  as  before. 

16.  Divide  791.0312345  by  35481.7. 

Common  metfiod.  Contracted  method. 

3548 1 .7)791 .03 12345  (.022294  35481 .7)791 .03 12345(,022294 

813972  81397 

10433a3  10434 

3337494  3338 

1441415  145 

22147  rem,  3  rem. 

17.  Divide  17.0146  by  4.82.     Quot.  3.53. 

18.  Divide  4.5172834  by  12.34. .   Quot  .366068  &c. 

19.  Divide  .0064  by  .51863.     Quot  .01234  &c. 

20.  Divide  2508.928065051  by  27.1498.     Quot  92.41035. 

230.  ffhen  tJie  divisor  is  a  whole  number,  consisting  of  an  unit, 

with  ciphers  subjoined. 

Rule.  Remove  the  decimal  mark  as  many  places  to  the  left 
hand  as  there  are  ciphers  in  the  divisor ''. 

21.  Divide  123.45  by  10.     Quot  12.345. 

22.  Divide  9876.54  by  10000.     Quot  .987654. 

23.  Divide  1  by  one  million,     Quot  .000001. 


b  The  trtith  of  this  appears  from  decinial  notation ;  it  may  likewise  be  proved 
by  actually  dividing,  and  marking  off  for  decimals  in  the  quotient,  according  to 
the  common  method.  Art.  227. 
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REDUCTION  OF  DECIIVIALS. 

S31.  Reduction  of  decimals  teaches  to  change  deoiinal  frac- 
tions from  one  form  to  another^  without  altering  their  value. 

232.  To  reduce  a  decimal  to  a  vulgar  fraction. 

Rule  1.  Under  the  given  decimal  write  1,  with  as  many  ci- 
phers subjoined  as  the  decimal  has  places  for  a  denominator. 
II.  Reduce  this  fraction  to  its  lowest  terms  for  tlie  answer  S 

Examples* 
1.  Reduce  .  24  to  a  vulgar  fraction. 
Thus,  100  the  denominator. 

Then  — =  —  the  vulgar  fraction  required, 

lOO         ^o 

d.  Reduce  .5  to  a  vulgar  fraction.     Am,  — . 

5 

3.  Reduce  .625  to  a  vulgar  fraction.    Ans,  — . 

4.  Reduce  .02525  to  a  vulgar  fraction.    Ans, 


4000 

233.  To  reduce  a  vulgar  fraction  to  a  decimal. 

Rule  I.  Subjoin  as  many  ciphers  as  ai'e  necessary  to  the  nu« 
merator,  and  place  the  decimal  mark  between  the  numerator 
and  those  ciphers. 

II.  Divide  this  number  by  the  denominator^  and  the  quotient, 
with  the  decimal  mark  prefixed,  will  be  the  answer. 

m 

7 

5.  Reduce  —  to  a  decimal. 
8 

Operation.  Explanation. 

8)7.000  ^  ^^  ^  ciphers  as  decimals  to  the  numerator  Ty 

'— and  divide  by  the  denominator  8,  Marking  off  de- 

.875  the  answer.      dmals  by  the  rule,  Art.  25J7. 


<  TUs  rule  wiH  be  ea«ay  miteslood,  as  it  is  a  natiUBl  ooive^pieBce  of  tke 
dccijml  made  M  aotation. 


PabtL  decimals.  5»5 

6.  Reduce  —  to  a  decimal. 

if 

Thus,  9)8.000 

.888  &c.  Ans. 


7.  Reduce  —  to  a  decimal. 

•  13 


Thu$,  13)1.00(.076923  &c.  Amwer. 
90 
120 
30 
40 
1 


B.  Reduce  -~-  to  a  decimal.    Arts.  ,5* 


2 

9.  Reduce  —  to  a  decimal.    Jns.  .25. 

4 

3 

10.  Reduce  —  to  a  decimal.    Ans^  .75« 

4 

7 

11.  Reduce  ---  to  a  decimal.    Ans,  .5833  &c. 

12 

12.  Reduce  — --  to  a  decimal.    Jns.  .990196  &c. 

102 

234.  To  reduce  money,  weightSy  and  measures,  to  decimals. 

Rule  I.  Reduce  the  given  number  to  a  fraction  of  the  inte« 
ger  of  which  it  is  to  be  made  a  decimal^  by  Art.  185. 
II.  Reduce  this  fraction  to  a  decimal  by  the  last  rule^. 

13.  I^educe  2«.  6d.  to  the  decimal  of  a  pound.* 

Thus,  2*.  6d.  =  —L.  Then  8)1,000 

.125£.  the  answer. 


14.  Reduce  l^r.  142&.  to  the  decimal  of  a  cwt. 
Thus,  Iqr,  14tt.  =  —  =  .375cw^.  Answer. 

15.  Reduce  5hu.  Spks,  to  the  decimal  of  a  chaldron. 

Thus,  56tt.  ^pks.  =  —  =  .152777  &c.  chald.  Ans.     • 

72 

l-i^— »».—■■«,—— ^.«————>.M^^—^— I         I  III  I        I— ^T ■lull  ■— — — M1«^»» 

'  The  foundation  of  this  rule  is  sufficiently  obvious  without  explaiiation. 
VOL.   I.  g 
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16.  Reduce  5<.  to  the  decimal  of  a  pound.    Ans.  .25Z. 
17*  Reduce  3s.  6d.  to  the  decimal  of  a  guinea.  Ans.  .1666  &c« 
guinea, 

18.  Reduce  3oz.  bdwts,  to  the  decimal  of  a  lb.  tro3r,  Ans^ 
.^7083  &c.  lb, 

19.  Reduce  3r.  20p.  to  the  decimal  of  an  acre.  Ans.  .625 
acre. 

235.  ^F%«n  the  given  quantity  is  of  several  denominations. 

Rule  I.  Write  all  the  given  denominations  in  a  line  under 
each  other^  beginning  with  the  least,  and  proceeding  in  order 
up  to  the  greatest. 

II.  On  the  left  of  each>  place  that  number  for  a  divisor  which 
will  reduce  it  to  a  decimal  of  the  next  superior  denomination. 

III.  Divide  each  of  the  denominations,  together  with  the  de- 
cimals which  arise,  by  its  proper  divisor,  and  the  last  quotient 
will  be  the  decimal  required  *. 

20.  Reduce  45.  6d,^  to  the  decimal  of  a  pound. 
Operation.  Explanation. 

A  ^QQ  1  put  down  3  fertbings  first,  6d,  next,  and  4#« 

_! — 7  last;  opposite  these  on  the  left  I  place 4,  iS, and 

12  6.75  20,  being  respectively  tbe  divisors  whicb  will  re- 

QO  4  56^5  -duce  eacb  to  decimals  of  a  superior  denomination  ; 

'  i  tben  divide  each  line,  ciphers   being  subjoined 


.228125^.  AnSp       where  they  are  required. 

21.  Reduce  5§  43  23  Igr.  to  the  decimal  of  a  lb. 


20 
3 
8 


1.00 


2.05 


4,68333333 


1215.58541666 

.465451.;8  lb.  Answer. 


*  By  this  process  the  least  denomination  is  reduced  to  a  decimal  of  the  next 
superior  denomination,  as  is  obvious  from  the  foregoing  rule ;  this  latter  deno- 
mination, with  the  said  decimal  subjoined,  is  reduced  to  a  decimal  of  the  next 
superior  denomination;  this  again  with  its  decimal  to  a  decimal  of  the  next; 
and  so  on  to  the  highest :  for  instance,  in  ex.  20,  4  is  reduced  to  tbe  decimal 
of  a  penny,  by  dividing  the  3  by  the  4 ;  then  Gd,,  with  this  decimal,  (viz.  6.75,) 
is  reduce^  to  the  decimal  of  a  shilling,  by  dividing  it  by  12  ;  lastly,  the  whole 
number,  with  this  decimal,  (viz.  4.5G2.'),)  is  reduced  to  the  decimal  of  a  pound  ; 
which  reductions  are  true,  according  to  Art,  233 ;  and  the  saoi«  of  other  ex^; 
»m]fl»$  I  ivher4ifoxe  the  rule  is  manifest. 
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22.  Redoge  3«.  2d,\  to  the  decimal  of  a  pound.  Answer 
rl59375L 

23.  Reduce  7^4  to  the  decimal  of  a  shilling.     Ans,  .625*. 

24.  Reduce  Is.  2d.|^  to  the  decimal  of  a  crown.  Answer 
.245833cr.- 

25.  Reduce  2^r.  3n.  to  the  decimal  of  a  yard.    ^k5.  .6875yd. 

26.  Reduce  Ir.  14p.  to  the  decimal  of  an  acre.     Ans.  .3375a. 
27'  Reduce  4bu,  2pks,  Igal.  to  the  decimal  of  a  quarter.    Ans. 

w5781259r. 

28.  Reduce  Iqr.  ^Ih.  Zoz,  4dr.  to  the  decimal  of  a  cvrt.  Ans. 
.2696707  &c.  cwt 

29.  Reduce  3w.  4d.  Sh,  6m.  f  to  the  decimal  of  a  month. 
Ans.  .9004493  he.  month. 

236.  To  reduce  a  decimal  to  its  proper  qtumtity. 
RtfLB  I.  Multiply  the  given  decimal  by  that  number  which 
will  reduce  it  to  the  next  lower  denomination,  and  mark  off  as 
many  decimals  from  the  product  as  there  are  decimal  places  ia 
the  given  number. 

II.  Multiply  these  decimals  by  the  number  which  will  reduce 
them  to  the  next  lower  denomination^  and  mark  off  decimals  as 
before. 

III.  Proceed  in  this  manner  until  you  have  reduced  the  deci^ 
mals  to  the  lowest  denomination  possible ;  then  all  the  whole 
numbers  being  collected^  and  placed  in  order^  will  be  the  an- 
swer^. 

30.  Reduce  .228125  of  a  pound  to  its  proper  quantity. 
Operation. 


.228125  L. 
20 


Explanation, 

I  moltiply  the  given  decimal  (of  a  pound)  by  20,  and 
4.562500  S,  mark  off  6  places^  these  I  inpltiply  by  12,  an^  mark  off 

j[^  6  places ;  these  I  multiply  by  4,  and  again  mark  off  6 

.    .  I-  places.     Then  of  the  whole  numbers,  the  4  -will  evidently 

6.750000  d.  be  shillings,  the  6  pence,  and  the  3  farthings,  wl\ich 

-4  together  are  the  tmswer. 


3.000000  qrs.  ^^.  4,,  q^. 


^  This  rule  has  its  origin  in  the  nature  of  Compound  Division  ;  for  if  the 
given  decimal  be  considered  as  a  remainder,  the  successive  multiplications, 
and  marking  off  dedmals,  are  equivalent  to  the  successive  reducing  and  dividing 
.in  that  role. 
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31.  Reduce  .7583  of  iai  lb.  troy  to  its  proper  quantity. 

.7583  lb. 
12 


9.0996  oz. 
20 


1.9920  dwts. 
24 


39680 
19840  jins.  9oz.  Idwt  2Sgr. 

23^8080  grains^ 

32.  Reduce  .159375  of  a  pound  to  its  proper  quantity.    An$, 

33.  Reduce  .625  of  a  shilling  to  its  proper  quantity.    Jns. 

34.  Reduce  .05854  of  a  guinea  to  its  proper  quantity.    Ans. 
\8.  2d.-|. 

35.  Reduce  .6875  of  a  yard  to  its  proper  quantity.    Am. 
2qr.  3». 

36.  What  is  the  value  of  .625  cwt.  ?    Ans.  2gr.  14tt. 

37.  Reduce  .3375  of  an  acre  to  its  proper  quantity.    Am. 
Ir.  14p. 

38.  What   is  the  value  of   .461  of  a  chaldron?    Answer 
ISbu.  *ipk8. 

39.  What  is  the  value  of  .85714  of  a  month  ?    Am.  Sw.  2d. 
23^.  59m.  53". 

237.  Promiscuous  Examples  for  practice. 

1.  What  is  the  value  of  .135  +  .243  x  .312  ?     Am.  .210816. 

2.  What   is  the  value  of  .0098  —  .00098  x  .54  ?    Amwer 
.0092708. 

3.  Required  the  value  of  3.74  x  2.35  —  1.23.    Am.  7.559. 

'  4.  Required  the  value  of  1.35  x  3.8  +  019.    Am.  5.15565. 

5.  What  is  2.04  x  4.5  -  2.95  equal  to  ?     Am.  3.162. 

6.  What  is  1.23  -t  .94  x  2.12  —  .89  equal  to?    Am.  3.7104. 

7.  What  is  1.23  +  .94  x  2.12  —  .89  equal  to  ?    Am.  2.6691. 

8.  Find  the  value  of  3.4  —  2.5  x  .12  +  5.1  —  .W.     Am. 
4.578. 


r 

I 
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9.  Knd  47.5  -  3.7  x  .23  -  .017  -  10734.    Jns.  45.6385. 

^^   _.    ,  12.3  X  2.34  X  3.12        ,       ;.o^^iq>*  a, 

10.  Find -— .    Ans.  .7277134  &c. 

,T     T>         -J  4S-^  +  3.14  -  21.35  .         «,,w..^e,    fi 

11.  Eequ^ed — T^-rr — : .    Ans.  .7009951  &Ci 

12.  To  determine  2.473  +    '    ^^  J .    ^«5. 2.474255  &c. 

36.5 

IS.  Find  ^'^""!^I^  •^^.    ^«*.  7.380361  &c. 

10.8 

,j    T>       .J   1-S  X  4.2  —  1.01  X  2.13  ,    .      ^,      ,    .      ,    ^ 
14.  'Required — being  the  decimal  of 

3.0  X  .12  —  .1^«54 

a  pounds  to  be  reduced  to  its  j)roper  quantity.     Ans,  131.  19s. 
9d..o66. 


238.  PROPORTION,  or,  THE  RULE  OF  THREE 

IN  DECIMALS. 

'  Rule.  Reduce  the  first  and  third  terms  to  decimals  of  the 
same  denomination,  and  the  second  to  a  decimal  of  the  greatest 
denomination  mentioned  3  then  state  the  question,  and  proceed 
as  in  the  Rule  .of  Three  in  Vulgar  Fractions :  the  result  will  be 
of  tlie  sadne  denomination  with  the  second  term,  and  (if  a  deci- 
mal) must -be  .reduced  to  its  proper  quantity*. 

'    '  Examples. 

,^  3 
1.  If  —  of  a  cwt.  of  pimento  cost  3L  2«.  6d.  what  is  the  value 

ct  Icwt.  ^qr.  1426.^^ 

RedttcHon  of  the  terms.  * 

3 

— cttJf.ss  .375cto*.  3Z.  2«.  6d.=3.125^.  Icto^  ^qr.  14Z5.= 1.625cm7^. 
o 

Stating.  Operation. 

*o^ti     *       oio«:i         ,^e     .       3.125x1.625       5.078125 

*.S7Bcwt  :  3.125i.  : :  1.625ctcf.  :  '— =  — —- — 

.375  .375 

=  13.54166  =  13Z-  lOs.  9d.^  .99  &c.  Answer. 

ExplancUion. 

Having  reduced  the  first  and  third  terms  to  decimals  of  a  cwt.  and  the  second 
to  the  decimal  of  a  pound,  I  state  the  question,  and,  finding  that  the  answer 


s  The  rules  of  Proportion  in  whole  numbers,  Tulgar  and  decimal  fraction^, 
depend  all  on  the  same  principles ;  they  di£Per  only  in  the  different  modes  of 
operation  peculiar  to  each  of  these  three  kinds  of  numbers. 
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oQgbt  to  be  greater  than  the  second  term»  I  mark  the  less  extreme  for  a  dm« 
sor;  I  multiply  the  two  anmarked  terms  together,  and  divide  the  product  hy 
the  marked  term,  the  quotient  13.54166  &c.  redueed  to  its  proper  terms  is 
the  answer. 

7  <• 

2.  H2yds.  Sqrs.  of  doth  -^  yard  wide  will  make  a  eoat^  how 

much  shalloon  half  yard  wide  wiM  be  required  to  Ime  it  through- 
out? 

Thus,  2yds.  Sqrs,  =  2.75yd.      -^d.  =  .875y(f.     —ifd.  =*  .5jrdL 

8  2 

^.        ^^.           .^        .875x2.75      2:40625      ,  „,^^  ^ 
.875y.  :  2.75y.  : :  .5*y.  : = -^  ss  4.81S5yd. 

=  4yds,  Sqrs,  In.  Answer, 

3.  Sold  a  barrel  of  ale  for  3^.  7s.  6d. ;  what  sum  wiU  pay  for 
35.264  barrels  ?     Ans.  1191,  Os.  3d.4  .36. 

4.  If  50^.  will  pay  for  ^6cwt,  Iqr.  I6lb,  of  raisins^  what  is  the 
price  per  cwt.  ?     Ans,  SI.  Is,  .00218. 

3 

5.  Bought  -^  of  a  levant  trader  for  367^-  5s.  what  sum  will 

4 

purchase.—  of  the  remainder  ?     Ans.  4761,  6s,  8d, 
5 

6.  Paid  9.87^'  for  6.54  cwt.  of  stock^fish }  what  quantity  can 
be  had  for  32.1/.  at  that  rate  ?     Ans.  2lcwt.  Iqr,  2lb.  J2297856. 

7.  If  a  lumii  of  ore,  weighing  15.253  lb.,  be  valued  at  3<.  9d. 
what  is  the  cvrgo  of  a  ship,  carrying  180  tons  of  the  same, 
worth  ?     Ans.  49561.  Ss.  Od,^  .939. 

8.  A  piece  of  cloth  was  cut  inio  two  parts,  one  of  which  mea- 
sured 5^  English  ells,  and  the  other  8^  Flemish  ells  ^  what  is 
the  value  of  the  whole,  at  Hs,  4d,^  per  yard } 
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239.  COMPOUND  PROPORTION  IN  DECIMALS. 

Rule.  Prepare  the  numbers  (if  they  require  it)  as  in  the  pre- 
ceding rule,  and  work  as  in  Compound  Proportion  in  whole 
numbers^. 

Examples. 

1.  If  7  men  earn  01  lOs,  6cL  in  KH^  da^ys,  what  sum  will  28 
xnen  earn  in  3  H  days. 

Reduction  of  the  terms. 
91  lOs.  6^.=9.525/.        ia^d.=:10.5d        31id.a=31.5d. 

Stating. 
*7m.  :  9^252.  : :  28m, 
*10.5d. :. : :  31.5d.  , 

OPERATIOir. 

2.  If  302.  in  20  months  gain  102. 5^.  whaf^um  will  202.  gain 
in  10  months  ? 

Thus,  *30l .  :  10.252.  :  :  20Z. 
*20in.  :         '        :  :  10m. 

_,      10.25  X  20  X  10      ^,  ^    ^  ,     . 

Then =  32.  Ss.  4d.  Ans, 

,        30  X  20 

3.  If  3^d.  ^qr.  In.  of  cloth  that  is  4-  yard  wide  cost  9s.  ed., 
what  cost  4yd.  3qr.  2n.  of  4  yard  wide,  and  of  equal  goodness  ? 
Jns.  19«.  6d. 

4.  Paid  31.  7s.  4d.  &r  the  carriage  of  bcwt.  Sqrs.  150  miles ; 
^bat  sum  will  pay  for  the  carriage  of  7cwt.  ^qr.  2526.  64  miles 
at  the  same  rate  ?    Ans.  ll.  18a.  7<2.,0525. 


^  This  rale  depends  on  the  same  principles  with  Compound  Ptoportioo  in 
whole  numbers. 


fi^ 
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CIRCULATING  DECIMALS. 

940.  Grcoibtwg,  lepeaidDg,  or  recuiring  deamab  are  fliose 
i&  wbicli  one  or  more  of  die  figures  condiinall j  recur,  and  m^ 
be  carried  on  ind^nitelj;  the  figures  that  recur  are  cdfed* 
repeiends, 

Ml.  A  pore  repeteud  is  a  dedmal  in  which  all  the  figures 
recur ;  as  .222  &c.  M2012  &c.  .153153  &c. 

242.  A  mixed  repetend  is  a  decimal  in  which  some  of  the 
figures  do,  and  some  do  not,  recur;  as  .5333  &c.  «341812  &c. 
-419375375  &c. 

243.  A  single  repetend  is  that  in  which  only  one  figure  re- 
peats, as  .333  &c.  and  is  denoted  faj  a  pcnnt  placed  over  the 
drcukting  figure,  as  JS. 

244.  A  compound  repetend  is  that  in  which  the  same  figures 
repeat  alternately^  as  .1212  &c.  .345345  &c.  and  is  expressed  by 
a  point  over  the  fifst  and  last  repeating  Qgure,  as  12....345  &c. 

245.  Similar  repetends  are  those  which  b^in  at  equal  dis« 
tances  from  the  decimal  mark;  thus  .2357^  .471^  and  .493857> 
are  similar. 

246.  llissimilar  repetends  are  those  which  do  not  begin  at 

equal  distances  from  the  decimal  mark;  thus  .23123  and  .4531  are 
diuimilar, 

247.  Conterminous  repetends  are  such  as  end  at  equal  dis- 
tances from  the  decima)  mari( ;  thtf$  .232323  and  Jl5S15  art 

•  •  •       • 

conterminous,  as  are  .34517  and  .82413. 

248.  Similar  and  conterminous  repetends  are  such  as  b^a. 
at  the  same  distance  from  the  decimal  mark,  and  end  at  the 
iame  distance  5  ihw  .785343434  and  .000789789  ate  simikar  and- 
conterminous,  as  are  .12345  and  .54321. 
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,     REDUCTION  OF  CIRCULATING  DECIMALS. 

5249«  To  reduce  a  pure  repetend  to  its  equivalent  vulgoar 

fraction. 

RuLB  I.  Under  the  given  repetend  as  a  numerator  write  as 
many  nines  as  the  repetend  has  figures  for  a  denominator. 

n.  Reduce  this  fraction  to  its  latest  terms^  Tdiich  will  be 
the  fraction  required  *. 

Examples. 

1.  Required  the  values  of  .S  and  .36  in  vulgar  fractions  ? 

3        1  ••       36       4 

Thus  ^  =s  -—  =3  ---  Ans.     and  .36  =  —  =s  —  Ans» 
9        3  99      11 


•   • 


2.  Reduce  .234  and  .341231  to  equal  vulgar  fractions. 

«.        •    •       234         26     ^  ^  <>:,«„:      341231 

Tfew  .234  ==--—- sa —— -rfnt.    ««d  .341231  =  ---— = 

999        111  999999 

31021     . 
90909""^^ 

3.  Reduce  .6  and  .45  to  vulgar  fractions.    Ans,  —  and  — < 

4.,  Reduce  .213  and  .7286  to  equal  vulgar  fractions.    Answer 

71        J  7286 
and 


333  9999 

•   •  •  •  5  370 

5.  Reduce  .135  and  .769230  to  fractions.    Ans.  --  and 


37         481 


^  If  muty^  with  ciphers  suhjoined^  he  divided  hy  9>  tit  infinUum^  the  quotient 

iriU  he  1  continnaUy ;  thus  —  =  •! ;  whence  also  —  s=  .3.  —  as  .3.  —  s 

9  9  $  9 

•  9         r 

.4,  &G.  to  *—  :=  1 ;  wherefore  every  single  repetend  is  equal  to  a  vulgar  frac- 

tioDy  the  nnmerator  of  which  is  the  repeating  figure,  and  the  denominator  9. 

1  •'  2'**S  *"  1 

In  the  same  tnanner  —  =  .01 ;  whence  —  «  >09,  —  »  .03>  &c  also  _ 

99  «^      99    .  99  ;999 

im  ,001 5  whence  — - «  009,  —  =  008 ;  and  the  same  holds  true  universally. 

Wherefore  every  pure  repetend  is  equal  to  a  vulgar  fraction,  the  numerator  of 
which  consists  of  the  repeating  figures,  and  its  denominator  of  as  many  nines 
at  there  are  repeating  figures  j  which  was  to  be  shewn. 


/ 
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250.  When  axg  part  of  the  repetemd  is  a  whole  numbeT, 
B.ULE.  Subjinn  as  many  ciphers  to  the  numerator  as  the 
highest  place  of  the  repetend  is  distant  from  the  AsHAmal 
nla^k^ 

6.  'Hedace  i.01  and  1^.78  to  fractions. 

^        •     •  *    1010   ,  •      -       127800      14200 

Thm,\m^——Am.    and  1%7S  =  — = Ans. 

999  9999         1111 

7.  Bednce  2.45^  is.24,  and  i234.8  to  Tulgar  fractions.    An* 

820      60800        ,41160000 

swcr »  cmd , 

333       3333  33333 

8.  Reduce  1.3,  21.7^  and  312.4  to  equal  vulgar  fractions. 

130     21700        ,284000 

Ans, ,  — ^ —  and . 

99        999  909 

251.  To  reduce  a  ynixed  repetend  to  its  equivalent  vulgar 

fraction. 

Rule  I.  Frefix  as  many  nines  as  there  are  places  in  the  repe** 
tend,  to  as  many  ciphers  as  there  are  places  in  the  finite  part, 
for  ^  denominator. 

.  II.  From  the  given  mixed  repetend  subtract  the  finite  part 
for  a  numerator,  and  reduce  the  fraction  to  its  lowest  terms  for 
the  answer. 


^  Thif  rule  may  be  explained  by  example  6  ;  where  if  we  suppose  101  to  be 

wholly  a  decimal,  its  equivalent  vulgar  fraction  will  be ,  by  the  preceding 

999 

rule;  bat  l.Ol  is  ten  timen  lOl,  wHauca  the.  foregoing  fraction  multiplied  by 

101  lOlO  a  •    *        .  •  • 

10,  (thus  — -i-  X  10,)  or  SZ2-L,  will  be  the  value  of  1.01.    Again,  if  1278 
999  999 

be  considered  as  a  decimal,  its  equivalent  vulgar  fraction  will  be ;  but 

^  9999 

id.78  is  100  times  .1378*;  wherefore  the  vulgar  fraction,  equal  to  the  former, 

127800 

will  be  100  times  as  neat  at  that  equal  |^  Ihe  latter,  that  is,  1S.78  «  . ; 

•  ^  9999 

which  b  the  mlt , 
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9.  Reduce  .123  to  an  equal  vulgar  fraction. 


Operation. 

First  900  denominator, 

Theor  123  —  12  =  111  numerator, 

111         37 


Therefore  ^^^ 

'^         900 

iwn  required. 


300 


the  frac- 


ExplamUion, 

We  bave  here  one  repeating  fi- 
gnre,  and  two  in  the  finite  part ; 
therefore  to  fme  9  I  subjoin  two 
ciphers,  making  900  for  the  deno- 
minator. Then  from  123  the  giTen 
mixed  repetend,  I  subtract  12  the 
finite  part,  which  gives  111  for  the 
namexator;  the  fraction  is  then 
reduced  to  its  lowest  terms. 


10.  Reduce  .5925  to  an  equivalent  vulgar  fraction. 

Thus  9990  denominator,  and  5925  —  5  =  5920  numerator. 

^^      _       5920      16    ' 
Therefore  ^^  =  —  the  anstper, 

11.  Reduce  .27  and  .53  to  vul^  fractions.    Ans.  j-  and  — • 

12.  Reduce  .345,  .{234,  and  .43210  to  vulgar  fractions. 

252.  To  make  dissimilar  repetend&  similar  and  conterminous. 

Rule  1.  Consider  which  of  the  given  repetends  begins  the 
ferthest  from  unity,  and  continue  each  of  the  other  repetends 
to  as  many  places  from  unity,  putting  a  dot  over  the  right  hand 
figure  of  each ;  this  will  make  them  similar. 

II.  Continue  all  the  repetends  to  as  many  more  figures  as  are 
equal  to  the  least  common  multiple  of  the  several  numbers  of 
places  in  all  the  repetends,  and  place  a  dot  over  the  last,  or 
right  hand  figure  j  this  will  make  the  repetends  conterminous. 

•    •  • 

13.  Given  the  following  dissimilar  repetends  .321,  5.47,  3.2^ 

.123,  and  2.39,  to  make  them  similar  and  conterminous. 


Operation. 

dUnrnUar,     sm.  and  conterm, 

.32i  =     .32132132 

5.47     =  5.47474747 

3.2       =  3.22222222 

.123  =     .12312312 

2.39    s=  2.39393939 


JEj:pkmation, 

Here  .123  is  the  repetend  which  begins 
farthest  from  unity ;  I  therefore  continue 
all  the  other  repetends  to  the  third  place, 
over  which  I  put  a  dot.  Now  one  of  the 
repetends  contains  3  places^  one  contains 
2,  and  two  contain  each  1,  and  the  least 
common  multiple  of  S,  3,  and  1>  is  6; 
wherefore  I  continue  the  repeating  figures 
in  each  repetend  to  6  places  farther,  and 
place  a  dot  over  th«  last. 
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14.  Given  123.45,  SSlk,  ioi2,  and  9is5,  to  make  tfaem 
and  contpnnnioqs. 


123.45^      =     123.45555555555S5 

Ssik^    =        3.9121212131212 

^12  =  ^12301230123 

OJSSi     =         9.38538538S3853 

15.  Blake  12^84  and  234  amihr  and  oonterminoas.  As. 
123843  and  23444. 

16.  Make  .1234  and  5.043219*  similar  and  coatenmnoiis.  Jms. 
12344444  and  5.04321943. 

17«  Make  3.5,  45,  and  1.064,  similar  and  conterminous. 

253.  To  find  whether  the  decimal  equivalent  to  any  given  vulgar 
fractum  be  finite  or  infimtei  and  if  v^uate,  to  find  horn  manf 
places  the  repetend  will  consist  of. 

RuLB  I.  Beduce  tlie  given  finacdon  to  its  lowest  tenns,  then 
diride  the  denomidator  of  the  new  fraction  by  10,  5,  or  2,  as 
long  as  division  hj  either  can  be  made. 

II.  If  by  this  division  the  denominator  be  reduced  to  unity, 
the  decimal  will  be  finite,  consisting  of  as  many  places  as  you 
performed  divisions. 

III.  But  if  after  such  division  the  denominator,  viz.  the  last 
quotient,  be  greater  than  unity*  divide  9999,  &c.  by  the  said  last 
quotient  till  nothing  remains ;  the  number  of  nines  made  use  of 
will  be  equal  to  the  number  of  figures  in  the  repjetend,  which 
will  begin  afiter  as  many  places  of  figures  as  there  were  divisions 

by  10,  5>  or  2. 

210 
18.  Is  the  decimal  equivalent  to  — — -  finite  or  iofinite  ?  if 

^  1120 

infinite,  how  many  places  does  the  repetend  consist  of? 

^        210  3 

rirstf  r-TTT-  reduced  to  its  lowest  terms  is  -—. 
1 120  16 

^       (2)         (2)        (2)        (2) 

Then,  16  ...  8  ...  4  ...  2  ...  1 ;    therefore  the  given  frac* 

tion  produces  a  finite  decimal,    consisting  of  four  places,  viz, 
210  _  3 
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finite^  inhere  does  the  repetend  begin^  and  how  many  plaees  does 

it  consist  of? 

„        1111      ,     ^      .,  ,       .^         .101 
First,  -— —  reduced  to  tt$  lowest  terms  u 


> 


7700  700 

'       (10)  (6)  (2) 

Then,  700 ...  70  ...  14 ...  75  wherefore 7)999999  in  which 

142857* 
six  nines  are  used  before  the  work  terminates*    Now  since  3  divi-' 

sions  (by  10^  5^  and  2)  have  taken  place^  there  will  be  3  finite 

places-,  and  since  there  are  six  nines  employed  in  the  division  by  the 

last  quotient  7>  there  'wUl  be  six  circulating  figures,  beginning  at 

1111      101 

the  fourth  place  of  decimals.   Thus,  -- —  = =  .144285714. 

•^  ^        "^  7700     700 

«^  A      *i,    J    •     1         .    ,    ^,     23    11    113        ,    975 

20.  Are  the  decimsus  equivalent  to  — ,  -— , .  and 

^  60    12     114'  1050 

finite  or  infinite^  how  noany  places  does  each  consist  of,  and 
what  are  the  particulars? 


254.  ADDITION  OF  CIRCULATING  DECIMALS. 

Rule  I.  Make  the  repetends  which  are  to  be  added  together 
similar  and  conterminous^  (Art,  252.) 

II.  Ob  the  right  hand  of  each  repetend  place  two  or  three  of 
the  repeating  figures^  and  add  them  together  for  the  purpose 
of  carrying. 

III.  Carry  the  tens  from  the  left  of  the  sum  of  these  figures  to 
the  right  hand  row  of  figures  in  the  repetends^  and  add  up  the 
whole  as  in  finite  decimals  j  then  mark  as  many  figures  of  the 
sum  for  a  repetend  as  there  are  in  each  repetend  added  ^ 


1  The  reason  of  this  rale  is  sufficiently  plain^  for  it  is  evident,  that  all  the 
repetends  to  be  added  mast  be  made  similar  and  conterminous  (if  they  are  not 
so  already)  before  the  operation  commences  :  and  since  these  repetends  may  be 
continued  indefinitely,  and  that  the  sum  of  the  right  hand  figures  of  the  first 
repetend  would,  in  that  case,  be  increased  by  the  number  carried  from  the  left 
hand  figures  of  the  second,  and  the  sum  of  the  right  hand  figures  of  the  second 
by  the  number  carried  from  the  right  hand  figures  of  the  third,  and  so  on ;  and 
that  these  carryings  would  be  always  the  same,  as  each  arises  from  the  addition 
t4  the  same  figures;  it  follows,  that,  in  order  to  have  the  true  repetend  in  the 
sum,  the  right  hand  figure  of  that  repetend  must  be  increased  by  the  anmber 
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EXAMFLI&S. 


•    • 


1.  Add  2.7  +  12.3456  +  .45  +  456.7  +  987.  +  .1234  toge- 

tber. 

Operation. 


similar  and 

dissimUisr, 

conterminotu. 

fig- 

2.7 

r 

2.7777777 

777 

12^456 

z= 

12.3456456 

456 

«  • 

.45 

= 

.4545454 

545 

456.7 

= 

456.7777777 

777 

987. 

= 

987.0000000 

000 

.1234 

^^z, 

.1234234 

234 

Sum  1459.4791700  carry  2  to  ike  4. 

E^tcplaTiation, 
The  lepetends  being  made  gimilar  and  conterminous,  the  numbers  marked 
fig.  on  the  right  are  a  few  of  the  first  figures  of  each  repetend,  and  are  added, 
only  to  find  what  is  to  be  carried  to  the  4. 

2.  Add  78.3476  +  18.6  >  735.2  +  375.1  +  187-4  +  3.27  to- 
gether. 

similar  and 
dissimilar.  c&niermittous.  fig*. 

78.3476    =    78.3476476  476 

18.6        =    issheeeeh         e^^ 

735,2    =  735.2222222     222 

375.1     =  375.1600006     000 

187.4     5=  187.4444444      444 

3.27    =   3.2727272     727 

Sum  1398.0537082*  carry  2  to  the  2. 


•  • 


3.  Add  1.2  +  .35  -f  1£.3  +  123.4  +  4.32  together.     Sfim 
141.675. 

4.  Add  17.64  +  2.8  +  4.23  +  1.83  +  54.9  together.     Sum 
81.604. 


carried  from  the  left ;  or,  (which  is  the  same,)  by  carrying  from  the  numbers 
marked  fig,  (as  in  the  1st  and  2d  examples)  to  the  said  right  hand  figure  of 
|he  re|ietend. 
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•  •  •  •  • 


5.  Add  87.12  +  9-728  +  2.3  +  4.5  +  8.08  leather.  Sum 
111.7873145. 

6.  Add  .i2S  +  4.05  +  716  +  12.91  +  3.123456  together. 
Sum  91.8799125. 

255.  SUBTRACTION  OF  CIRCULATING  DECIMALS. 

« 

Rule  I.  Make  the  given  repetends  similar  and  .contermi- 
nous^ and  place  the  less  number  under  the  greater. 

II.  Subtract  as  in  Unite  decimals  3  observing,  that  if  the  lower 
repetend  be  greater  than  the  upper,  the  right  hand  figure  of 
the  remainder  must  be  made  less  by  1  than  it  would  be  were  the 
expressions  finite  ". 

Examples. 
1.  From  123.45  take  21.532. 

Operation. 

similar  and 
dissimilar.  conterminous. . 

123.45     =  123.4555555 

21.532  =     21.532532.5 


Difference   101.9230230 


2.  From  374.123  take  40.379. 
Operation. 

similar  and  Explanati(m. 

dtssttnilar,           contejrmtnous.  ' 

•    •    •                           •    •  Here  the  repetend  to  be  sul>- 

374.123   =   374.1?3123  tracted  is  the  greater,  the  right 

40.379   =      40.379999  ^*°^  figure  of  the  difference  is 
.1  therefore  decreased  by  1 . 

Diff.  333.743123 


3.  From  39.2178  take  17.68.    Diff.  21.5309491. 

4.  From  1.3  take  I.OO47.     Diff.  .2952.* 

5.  From  85.62  take  13.96432.     Dff.  71.86193. 

6.  From  10.0413  take  .264.     Diff.  9.7766948. 

-I      ■   .1        I       I  II —  i    -  ■  I 

■■  The  reason  of  this  rule  will  be  plain  from  the  preceding  note. 
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9&6.  MULTIPLICATION  OF  CIRCULATING  DECIMALS. 

Rule  I.  Turn  both  terms  into  thdr  etjuivalent  vnlg^  fino« 
tions,  and  multiply  those  fiiactions  together. 

U.  Reduce  the  product  to  its  equivalent  decimal^  and  let  the 
work  be  ccmtinued  until  the  decimal  figures  repeat ;  then  mark 
the  first  and  last  repeating  figures*  and  it  will  be  the  product 
lieqnired*. 

Examples. 


•• 


\.  Multiply  .12  by  .34. 

Oferatioh. 


12       4         '31 
.12  =  —  =  —.    .34  =  —. 
99      33  90 

4       31         124  62 

JRsplanaHon* 

I  first  tarn  the  decimals  into  their  equivalent  vnlgar  firactions ;  I  then  mol- 
tiply  the  fractions  together,  and  redace  the  prodact  to  a  decinial,  continain^ 
the  quotient  until  the  figures  recur. 

2.  Multiply  12.3  and  .456  together. 


9  9  3  999        333 

37       152       6624       ^.  • 

3.  Multiply  .25  by  36.    Prod.  .0929. 

4.  Multiply  37.23  by  .26.    Prod  9.928. 

5.  Multiply  .3,  1.2,  and  .67  together.    Prod.  .27613168  &c. 

6.  Multiply  .52,  3.1  and  .*235  together.  Prod,  .38440235  &c. 

7.  Multiply  .23,  2.34,  and  1.2  together.  Prod.  1.14435839  &c. 

8.  Multiply  .4,  .4,  and  .0004  together.  Prod.  .0000790123456. 


^  The  reason  of  this  operation  will  be  plain;  for  if  two  quantities  be  re- 
spectiyely  equal  to  other  two,  the  product  of  the  first  two  will  equal  the 
product  of  the  last  two ;  wherefore,  in  the  present  case,  the  product  of  the 
given  decimals  is  eyidently  fbubd  when  the  product  of  their  equivalent  vulgar 
fractiona  it  found* 
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857.  DIVISION  OF  ^CIRCULATING  DECIMALS. 

RuLB  I.  Change  tiie  divisor  and  dividend  into  th^r  .equiva* 
lent  vulgar  fractions^  (Art.  249^  ^50^  or  ^1.)  and  divide  the 
latter  by  the  fcxtner^  by  Art.  204. 

II.  Reduce  the  quotient  to  its  equivalent  decimal^  and  it  will 
be  the  answer  ^ 

Examples. 

I.  Divide  .54  by  .|. 

OpERATIOK.  _  Explanation, 

•  •        54         6  '^  First  reduce  both  rcpe" 

First   54  s= =  —  tends  to  the  equal  ^ll^rfrac- 

99        11  6  1 

Q  I  tions  —  and  — ;  then,  after 

Ad  .3  =  ---  =  -^  "         3 

9  3  1 

_  _         -Q  inverting   the    dinsor  — , 

Then  Yl^Y^Tl^  ^'^  quoHent.      j  multiply  both  fractions  to- 

18 
eether,  and  the  result  —  is 


next  reduced  to  a  decimal,  which  is  the  quotient. 

2.  Divide  .48  by  I.^. 

44       22  ••  23        122 

Thus.4S^  —  =^^      1.23=  lrr  = 


90       45  99  99 

11  11 

Then  ii-  X  -^  =  -^  =  .3967213  quoHtni, 

ii     xii     305 

5  61 


•  • 


3.  Divide  .24  by  .7.     Qwo<.  .311688 

4.  Divide  234.6  by  li.     Qmt.  176.^ 

5.  Divide  9.928  by  .26.     QuoU  3723. 

6.  Divide  13.5i69533  by  4.297-     QvLOt,  3.14.5. 

7.  Divide  12.3456*  by  .0081.     <2«oi.  1508.91, 

8.  Divide  .36  by  25.     Qmt,  1.4229249011867707509831. 


»■  Uii  ■■     n  .n  .  I..I 


•  What  has  been  said  of  the  product  (in  the  foregoing  note)  is  equally  true 
•f  the  c|Uotient,  as  is  sufficiently  evident  from  Art.  204. 


YOL.^ 
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DUODECIMALS. 

258.  If  an  unit  be  divided  into  12  equal  parts^  each  of  these 
parts  into  12,  each  of  these  latter  into  12,  and  so  on  without 
end ;  such  fractions  are  called  Duodecimal  Fmctions. 

259.  The  parts  into  which  the  unit  is  divided  are  called 
primes,  and  marked  thus  '  3  those  into  which  the  prime  is  di- 
vided* are  called  seconds,  and  are  marked  thus  ";  those  into 
which  the  second  is  divided  are  called  thirds,  and  nfarked  thus '" ; 
and  so  on  for  the  succeeding  dUvisiona,  viz.  fourths  * ;  fifths '  -, 
sixths'^ i  &c. 

260.  Duodecimals  ^  or  Cross  Multiptieatian,  is  a  method  of 
finding  the  content  6f  any  rectangular  surfiice,  the  length  and 
breadth  being  giten  in  feet,  inches,  and  dnod€dmal  partd>  and 
Is  employed  by  artificers  in  computing  their  work. 

Rule  1.  Under  the  multiplicand  write  the  intiltiplter,  56  that 
feet  inay  stand  under  feet,  primes  under  primes,  &c. 

II.  Multiply  each  term  in  the  intiltipUcand  (beginning  at  the 
lowest)  by  the  feet  in  the  multiplier,  and  write  the  result  of  each 
under  its  respective  term }  that  is,  carry  one  for  every  12  that 
arises,  and  set  down  the  remahider. 

III.  Multiply  in  the  sanie  manner  by  the  primes,  and  let  the 
result  of  each  term  stand  one  place  to  the  right  of  that  term  in 
the  multiplicand. 

IV.  Multiply  in  like  manner  by  the  secoiids,  and  s^t  ^ch  re« 


y  The  name  is  derived  from  th6  tfl^ia  tkiodeditn,  tvrfclve,  atid  b  ex]^ressive  of 
the  nktnre  of  the  diTifion  and  labditisbn  of  tmity^  which  take  |k1ace  in  .tiiese 
operations.  The  term  Crou  Mukiplipation  arises  from  the  crast  method  of 
operating,  or  multiplying  cro9s-n>a.yi,  ThtB  rnle  is  nrach  in  me  amon^  AitUt- 
cers,  as  it  supplies  them  with  a  ready  method  of  determining  the  dimensions  of 
their  work  and  materials. 

Brick-layers,  masons,  glaziers,  and  others,  Wasure  their  wbAl>y  the  square 
foot ;  painters,  paviors,  plasterers,  &c.  by  the  square  yard  ;  tiling,  slating, 
and  flooring,  are-usually  measured  by  the  square  of  100  f^iet,  and  brick-work  is 
^equently  measured  by  the  rod  of  167-  feet. 
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suit  two  places  to  the  right :  bj  the  thirds^  and  set  each  result 
three  places  to  the  right ;  a«d  so  on  to  ffa^  end. 

V.  Add  all  the*  fffoducts  together,  (observing  continually  to 
carry  one  fbr  every  19,  mnd  to  eAi  down  the  renraador,)  the  sum 
will  be  the  answer  *>. 


<  This  rul«  may  be  proved  by  vulgar  fractions ;  thus,  ex.  3.  ^.  g'  =  &  •4- 
— ,  and  2/,  5'  =  3  -f  — ,  wherefore  5  +  -1  x  24-—  «  J3  -h—  + 

■  or  13/^  8'  4",  a»  in  the  example ;  and  the  same  may  be  sliew»  ia  ail 

12.12  '^ 

cases. 

It   will  be  useful  to  remember  the  Mlowiag  particulars ;  namely,  that 
Feet  multiplied  into  feet  produce  feat. 
Feet  multiplied  into  inches  produce  inches. 
Feet  multiplied  into  seconds  produce  seconds. 

&c.  &c. 

Inches  multiplied  into  inches  produce  seconds. 
Inches  multiplied  into  seconds  produce  thirdh« 

&c.       ~  ^. 

Seconds  multiplied  into  seconds  produce  fourths. 
Second^  multiplied  into  thirds  produce  fifths. 
&c.  &c. 

And  in  general,  the  product  of  any  two  terms  will  be  of  that  denomioatiqa^ 
which  is  denoted  by  the-sum  of  the  nnmhf  n  which  express  the  denominations 
•of  those  terms. 

Thus  teoonda  multiplied  by  thirds  produce  fifths,  for  2  -^  3  c^  4 ;  and  the 
same  unlversaHy. 


R2 
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EXAMIXIS. 

1.  tMultiply  «/.  S'  r  by  5/  Y  ST. 


OrSKATSON. 

^    S     1  Multiplicand. 
9  Multiplier, 

"s 


5    7 


11     3 
13     9 
18    3 


r 


9iv^ 


12/  8^    10''  10'"  9ty  Prod. 


I  first  multiply  the  moltiplicMd  by  5, 

carrying  1  for  every  12,  and  patting 
down  the  remainders  under  their  like  for 
the  first  line.  I  next  multiply  by  the  7 
primes,  patting  the  results  one  place  to  th* 
right  of  the  last,  and  carrying  as  before  for 
the  second  line.  I  then  mtfltaply  by  the  9 
seconds,  pnUing  the  results  two  places  to 
the  right,  and  carrying  as  before  for  the 
third  line.  1  lastly  add  these  three  lines 
together  (carrying  as  before)  for  the  pro- 
duct. 


>'// 


2.  Multiply  4/  3'  9r  1 
By  1/  i  3"  4r 

4    3     2     1 

8     6     4  2iv. 

1     O    9  6     3v. 

15  0     8     4vi. 


Product  5    O  10    7    8  11     4 


3.  Multiply  5/  8'  by  2/.  5'.     Prod.  13/  8'  4". 

4.  Multiply  3/  6'  by  7/  9'.     Prod.  9.7 f  l'  6". 

5.  Multiply  7/  5'  9"  and  3/  6'  3"  together.     Prod.  25/  8  6" 


2'"  3iv. 


r  These  examples  may  be  proved  by  Practice,  and  by  Decimi^U;  Uas,  Ex.  I 


By  Practice. 
6-    i 


I 

6" 
3 


f 

T 


4/.  8' 

1" 
5 

II     8 

5 

1      1 

6 

6 

9 

8 

1 

1 

1 

6 

6 

9 

By  DecimaU, 

«.S569  &c.  ••  4/  8' 
5.646B  &c.  8E  5     7 


r 

9 


12     g  10  10 


6 
3 

"9 


It  may  be  remarked,  that  the  opera- 
tion by  practice  gives  the  exact  »nswer, 
whUe  that  by  decimals  is  7  fourths  (or 

^  of  a  s«iuare  foot)  short  of  the 
t073«  ,  . 

truths  in  consequence  of  both  factors  fte- 
lag  iniaite^  and  too  few  ftgnres  takeo 

for  the  operation :  if  the  fectors  had  beea 

continued,  they  would  have  been  rcspec- 

tiwly«.48694lS.and  6.64593*;  whence  (by  proceeding  according  to  articles 

S56  and  J251.)  the  exact  answer  W9UW  haw  beea  obtained. 


180562 
112845 
90276 
185414 
112845 

12.74200602 
12 

8.904072S4 
12 

10.84886688 
12 

10.18640256 
12 


2.2868807t 
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6.  Multiply  10/  4'  5"  and  7/  8'  6"  together.  Prod.  79/  11' 
O'  6"'  6iv. 

r.  Multiply  5/  4'  8"  by  9/  8'  0".    Prod.  52/  3'  9"  S'". 

8.  Multiply  311/  r  S'^  by  36/  4'  H".  Prod.  M34£^.  11'  l" 
5'"7iv. 

9.  What  will  a  mahogany  8ide*board  cost,  which  ib  5  feet' 
11  inches  long,  and  3  feet  7  inches  wide  throughout,  at  49.  6d. 
per  square  fbot  ?     Am.  41.  I5s,  4d,^. 

10.  What  sum  will  pay  for  new  glazing  a  hall  window  con<^ 
taining  60  squares,  each  1/  S'  ST  long,  and  11'  5*'  wide,  at  3$.  Sd, 
per  square  fbot }    An$.  Vil.  8«.  6d.f . 

11.  What  is  the  price  of  a  marble  slab,  the  length  of  which 
is  5  feet  7  inches,  and  breadth  3  feet  6  inches,  al  9i.  per  square 
foot  ?     Ans.  9^.  4$.  3d. 

12.  A  room  which  is  66  feet  10  inches  about,  was  wainscotted 
3  feet  11  inches  upwards  from  the  floor ;  what  did  it  come  to  at 
^.  7d4.  per  square  fbot  ?     i^n^.  341.  79.  Id4.« 

13.  A  drawing-room  which  is  32  feet  6  inches  long,  and  2S 
feet  9  inches  wide,  is  surrounded  with  a  cornice  34-  inches  wide, 
the  gilding  of  which  cost  3^  h9.  6d.  required  what  sum  was 
charged  per  square  foot  ?     Ana.  Vs.  lid.  rrWr* 

14.  The  paving  of  a  brew-house,  24  feet  1 1  inches  long,  and 
34  feet  6  inches  broad,  cost  7*.  9d.  per  square  yard ;  what  did 
the  whole  amount  to?     Ans.  d7l.  09.  2d. 

15.  The  expense  of  digging,  planting,  and  manuring  a 
kitchen-garden  amounted  to  14^  1^.  8d.  how  much  is  that  per 
square  yard,  supposing  the  kngth  to  be  109  feet  6  inthes,  and 
the  breadth  58  feet  6  inches }    Am.  4d.4. 

16.  What  sum  must  I  pay  for  painting  a  room  46  feet  10 
inches  about,  and  9  feet  10  inches  bigh«  at  2s.  8d.4  per  square 
yard  ?    Am.  71*  5*.  7d.i. 


r3 
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INVOLUTION*. 

SBl.  Tiie  power  «f  ^fif  noiiiber  is  the  {irodiicl  that  wAbcb  hy 
multiplying  that  number  into  itself  j  and  the  product  (if  neees* 
Sfff)  into  tJhe  given  number  -,  and  thia  iprodvkct  (if  necesBaifr) 
into  tbe  jgiven  nuiobfir,  imd  so  on  ocmtinvially. 

262.  The  product  arising  from  one  multiplication,  is  caUed  the 
square,  or  aeeond  power  of  the  ^ven  number  5  the  product  aris- 
ing from  two  aUticesfiine  mukiplScations,  is  called  Uie  .cube,  4ir 
third  power  5  the  product  of  three  mrti|tifi]k^tionft»  th»  fourth 
poiver  i  effmtr  nwdtiiilitations,  the  tth  fK>wer,  and  so  on. 

.  263.  The  power  of  any  niiiaber  is  detM>t^  by  a  amsdl  figuK, 
called  the  index  or  exponent  of  the  powc^r^  placed  Qvet>  aud  a 
little  to  the  right  of,  Iftiefs^vei^  number. 

'  That  3^  Copies  tbe  imond  pover,  or  •fwre  of  S,  the  wmt^  S  twiag  tiio 
index  or  exponent  of  tbe  Moond  jKikier  ;  7^  4eDO%es  tli«  tMrdponoer  of  7)  wlieqk 
3is&eiiid«i  SB^.iloiiotct  lliej|^4Miverol2l,  lAafe  5  isthe  iad<B(,  te« 

264.  in]irdulio&  teaches  to  find  the  poiweBi  of  aoar  given  mim' 
her* 

265.  To  involvfi  whole  nnmblfrs  or  de^{^  to  any  p^wer. 

!Rut.s  1.  MulCipl(|r  t^  giyea  number  into  itsdif  lor  tbe  square, 
and  this  piquet  into  the  gkcm  nwfnber  for  the  eub^  md  so  00 
continually  for  the  higher  powers ;  observing,  that  to  obtaM^  ai^ 
foweti,  tbe  number  of  sucoesslve  midtiplteati^ns  will  ^thvays  -be 
one  less  than  ^he  index  of  the  m(]^i«f  d  |>9war. 

II.  If  there  are  disctmias  in  Dbe  number  given  to  be  ji]ivolv«d» 
mark  ofif  the  decimals  in  ^•chivpdiiGt,  apcpiyiing  to  the  nd^  &r 
Wiltiplyi9g4ecw[n9il8^  Aft.  224« 


>»<Xa#»%^<^»^  K  »■«      »n     »<»       I     ,  m  iiwtmti^m^-^m^^^^*^ 


•  The  name  laTolution  i»  derived  from  the  Latin  iiwotvo,  to  wrap  or  fold  In. 
The  number  to  be  inrolred  is  called  the  root  of  the  proposed  power ;  the  num- 
ber arising  from  the  involution  is  called  the  power  of  the  given  root.  Tbe  terms 
square  9Lad  cube  are  applied  to  certain  numberSy  because  they  arise  by  processes 
similar  to  the  known  method  of  computing  the  capacity  of  those  figures :  and 
because  the  second  power  i»  called  a  square,  and  the  third  power  a  a^,  the  le* 
cond  root  i»  named  the  square  root,  and  the  third  root  the  cube  root ;  the  fourth 
power  is  sometimes  called  the  hiquadrate,  (bis  quadratus,)  and  the  fourth  root 
the  biquadrate  root.  Particular  names  for  other  powers  and  roots  are  to  be 
found  in  old  bookt^  but  they  ate  now  seldom  used  ;  see  the  note  on  Art.  ni, 
parts* 


f^f?^?' 


iNy:pj.inPfpjf. 
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EXAMPLES. 

1.  What  is  the  fourth  power  of  12? 

OPBRATION. 

12  =  1st  power. 
12 


144  =:  2nd  power, 
12 


1728  =  3d  power. 
12 


JEsplanation. 
Here  the  jndex  of  die  required  poiirer  beings  4» 
three  multiplications  fxe  ^essaty:  tiie  first  pro- 
duces the  ^uarCf  or  second  power;  the  second  pro- 
duces the  cube,  or  Mtrcf  jgower;'  and  the  third  pro- 
duces t|ie  biquadratef  or  /ourthpowa;  as  wai  re- 
quired. 


2073G  =  4th  power. 


2.  Involve  2.3  and  .103  each  to  the  6fth  pcrwer. 


2.3  =  Ist  power  or  root  = 
2.3 

69 
46 

6.29  =:  Hd  pQwer  s 
2.3 


1587 
1058 


12.167  =:3i|>ow€r=s 
2.3 


36^01 
24334 

27.lfe41  =  4th  power  = 
2.3 

839523 
559682 


.103 
.103 

309 
103 

J010609 

31827 
10609 

.qO)L092727 
.103 

3278181 
1,992727 

.000112550881 
.103 

8376.52643 
112550881    . 


64.36343  =  5th  power  =  00^11592740748 

■•  .  .    -  ..  ,  r 

8.  Involve  234  to  the  square.    Square  .54756. 

4.  What  is  the  cube  of  54  ?     Cube  167464. 

5.  Involve  100.2  to  the^third  power.  ;riiirdj)qM?cr  IOO6OI2.9O8. 

6.  Involve  94.75  to.  the  foiuth  power.  Fourth  power 
80596628.44140625. 

266»  To  involve  a  4\mpl€  fraction  jto  anff  jyower. 

Rule.  Im^olve  rthe  nvii]p[eratQr  :^nd  denominator  each  sqpa- 
»tely  to  the  given  ppjwer,  ^d  the  results  will'^>e;the  respective 
terms  of  a  ?^^  fraction,  whic)i  ^ill  be  the  pqwer  i^equir^d. 

R4 ' 


44a  ARITHMETIC.  Part  I. 

-      2  4 

7.  TnToi?e  —  to  the  sq.uaFe,  and  —  to  the  cube. 

"3]«      2x2        4  2 

.    ,  Tf       4x4x4         64     ^,        ,       -  4 
And  -fJ  =  -- — - — --  =  -7—-,  the  cube  of — . 
5I         5x5x5         125  5 

S.  Involve  -—  to  the  square.  Square  — -. 
*  4 

,   ,   5    r^        ^        ^  ,  125 
9.  Involve  --  to  the  cube.  Cube 


e  216 

3  81 

10.  Required  the  biquadrate  of  — .  Biquadrate  — — . 

4  <«oo 

267.  To  involve  a  mUed  number  to  any  power. 

Rule  I.  Either  reduce  the  given  mixed  number  to  an  impro- 
per fraction^  by  Art.  172 ;  involve  both  terms  of  this  fhiction  by 
the  last  rule  >  reduce  the  resulting  improper  fi'action  to  its  pro* 
per  terms,  by  Art.  173,  and  the  result  will  be  the  power.    Or, 

H.  Reduce  the  fractional  part  of  the  given  number  to  a  deci« 
mal.  Art.  233.  subjoin  this  to  the  whole  number,  and  involve 
the  result  to  the  given  power,  by  Art.  265. 

11.  Involve  2^  to  the  second  power. 

Thu9,  Art.  172.  24  =  ^  ^^-^^  =  11, 

4  4 

^,       iTl«        11X11  121        ,.^  ,^„v^,    ,, 

Thm  -j-j  =     ^^^     ^  -j^  =  (Art.  173.)  7W  th£  power 

required^  or. 

Secondly,  24  ==2.75  by  Art.  233- 

Tken  2!75)*=  2.75  x  2.75  =  7.5625,  the  p6wer,  as  before: 
for  this  decimal  .5625  being  reduced  to  a  vulgar  fraction, 
(Art.  232.)  will  ss^as  ahove. 

24- 

12.  Involve  r^  to  the  cube. 


4^ 


T 

Ox  35 

Thus,  Art.  178.  7^  =  — . 

4-|-       00 


r«  35 

Then-x^ 
66 


42875      ,,        ,  .     , 

=r  the  cube  required. 


287496 

13.  Required  the  square  of  I4..    Square  2^. 

14.  What  is  the  cube  oC  24  ?     Cube^Oi^. 

15.  To  find  the  biquadrate  of  IC^.    Biquad.  11401ff. 


Part  I.  EVOLUTION.  «49 


EVOLUTION*. 

$$8.  The  root  of  any  number  is  that  ^hich  being  multiplied 
once,  or  oftener  continually  into  itself,  will  produce  the  said 
number. 

269.  A  number  which  being  multiplied  once  into  itself  pro- 
duce^  the  given  number,  is  called  the  square  root  of  that  num- 
ber 5  a  mimber  which  nmltiplied  successively  tmct,  produces  the 
given  number,  is  called  the  cube  root  of  that  number ;  if  it  pro- 
duces the  given  number  by  three  successive  multiplications,  it  is 
called  the  fourth,  or  biquadrate  root  of  that  number,  and  so  on. 

270.  The  root  of  any  number  is  denoted  either  by  a  radical 
sign  ^,  with  a  small  figure  expressive  of  the  number  of  the  root 


*  The  name  EwAtUion  is  derived  from  the  Latin  enohop  to  anfold.  With  re- 
spect to  the  operation,  the  evolution  of  roots  consisting  of  onljr  one  figure  is 
merely  a  simple  medianical  process,  the  reason  of  which  immediately  appears : 
but  when  the  root  consists  of  several  figures,  the  grounds  of  the  rule  by  which  it 
4s  extracted  are  by  no  means  obvious.  A  respectable  writer,  whose  name  would 
do  honour  to  these  pages,  observes,  that  *<  any  person  who  can  extract  the 
*<  square  and  cube  root  in  Algebra,  will  not  be  at  a  loss  to  demontirate  the 
«  rules  of  square  and  cube  root*'  in  Arithmetic  ;  <<  and  to  tho«e  who  cannot^ 
**  a  demonstration  would  be  of  little  or  no  use."  The  truth  is,  that  the  com- 
mon rules  for  the  extraction  of  roots,  either  in  Algebra  or  Arithmetic,  as  fiir  as 
I  have  been  able  to  learn,  have  never  yet  been  demonstrated  independently,  and 
without  supposing  that  both  the  root  and  its  power  are  previously  known : 
having  the  root  given,  its  power,  although  unknown,  is  easily  obtained  by  mnl- 
tiplieation ;  but  the  root  being  nnknown,  cannot  be  obtained  from  the  power  hf 
the  converse  operation  of  division,  because  the  divisor  is  not  known  :  hence 
it  appears^  that  the  rules  for  Evolution  were  first  discovered  mechanically,  or 
by  dint  of  trial ;  and  the  only  proof  that  they  are  true  is,  that  the  number 
arising  from  their  operation,  being  involved,  produces  the  given  power.  See 
the  note  on  4rt,  57.  part  3.  Mr.  Wood  has  shewn  very  clearly  in  the  extraction 
of  the  cube  root,  how  the  several  steps  in  the  Arithmetical  and  Algebraic  ope- 
rations respectively  coincide  with  each  other.  Elem,  ofAlgeh.  pp.  6t,  68»  TbM 
EdU. 

The  square  root  of  any  number,  is  a  mean  proportional  between  unity  and 
that  number ;  the  cube  root  is  the  first  of  two  mean  proportionals  between 
unity  and  the  given  number  ;  the  biquadrate  root  is  the  first  of  three  mean  pro- 
portionals between  unity  and  the  given  number ;  and  in  general,  if  between 
unity  and  any  power  there  be  taken  mean  proportionals  in  number  one  less 
than  the  index  of  that  power,  the  first  of  these  will  be  the  root  required. 


over  it,  and  the  whole  placed  before  the  given  niunber  $  or  by  a 
fractional  index  or  exponent^  placed  over,  and  a  little  to  the 
right  of  the  given  number. 

Tfcus  ^S  or  34-  denotes  the  square  root  of  3 ;  •  ^7  or  ?▼  denotes  the  eube 
root  of  7  ;  ^  ^91  or  21)^  denotes  the  fifth  toot  of  91,  &c. 

271.  ]^o}utioi^  teaches  to  find  the  roots  of  ^ny  given  ^um- 
l?er. 

• 

tkw  U  «(tr^ibe  square  vp«t  of  9  nuQher,  |i  io-a|i4  #«^  11  ^Wrt^^  rrkuik 
beii^fln^tipUcid  once  into  Itsdf,  produces  the  ^ven  Qjaqfbqr :  t9  f^ff^nft  the 
cube  root,  \b  ^o  £nd  a  number  which  being  ^lultiplied  into  itself,  and  that  pr^ 
duct  into  the  same  number,  produces  the  giren  number;  and  so  for  other  roots. 

:bxtractjon  of  tub  square  root. 

27^.  The  following  table  contains  the  first  nine  whole  num-> 
bers  which  are  exact  squares,  with  the  square  root  of  each  placed 
under  its  respective  number. 

SQUARES 1.    it.    9.     16.    25,    36.    49.    €i.    81. 

SQUARE  ROOTS.  1.    2.    3.     4.      5.      .^.      7.      $.      9- 

IFrom  this  table  the  root  of  any  exact  square,  being  a  single 
.%ure^  may  bf;  obtaii^ed  by  i^nspection^  as  is  j>btin. 

273.  To  €xir.9fit  ihs  sqtMre  root,  when  it  coiuisfs  ^fwQ  or 
mare  figure,,  from  my  numUr. 

JlujLB  I.  Make  a  pojipt  over  the  units*  pl^ce  qf  the  ^yen  num- 
J^,  wott\er  over  t^  hiva#<^4s,  ajo^.  sp  on^  ^t^ting;  ^  pQJ^iLt  oyer 
«veiy  second  figure  5  .wheoehir  the  give^  aunher  will  be  ,divid^ 
iBto  periods  of  two  figures  eaeh>  except  the  left  hand  pcdod, 
which  will  be  either  one  or  two,  according  as  the  number  of 
figures  in  the  whole  is  odd  or  even. 

^I.  P^nd  v^  the  .table  the  grqjiteat  square  number  pot  jg;reater 
thaa  itbe  left  Jt^^d  perio^^  set  ijt  upde;r  t^t  i^eripd,  an^  ^V)  ,i^99t 
in  the  quotient. 

III.  Subtract  the  said  square  from  the  figures  above  it,  and 
to  the  remainder  bring  down  the  next  period  for  a  dividend. 

rV.  Double  the  root,  (or  quotiei^t  figure,)  and  place  it  for  a 
.4iyi$.or  pn  the  left  of  the  dividend. 

V.  jEiixd  h^o}ff  rOftcn  the  divisor  ifi  c^ntai^jed  jL{i  t^  (^vidfiJ3^> 
omitting  the  place  of  units,  and  ftiace  ^  rnuoibpr  (^onpUw 


PlKTl.  EVOLUTION.  2S1 

how  many)  both  in  .the  ipuitifiAt,  and  ion  the  right  o£  the  di- 
visor. 

VI.  Multiply  the  .divisor  (thus  augmented)  by  the  fig;ure  last 
put  in  the  quotient^  said  set  the  product  under  the  dividend. 

VII.  Subtract,  and  bring  down  tlie  next  period  to  the  re- 
mainder for  a  dividend  j  and  to  the  left  of  this  l^ng  down  the 
last  divisor  with  its  right  hand  figure  doubled,  for  a  divisor. 

VIII.  Find  how  often  the  divisor  is  contained  in  the  dividend, 
oaaitting  the  tuiBts  as  before  5  put  the  nuBiber  denoting  how 
often  in  the  quotient,  and  also  on  the  right  of  the  divisor. 
Multiply,  subtract,  bring  down  the  next  perind,  and  also  <jhe 
divisor  with  its  i^ght  hand  figure  doubled,  &c.  as  before,  and 
proceed  in  this  manner  till  the  work  is  finished. 

IX.  If  there  is  a  rem^^nder,  periods  of  ciphers  may  be  succes- 
sively brought  down,  and  the  work  continued  as  before,  observ- 
ing that  the  quotient  figures  which  arise  will  be  decimals ;  and 
if  there  be  an  odd  decimal  figure  in  the  given  number,  a  cipher 
must  be  subjoined,  to  make  the  right  hand  period  complete. 
Also  for  every  period  of  superfluous  x^iphers,  either  on  the  left  or 
right  of  the  given  number,  a  cipher  must  be  placed  in  the  quo- 
tient. The  operations  may  be  proved  ^  invplring  the  root  to 
the  square,  (Art.  265.)  and  adding  in  the  remainder,  if  any. 

ExAHrj.B9. 
1.  Extract  the  square  root  of  54756. 

r^  •    '^ —  1  first  place  a  poiDt  over  the  units,  then  over 

54756(234  =  root     the  hundreds,  then  over  the  ten  thousands  ;  5 

4  bein§  the  fii-st  period,  I  find  from  the  table  the 

4^S I  Am  greatest  square  4,  contained  in  it ;   this  4  I 

40J147  place  under  'the  5,  and  iits  root  '•I  ^i  tiie  ^o- 

1^9  tient,  and  having  subtracted,  I  bri)!^  dpwn  to 

464)    1856  ^^  remainder  1  the  next  period  47,  making 

'^   18^6  ^'^^  ^  ^^  dividend;  I  dooUe  the  quotient 

.  figure  2,  and  place  the  double,  viz.  4,  for  a  di- 

!^  "^  visor,  to  the  left.    Omitting  the  units  7, 1  aslt 

PtQ(^.  ^'^^  ^^^^  4  is  contained  in  14,  ai^d  fimi.  it  goes 

ckf^A          «^»*  ^  times;  this  3  I  put  both  in  the  quotient  and 

234  55  toot  divisor,  makingthe  latter  43 ;  this  I  muKiply  by 

234  «=5^  ^.0<^  the  «|uotiont  figure  3,  and  «ibtract  the  product 

Qo^  129  £rom  the  divido^.    To  the  jcemMder  10  ) 

bring  down  the  next  period  56,  making  the  new 

7^  dividend  1856 ;  to  the  left  of  this  I  bring  down 

468  the  divisor  with  its  last  figure  3  doubled,  nak- 

54756"=  squ^.       >°«  *?/  ^  tu*^^.*^'*^.  ^  ^!k °  *i?*' 

,  .  ■     ,.        ^  (onuttmg  the  6,)  it  ^oes  4  Jtimes,  I  tbei)alor^ 

put  the  4  both  in  the  quotient  i^id  on  the  right 
of  the  divisor,  and  multiply  as  before  :  there  being  neither  a  remainder,  nor 
any  more  figures  to  bring  down,  tlie  operation  is  finished* 


2S2 


ABlTHKBnC. 


PastL 


fe.  Eztnct  the  sqaaie  root  of  J000064807. 


Opbratiom*. 


♦-^.f 


.0000648070)  .008050279  root. 
I    64 

1605)  8070 
8025 


161002)  450000 
322004 


1610047)  12799600 
11270329 


16100549)  152927100 
144904941 

Remainder       8022159 


Here,  in  order  t»  complete  4fto 
i%fat  band  period,  I  iabfoin  a  ci- 
pher ;  and  there  being  2  periods  of 
oiph«rt  to  the  left,  I  prefix  aciphcr 
for  each  period  to  the  root.  In  the 
second  step,  hariogf  brought  down 
the  80, 1  find  that  \6  will  not  go  is 
8  ;  I  therefoie  pot  a  cipher  b^  in 
the  quotient  and  dirisor,  and  then 
brii^  down  the  next  period  70  ;  and 
the  like  in  the  next  itep.  I  bring 
down  a  period  of  ciphers  both  thei* 
and  in  Mch  following  step. 


3.  Extract  the  square  root  of  95.801234. 

95.801234(9.78781  root. 
81 

187)1480 
1309 


1948)  17112 
15584 


19567)  152834 
136969 


195748)  1586500 
1565984 


1957561)    2051600 
1957561 


Remainder 


94039 


4.  Required  the  square  root  of  529.    Root  23. 
6.  To  find  the  square  root  of  104976.     Root  324. 
6.  What  IS  the  square  root  of  298  V16  ?    Root  546. 


*  These  operations  may  be  proved  thr<^e  ways.  First,  by  involring  the  root 
to  the  square  as  in  ex.  1.  and  adding  the  remainder  to  the  square :  the  lesolt, 
if  the  work  be  right,  will  equal  the  given  number.  Secondly,  by  easting  out  the 
nines :  thus,  cast  oat  the  nines  from  the  root,  and  multiply  the  exceM  into  itself; 
cast  the  nines  out  of  the  product,  resen-ing  the  excess ;  cast  the  nines  out  of  tiie 
remainder,  subtract  the  excess  from  the  dividend,  and  cast  the  nines  out  of  what 
xemains :  if  this  excess  equals  the  former,  the  work  may  (with  the  restriction 
jhentioned  in  the  note  on  Art.  41.)  be  presumed  to  be  right.  Thirdly,  by  addi- 
tion, similar  to  the  proof  of  long  division,  Art.  41. 
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7.  Extract  the  square  root  of  974169.     Rooi  987. 

8.  What  is  the  square  root  of  10465S9  ?     Root  1023. 

9.  Extract  the  square  root  of  867^8916.     Root  29.46. 

10.  Required  the  square  root  of  32.7286968J .    Root  5.7209. 

11.  Find  the  square  root  of  70.     Root  8.3666,  &c. 

12.  What  is  the  square  root  of  .000294  ?    Root  .0371464,  &c. 

13.  What  is  the  square  root  of  989  ?    Root  31.44837,  &c. 

14.  Find  the  square  root  of  6.27.     Root  2.503^6805,  &c. 

15.  Required  ^.00015241578750190521.  -Root  .0123456789. 

274.  To  extract  the  square  root  of  a  vulgar  /Taction,  both  terms 

of  which  are  exact  squares. 

Rule.  Extract  the  root  of  the  numerator,  and  likewise  of 
the  denominator ;  these  ttvo  roots  will  be  respectively  th^  tenns 

of  a  new  fraction,  which  will  be  the  root  requii-ed. 

4 

16.  Extract  the  square  root  of—. 

£xplttnation. 

OpbhATION.  Here  the  root  of  4  b  «,  and  the  toot  of 

4         2  S 

./  —  =  — ^the  root  reauired.     9  it  3,  therefore  —  will  be  the  root  of 
^93  S 

the  given  fraction. 

9      25       36 

17.  What    are   the    square    roots   of  -—,  -rrr*  "T^T"*  *^d 

16    144      169 

1681    .      T>    .    3     5     6         ,41 
Roots  — ,  — ,  — ,  and  -    ■ -. 


76176  4     12   13  376 

^5.  To  extract  the  square  root  of  a  vulgar  fraction,  the  terms 

of  which  are  not  both  squares. 

Role.  Reduce  the  given  fraction  to  a  decimal,  (Art.  233.) 
and  extract  the  root  of  this  decimal  for  the  answer. 

18.  What  is  the  square  root  of  —  ? 

First  —  =  .5  &y  Art.  233.    Then  ^,S  =  .70710678119,  *c. 

{Art.  273.)  the  root  required. 

3 

19.  To  find  the  square  root  of—.     Root  .86<50254,  &c. 

7 

20.  What  is  the  square  root  of  —  ?     Root  .2958039dd,  &Ci 


854  JOUTHHKriC.  PAigrrf. 


27<t.  n^Xiract  iU  tqtmre  root  ff  a 

HuLB.  Hahsee  tKfr  frsMitkm  to  a  deeimal^  (Art.SJS.)  to  which 

prefix  the  whole  number^  extract  the  scfaare  root  of  die  tesolt 

bjr  Art.  ^^.  anrf  it  wHl  be  the  root  required. 

5 
3L  To  find  the  sqiiure  root  of  a — . 

4 

firs*  (^*.  238.)  g  4  *  8-75. 

4 

Ttei  {Jrt.  973.)  >v/8^r5  =2  3.9580398^,  ihe  root  required, 
5^.  What  is  the  square  root  of  ^j  ? 

1-1       30       lO 
rAnt  (Art  178.)  —  =  —  =  --  =  .344827586206,  &c. 

4|-      87       *^  ■ 

rAer^of6  v'.3448S7566306j    ^.  s  .5872202,   &c.   (^r/. 

273.)  =  the  root  required. 

23.  Required  the  square  root  of  1^^.     Root  1.22474487.  3cc. 

24.  What  is  the  square  root  of  7^  ?     Root  2.792848,  &c. 

25.  What  is  the  Myuare  root  ofp^  ?     i^oot  .8164965,  &c. 

277*  Sometimes  it  happens,,  that  the  given  mixed  number 
being  reduced  to  its  equivalent  improper  fraction,  both  the 
iimoB  will  be  rationajU  la  this,  case  it  will  be  best  to  extract 
the  roots  of  the  tiumerator  and  denominator  separately,  and 
they  will  form  an  improper  fraction^  which  must  be  reduced  to 
its  proper  terms,  (Art.  173) 

.  to 

26.  Extract  the  square  root  of  2^. 

Thus  {Art,   172.)   2^=— .     Then  (Art.  274.)  ^^  ^ -^ 

4  4        2 

=  14-  (Art.  17i3.)  the  foot  rehired* 

27.  What  is  the  square  root  of  H  ^    J^^^  H' 

28.  What  is  the  square  root  of  30^  ?  Root  5^, 
^9.  What  is  the  square  root  of  11-^?  Root  S^. 
30.  Required  the  square  root  of  156^.     Root  124-. 

278. 'PftoiifMevovs-£xuiFL£s  for  Phactice. 

1 .  The  gidj^^of  ^  j^flB^re  kitehen  ^den  is  63  yards ;  how  many 
square  yards  does  the  garden  contain  ?   Ans.  3969  square  yards. 


9.  Awmaf  eotefeting  of  07^16  msn^  is  to  be  straAged  Snf  tlM 
S[>rm6f  dityoMffe;  how  many  witt  a  side  contain?  jiM.996ff^m: 

Z,  Wliat  wiiL  tbe  psding  of  a  sqoare  garden  consisting  of  M09 
square  yards  cost,  at  Ss.  6d,  per  yard  ?     Am,  S^L  \9$, 

4.  Required  the  length  of  a  ladder,  the  foot  of  which  being 
pitched  12  feet  from  the  wall,  its  top  will  reach  a  window  lb 
feet  from  the  ground  *  ?     Ans.  21  feet,  7.599(59,  ^c.  inches, 

5.  A  rope  120  &thoms  long  is  extended  from  the  tpp^of  a 
cliff,  to  a  boat  moored  at  SO  fathoms  from  its  base;  required  the 
perpendicular  height  of  the  cliflp  ^  ?  Ans,  89.4427,  5fC.  fathoms, 

6.  RequhHsd  a  liieftn  proportional  between  36  and  2401 '  ? 
Ans,^f>4, 

7-  A  rectangular  field  has  its  sides  equal  to  210  and  500 
yards  respectively ;  what  length  must  the  side  of  a  square  be  to 
contain  an  equal  area }     Ans,  250.997d,  ^e.  yards, 

8.  The  diagonal  (or  straight  line  joining  the  opposite  cor- 
ners) of  a  che83*board*  measures  80  inches;  required  the 
length  of  the  side  ?     Aru.  21.213203,  ^c.  inches. 

9.  A  w«ll  is  supported  13  feet  from  the  ground  l^  a  shea^  16 
feet  long;  how  fdx  is  the  foot  of  the  shoar  distant  fW)m  the  base 
of  the  bnikling?     Ans,  9  feet,  3.9285,  ^c.  inches, 

10.  A  gentleman  has  a  tablie  5  feet  wide,  and  14 'feet  luvig, 
atid  wants  three  others  to  be  made,  each  square,  and  A  together 
of  equal  dimensions  with  the  fonner;  required  the  «ide  of 
each  ?     Ans,  4  feet,  9.9654^  8;c,  inches, 

£XTK ACTION   OP  THB   CoB]&*RoOT. 

279.  The  fotto^Hg  table  contains  the  first  nine  whole  num^ 


*  Tbft  length^  the  ladder,  the  perp«ndicalar  distance  ef  its  top  ham  the 
grouad,  and  the  dbtance  of  its  foot  ffom  the  wall,  together  form  a  right  angled 
triangle ;  and  it  is  demonstrated  in  the  47  th  proposition  of  the  first  hook  of 
'£ucli(f  s  Elements,  that  the  square  of  the  longest  side  of  such  triangle  is  equal 
to  the  sum  of  the  squares  of  the  two  remaining  sides  ;  Wherefore  in  tEe  fresenfc 

tttitsutdtf  a/1^  +  TSt*  =*  21. 633,  &c.  feet,  =  the  length  required. 

y  From  the  foregoing  note  it  follows,  that  the  diffmnce  of  the  st|iares  oflMe 
loBgeit  snd  of  eithi r  of  the-  nnainiiig  ^es^  it  eqald'to  th^  square  4i  tbo  other 

^dc ;  «vliende  v"!^^"**^*  ^  BM4,  &c.  fotiioiBs.  ' 

*  Tbe  nqpiart  root^^f  the  (prodaiA  of  iaof  two  win^rB  is  a  nictn']>rapoTv 
tioaal  between  them«  ,         ' 
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bers, which  are  tanct  cubes,  together  with  ^heir  cube  roots^ 
where  each  root  is  placed  exactly  under  the  number  of  which  it 
is  the  root^  whereby  the  cube  root  of  any  pube  number  within 
its  limits  may  be  found. 

CUBES 1.     8.    27.    64.     125.316,343.512,7^9. 

CUBE-ROOTS.  1.    2.      3.      4.        5.      6.      7,      8,      9. 

280.  To  extract  the  cube  root,  consisting  of  several  Jigures, 

from  any  number. 

Rule  I.  Put  a  point  over  the  units*  place^  and  also  one  over 
every  third  figure^  counting  from  the  units ;  whereby  the  given 
number  will  be  divided  into  periods  of  three  figures  each,  except 
the  left  hand  period^  which  niay  be  either  one,  twp^  or  three 
figures. 

II.  Find  by  the  table  the  greatest  cube  in  the  left  hand 
period,  set  the  said  cube  under  that  period^  and  its  root  in  the 
quotient. 

III.  Subtract  the  cube  from  the  period  above  it«  a)[>d  to  the 
remainder  bring  down  the  next  period  for  a  dividend. 

IV.  Multiply  the  square  of  the  root  by  300>  and  i^aee  the 
product  to  the  left  of  the  dividend  for  a  divisor.  .    . 

V.  Find  how  often  the  divisor  is  contained  in  the  dividend, 
and  place  the  number  in  th^  quotient  for  the  next  figure  of  t^e 
root. 

VI.  Multiply  the  divisor  by  the  last  figure  of  the  root.  Multi- 
ply all  the  figures  in  the  root,  except  the  last,  by  30,  and  that 
product  by  the  square  of  the  last.  Cube  the  last  figure  of  the 
root.  Add  these  three  together,  and  call  their  sum  the  subtra^ 
hend, 

VII.  Subtract  the  subtrahend  from  the  dividend,  and  bring 
down  the  next  period  for  a  new  dividend. 

VIH.  Find  a  new  divisor  by  proceeding  as  before,  viz.  multip- 
plying  the  square  of  the  whole  of  the  root  found  by  300.  Di- 
vide. Find  a  new  subtrahend  as  before^  and  proceed  in  this 
manner  until  the  work  is  finished. 

IX.  Decimals  must  likewise  be  pointed  over  every  third 
figure  from  the  units'  place,  and  if  there  are  not  decimals 
enough  to  complete  the  right  hand  period,  the  deficiency  must 
be  supplied  by  ciphers.    If  the  given  number  consists  of  whole 


Part  I.  EVOI^TION.  9S7 

numbers  and  decimala,  t1»  root  wOl  ocmist  of  as  many  plaees  of 
whole  numbers^  as  there  are  periods  of  whole  numbers ;  and  as 
many  decimals,  as  there  are  periods  of  decimals.  If  there  is  a 
remainder  after  all  the  figures  are  brought  down,  the  work  may 
be  continued ,  by  bringing  down  periods  of  ciphers  *. 

Examples. 
1.  Extract  the  cube  root  of  3^68. 

OPBRATtON.  Saplanaium. 

Uoder  this  lint  period  32,  I 
92768(32  root,  place  the  greatest  cube  eon- 

S7  tained  in  it,  vis.  97  r  a^Ml  the 

2700  X  2  =5  5400  the  remainder  5  bring  down 

•51  V  ^fl  V  51 «  — ;  tt/s/%  ^^®  ***■■  ****  dividend :  to  th« 

2)^  =5  8  nor,  viz.  the  square  of  3  (or  9) 

twice  in  the  dividend,  I  there- 
ibre  put  3  in  the  quotient.  I  mnlliply  the  divisor  by  this  quotient  figure,  and 
place  the  product  5400  onder  the  dividend ;  I  mnltiply  aU  the  figures  ia  the 

root,  (viz.  3.)  except  the  la<t,  by  30,  and  that  product  by  ^^  the  square  of  the 
last,  which  gives  360.  I  then  cube  the  last  figure,  viz.  2,  which  gives  8  :  these 
three  I  add  together  for  the  subtrahend^  which  beifkg  the  same  as  the  dividend, 
and  all  the  periods  being  brought  down^  the  work  is  finished. 


•  When  the  root  of  a  decimal  only,  having  several  places  of  ciphers  oo  its 
« le^  is  to  b«  extracted)  for  every  complete  period  of  ciphers,  obBerve  to  prefix  a 
cipher  to  the  root. 

This  rule  is  proved  by  involving  the  root  found  to  the  cube,  and  adding  in 
the  remunder  (if  any]  to.  the  last  line  of  the  work  j  the  sum  will  be  equal  to 
the  given  number,  if  the  operation  is  rights 
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Operation. 

99.e52847<4.63 
64 

4l*  X  300  =  4800)35259  dividend. 
4800  X  6  =  "28800 

4  X  30  X  6P  =  4320 

61^=:  616 

33336  fu&fratoid 
JBl»  K  3Wl  ±:  6341800)1916847  ^eoonrf  dwid. 
^4800  X  S  B  1904400 

4«x30xS*:i:  lfl4«0 

S)3«  27 

1916847  second  subtr. 

3.  Bequired  the  cwbe  root  of  12167.     Root  23. 

4.  Rieqnircfd  the  cube  root  oi  157464/   Root  54. 

5.  Extract  the  cube  i*oot  of  91185.    Root  45. 

6.  Wlwt  id  the  cube  rt)6t  of  14886936  ?     Rao*  246. 
y.  Wliat  fe  the  cube  root  of  43614208  >    ttoot  3^2. 

8.  Extract  the  eube  rOdt  of  128.024064.    Root  5.04. 

9.  Required  tfie  dube  robl  Of  1879080.^04.     Root  123.4. 

10.  £3i%Faet  the  cube  root  of  1.606012008.     Root  1.^02. 

11.  Required  the  cube  root  of  27407.028375.     Root  30.1^. 
'  12.  What  ia  the  eube  root  of  .0001357  r     Root  .0^138,  ^. 

13.  What  is  the  cube  root  of  2  ?     Root  1.2599,  ifC 

281.  To  extract  the  cube  root  of  a  vulgar  fraction,  or  mited 

number* 

Rule.  If  the  terms  of  the  fraction  be  both  rational,  extract 
the  root  of  the  numerator  for  a  numerator,  and  of  the  denomi- 
nator for  a  denominator  (Art.  280.) ;  but  if  they  are  not  both 
rational,  reduce  the  fraction  to  a  decimal,  (Art.  233.)  and  ex* 
tract  the  root  of  the  latter  ^  (Art.  280.) 

For  a  mixed  number,  reduce  the  fractional  part  to  a  decimal, 

^  The  fonner  part  of  the  rule  is  the  most  conTenieot,  when  it  cao  be  applied ; 
the  latter  part  is  general,  and  applies  equally,  whether  the  terms  of  the  givea 
fraction  be  rational  or  irrational.  The  operations  are  proved  by  involtttiou,  as 
in  the  preceding  rule. 
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(Alt.  <8a3.)  lio  wimh  iMrefix  tik^  frMe  ^aamh^r*  Md  «»tr»ct  the 
root  as  before. 

«1 


14.  Extract  the  cube  root  of 


m 


81         27 
7%w  fraction  reduced  to  its  lowest  terms  is  — —  =  — ,  the 
-^  1^3       ,64 

terms  of  sohich  ^re  both  £uhes, 

27       3 
Tker£for£ ^V^^~T»  *^^ ^^*  refuired. 

1 

15.  Sa^tract  itbe  cube  root  of  --, 

•  1 

Thus  —  =  .5,  then '  v.5  =p  .79l38#  &e.  ifte  roo^. 

16.  Required  the  cube  root  of  34-. 

Thus  ^  ^  34^  =  5  ^  3.5  =  1,518,  &c.  the  root. 

27  3 

17.  Reqmred  the  cube  root  of  -rrr-*    fioot  ---. 

*  125  5 

512  4 

18.  Required  the  cube  root  of  >    ^  .     Root  --. 

2744  7 

4 

19.  Required  the  cube  root  of—.     Root  .829>  &c. 

5 
480.  What  is  the  cube  xoot  of  8—  I     Root  2.0564,  &c. 

7 

282.  Promiscuous  Examples  for  Practice. 

1.  What  is  the  length,  breadth,  and  height,  of  a  cubical  room, 
^hich  contains  2197  cubic  feet  of  air?     Ans.  IS  feet. 

2.  Required  the  side  of  a  cubical  box,  which  will  hold  2744 
cubic  inches  of  flour.    Ans,  14  inches. 

.  3.  A  cubical  box  holds  9261  <:ubie  inches  of  com,  how  many 
qqufigre  feet  of  deal  are  there  io  it  ?    Jns,  IS  feet,  54  inches. 

4.  A  xMibMli  <SiirleMi  coBteiiM  12&  .cubic  *Aet/ofwa^r^  wtmt  is 
the  value  of  the  kad,  at  2d.4-  per  lb.  aUowing  44-lbu'to  every  squai* 
fbot,  and  12  square  feet  ^fbrthe  rim }    Ans,  el.  15«.  -6^.4  .5. 

5.  The  solid  content  of  the  earth  is  esthnated  at  265404598080 
cubic  JDQilesj  required  the  side  of  a  cube  containing  an  equal 
fuai^tyAf ,Baatter^'Cif  the  sapie  density?  ^m..64%6Aniiks nearly. 

16.  iBfiquifed  itwo  n^om  fMrnportioxtals  betweeu  2  wd  54"? 


<  To  find  two  mean  proportionals,  divide  the  ipreater  extreme  T>y  the  less, 
and  extract  the  cube  root  of  th^  quotient ;  then  mnhiplf  the  less  extreme  by 

S  2 
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7.  Re<]uined  the  two  mean  projportionals  between  3  and  S75  ? 

Ans,  15  and  75. 

8.  The  earth  revolves  round  the  sun  m  365^  days,  at  95  mil- 
lions of  miles  distance  from  him ;  required  the  distance  of  Jupi- 
ter from  the  sun^  supposing  he  revolves  about  tl|e  sun  in  43324- 
days  *  ?     Ans,  494109000  miles  nearly. 

8.  In  the  temple  of  Apollo^  in  the  island  of  Delos,  there  was 
a  cubical  altar^  3  feet  each  way^  made  of  the  horns  of  animals 
forciUy  bent  and  entwined  together,  said  to  be  the  work  of 
ApoUo  in  his  in&ncy ;  required  the  side  of  a  cube  double,  and 
of  another,  half  of  the  siame  >  Ans.  side  of  the  double,  3.77976 
fset :  9ide  of  the  h^f,  -2.381 1  feet. 

283.  ExTAACTioN  OP  Roots  in  general^ 
By  Approximation «.    * 

Rule  I.  Call  the  given  number  whose  root  is  required  to  be 
found,  the  number, 

II.  Find  by  trials  a  power  nearly  equal  to  the  number,  and 
call  its  root,  the  fissutned  root, 

HI.  Add  1  to  the  index  of  the  power,  and  call  the  result,  the 


the  laid  root  for  the  first  meaa ;  aad  this  product  by  the  root  for  the  second : 
thus  in  the  example  ^  v  1-  X  2  =»  the  first  mean,  and  this  product  multiplied 

bv  ^  V      8s  the  second  mean« 

d  The  cabes  of  the  distances  of  any  two  planets  from  the  sun,  are  as  the 
squares  of  the  times  in  which  they  each  revolve  round  him ;  in  this  example 
therefore  3(5Sj)*  '  43324-1*  :  :  95  millions)'  :  the  cube  of  Jupiter's  distance, 
the  cube  root  of  which  is  the  answer :  in  the  same  manner  the  distances  of  all' 
t^e  other  planets  may  be  found,  their'  pcariodie  timei,  with  iktA  of  the  earth, 
and  its  distance  frt>m  the  sun,  lieing  knMm.  , 

«  Approximation,  (from  the  Latin  ad  t^  saiijtroxwms  nearesti)  is  a  conti* 
nual  approach,  still  nearer  and  nearer,  to  the  quantity  sought ;  by  this  method 
the  roots  of  numbers  are  found,  not  exactly,  but  to  any  assigned  degree  of  near* 
ness,  short  of  absolute  exactness :  the  rule  is  in  subitance  the  same  as  that  first 
giren  by  Dr.  Hutton,  in  the  first  volume  of  his  Mathematieal  Tracts.  '  Thct^ 
are  rules  by  which  the  roots  of  exact  powers  nsty  be  atenratdy  dcUfminid  ; 
but  for  the  roots  of  high  pofwers,  the  operations  require  too  sUMti  time  and  hi» 
bour  to  be  of  any  real  use  in  practice.  An  universal  investigation  of  the  aboTc 
rule  will  be  given,  when  we  treat  of  the  resolution  of  the  higher  equations  in 
Algebra. 
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sum-,  subtract  1  from  the  index^  and  call  the  result^  the  differ 
rence, 

IV.  Multip13^  the'  power  by  the  sum,  and  the  number  by  the 
difference,  and  add  both  products  together  for  the  first  term, 

V.  Multiply  the  number  by  the  sum,  and  the  power  by  the  dif* 
ference,  and  add  both  products  together  for  the  second  term, 

VI.  Make  a  rule  of  three  stating,  thus  ^  say  as  the  first  term :  is 
to  tfie  second  term  :  :  so  is  the  assumed  root :  to  a  fourth  number^ 
(found  by  the  rule  of  three,)  which  will  be  the  root  of  the  given 
number  nearly. 

VII.  Involv&the  root  found  to  the  given  power^  and  if  the 
power  and  given  number  are  nearly  equals  the  work  is  finished  ^ 
but  if  not^  the  operation  must  be  repeated^  thus  3 

VIII.  Let  the  rttot  found  be  called  the  assumed  root,  and  its 
power  the  power,  and  proceed  with  these  and  the  given  number, 
sum,  and  difference,  as  before,  whence  ^  root  will  be  obtained 
still  nearer  the  truth.  In  this  manner  the  opemtion  may  be  re« 
peated  at  pleasure,  observing  always  to  use  the  last  found  root, 
and  its  power,  for  the  assumed  root  and  power. 

Examples. 

1.  Required  the  cube  root  of  520. 

Here  520  =  the  number,  3  =  the  index.  3  -f-  1  =  4  ==  iAe 
sum.  3—1  =  2=:*^  difference,  I  find  by  trials  that  8  is  nearly 
equal  to  the  cube  root  o/*520i  therefore  8  =z  the  assumed  root, 
and  b^**  =  512  =  the  power. 

Then  512  x  4  =s  2048  =  the  power  multiplied  by  the  sum. 
520  X  2  =  1040  =^  the  number  multiplied  by  the  diffe^ 

—  [rence, 
their  sum  =  3068  rs  the  first  term. 

And  520  x  4  =5  2080  =  the  number  multiplied  by  the  sum, 

512  X  2  =s  1024  =s  t?ie  power  multiplied  by  the  diffe- 

Irene  f, 

their  sum  3104  =  the  second  term. 


s  3 
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Then  3088  :  8104  : :  8 

8 

3088)94832(8.0414  «  ihe  root  nearl^r 


34704 


frotjf. 
8.04141'  *=J  51d.J>d,  Ac.  ii^fckfc  £< 
tery  nearly  equal  to  the  given 

13920    number. 
12352 


1568 


3.  Re^tiired  the  5th  root  of  40. . 

Here  40  =5  *^  number,    ^^the  mdex.    5  +  1  sfi  «  as  t*4 
,iil»,  5. 1  =s  4  s  «^  dijer«icc.    Lei  i^  fo^  found  by  trials  be 
2  zai  the  asntmed  root :  then  ^^  ^  ^  ^  the  power. 
Then  32  x  6  s=  192  a»d  40  x  6  3s240 

40  X  4  =160  32  X  4  =  H8 

the  first  term  =  352       Ifce  5cc<md  term  :^  368 


368x2 


TAcn  352  :  368  : :  2  :  ^--^  =2.0909,  SfC  =  the  root  nearly. 

To  repeal  the  operation. 
Here  2.0909  =  the  root  assumed.  2.0909\^  =  39.963757,  *c. 

=  t^c  power. 

Then  6  x  39.963757  =  239.782543 

4X40  =  160.    


First  term  399.782543. 
6X40  =240. 

4  X  39.963757  =  159.855029 
Second  term  399.855029 
Wherefore  399.782543  :  399.855029  :  :  2.0909  : 

399.85.5029  X  2.0909  _  ^  091279108543  =  the  root  extremely 

399.782543 
near. 

3.  What  is  the  cube  root  of  17.54  >     Bjoot  2.5982,  &c. 

4.  What  is  the  4th  root  of  94.75853  ?     Bx>ot  3.1196,  &c. 

5.  What  is  the  5th  root  of  3124  ?     Root  4.9996,  &c. 

6.  Extract  the  6th  root  of  48.     Root  1.90636,  &c. 

7.  Required  the  7th  root  of  581.     Root  2.4824,  &c. 

8.  Required  the  8th  root  of  72138957.88.    Root  9.5999,  &c. 
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5>.  WUat  ifi  tb^  9tb  root  of  9  >    «wll,OW<»«,  Ifa?/ 

eighth,  and  ninth  roots  of  one  hvjmdMj  ftad  Said  tMr  819m. 
^«*.  27.84716,  &c. 

S84.  In  all  the  fbrc^oii^g  ^x^ipple*  \\k^  inde»  ^  thft  rg^  is  a 
fraQtioHf  li^ving  1  for  its  niuneratar;  «wpplw  bgwev^  aon^" 
txaa^  occur>  in  wUich  th^  numerator  of  Ki^  v^^  ^  gfe^x  ttea 

1 3  in  this  case  the  root  is  extracted  by  the  following :  ^ 

IluLB  I.  Involve  the  given  number  to  th9t  pow.^  which  is 

denoted  by  the  numerator  of  the  index,  from  whence  ^tJC^iQt  tk^ 

root  denoted  by  the  denominator :  or, 
II.  First  extract  the  root  jenoted  by  the  denominator,  then 

involve  this  root  to  the  power  d^ncHed  by  the  nui^^^rator  ^. 

11.  Find  the  value  of  8)|.. 

Thus  by  Rule  I.  8|^t;;s64,  and  ^  ^64  sa  4,  the  root  required. 

My  BmU  II.  V^  "^  ^>  ^<^  ^^  =°  4>  ^^  ^<>o^  ^  6e/bre. 

12.  Required  the  value  of  io)f . 

7At<5  liol^  =:  10000  and  ^^^^^^^^^  =^  6.300^,  &c.  <^6  ra«i  .- 
or  Vl<>=  1.5849,  &c.  o/irf  lis^iSl*  =5  <>.309^,  the  root  as  be- 
fore. 

13.  Required  the  value  of  ^  4.    4n9.  1.68170,  &c, 

14.  Required  the  value  of  10231  i.     Ans.  15^93,  &c. 

15.  Required  the  value  of  1064$f|f.     Ans,  484. 

16.  Required  the  sum  of  the  valves  of  2I  J,  3]i>  ^1^  ^d  S)« . 
Ans.  io.72196,  &c. 

PROGRESSION. 

285.  When  several  numbers  or  term$  are  placed  in  regular 
succession,  the  whole  is  called  a  series.  ^ 

286.  If  the  terms  of  a  series  successively  increase  or  decrease, 
according  to  some  given  law,  the  series  is  said  to  be  in  progres* 
sion. 

087.  Progression  is  of  two  kinds.  Arithmetical  and  Geoiaetri- 


f  In  thu  role  bptbliivolatioa  and  £voliitk>ii  mn  empltfyed ;  |ib«  oiicxeratar 
of  the  frattional  iodex  denoting  ^/Murer,  find  the  di;nomio»tur  ^  ropt ;  tbuf  id 
ex.  H.  0T  denotes  either  ike  iinbc  TQof  ^t&e  sqwtrt  of^,  v  tM  ^vart  qf  thfl 
cube  root  ofQigo.  this  principle  the  rule  d^p^nds* 

S  4 
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cal,  muo^  from  tbe  OBmier  in  whidi  die  auccjcaaife  increaBe  or 
decfCMe  is  made  3  namd^,  eiAer  bj  additioa  or  sobCraetioii,  or 
I17  mohiplicatioii  or  dmrioB. 

ABITHMEriCAL  PROGRESSION. 

98B.  A  Miies  of  mmiben  is  aadd  to  be  in  Arithmetical  Pro- 
greaskn,  when  die  terms  soccessirdy  increase  or  decrease  by  the 
eoDstant  addition  or  sobtiaotion  of  a  nomber,  called  the  oommon 


There  are  five  particalarB  belonging  to  ^estions  in  arithme* 
ucal  progreflBion ;  viz.  - 

1.  The  least  term^      1      n  j  xi 

_   _.  I*  caDed  the  txtrema. 

2.  The  greatest  term,  J 

3.  The  number  of  terms. 

4.  The  common  diffisrenoe. 
6.  The  sum  of  all  the  terms. 

Any  three  of  these  five  being  given,  the  remaining  two  may 
be  found,  as  is  shewn  by  the  rules  and  examples  fofiafwing. 

289.  7^  least  term,  the  greatest  term,  <md  the  number  of  terms, 
being  given,  to  find  the  sum  of  all  the  terms. 
Rule.  Add  the  least  and  greatest  terms  together,  multiply 
the  sum  by  half  the  number  of  terms,  and  the  product  will  be 
the  sum  required. 

Examples. 
1.  The  least  term  is  3,  the  greatest  17>  and  the  number  of 
terms  8,  in  an  arithmetical  progression ;  required  the  sum  of  the 
terms. 

Thus  3  +  17  ==  20  3=  sum  of  the  extremes. 
4nd  4  (or  half  8)  =  half  the  number  of  terms. 
Then  20  x  4  =  80  =  ^^  sum  required, 

f  Wheo  the  progression  consists  of  three  or  four  terms  only,  it  is  vually 
called  an  afUh/ftietfical  proportion ;  and  the  middle  terms  are  called  arithtne^ 
tical  means f 

Tlie  essential  prop^rtjr  of  ^  arithmetical  progression  is  this ;  namely, 
**  The  sum  of  tbe  twp  extreme  terms  is  ec|ual  to  the  sum  of  every  two  mean 
**  terms  equally  distant  from  the  extremes ;"  f|:om  this  property  many  others, 
tome  of  which  are  the  subject  of  the  following  rules,  are  easily  deduced ;  but 
as  this  cannot  be  conveniently  done  without  ^Igebra,  it  was  thought  best  to  re^ 
fer  t«  th^e  Algebraic  part  of  the  work  for  proof  of  the  rules  here  given.  Thf 
word  pr^t€if$iim  is  derived  from  the  Latin  pro^edioTf  to  go  forward, 
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8.  The  least  term  is  5,  the  greatest  005^  and  the  namtier  of 
terms  11^  being  given>  to  find  the  sum  of  the  terms. 

Thus  5  -f-  205  =:  SIO  =  9um  of  the  extremes. 

Also  54-  =  half  the  number  of  terms. 

Wherefore  210  x  54-  =  1 155  ^  ^^  sum  required. 

3.  The  extremes  are  4  and  800.  and  the  number  of  terms  40. 
to  find  the  sum. 


Thus  4  +  800  X  20  ss  16080,  the  sum  required. 

4.  A  man  paid  a  debt  which  he  owed  at  20  payments  in  aritb- 
metical  progression  ',  the  first  payment  was  3^  &nd  the  last  18^, 
what  was  the  debt  ?     Ans.  2101. 

5.  1  bought  100  peaches^  and  paid  for  them  in  arithmetical 
progression,  viz.  for  the  first  4^.  and  for  the  last  6d.  what  sum 
did  the  whole  amount  to  ?     Ans.  ll.  7'«  Id. 

6.  What  must  be  given  for  120  elm  trees,  the  prices  whereof 
are  in  arithmetical  progression,  that  of  the.  first  being  5^.  and 
that  of  the  last  102.     Ans,  615/. 

2M.  The  least  term^  the  greatest  term,  and  the  number  of  terms, 
being  given,  to  find  the  common  difference. 

Rule.  Subtract  the  least  term  from  the  greatest,  and  divide 
the  remainder  by  1  less  than  the  number  of  terms  5  the  quotient 
will  be  the  common  difierence  required. 

7.  In  an  arithmetical  progression,  the  least  term  is  3,  the 
greatest  17«  and  the  number  of  terms  8  -,  required  the  common 
difierence? 

Thus  17—3  =  14  =  the  difference  of  the  extremes. 
And  8—1  =  7==^^  number  lessened  by  1. 

14 
Therefore  -^^si^  :=the  common  difference  sought. 

8.  The  least  term  is  5>  the  greatest  205,  and  the  number  of 

terms  11,  in  an  arithmetical  progression ',  required  the  common 

difierence  ? 

205—5       200 
Thus =  •       ■  =  20  =  the  common  difference  required, 

9.  A  man  had  5  sons,  whose  ages  were  in  arithmetical  pro- 
gression, the  youngest  was  3  years  old,  when  the  eldest  was  13 ; 
required  the  common  difference  of  their  ages  ? 


•^Mfi  AJSrtHlfEaiC.  FahtI. 

Thus  »• =  —  =  24-  years,  the  com,  difference  required, 

10.  Bought  120  •heqp*^  and  gave  a  shilling  for  the  fint,  and 
five  pounds  for  the  la&t  -,  if  the  prices  are  in  arithmetical  pro- 
gression, what  19  the  common  difference ?    4ni,  UWld,  . 

11.  Required  the  common  difference  of  40  terms  in  arithme- 
tical progression,  whereof  the  least  is  4,  and  the  greatest  800  ? 
Afu.  2044. 

19.  A  farmer  bought  100  oxen,  for  the  first  he  paid  3/.  and 
for  the  last  4SL  supposing  the  prices  in  arithmetical  progression, 
what  was  the  common  difference  ?     Am.  9s.  l^d. 


1291.  The  least  term,  the  greatest  term,  and  the  common  dif- 
ferenee  being  given,  to  find  the  numher  of  terms. 

Rule.  Subtract  the  less  term  from  the  greater,  and  divide 
the  remainder  by  the  common  difference  -,  increase  the  quotient 
by  1,  and  it  will  be  the  number  of  terms  required. 

13.  The  least  term  of  an  arithmetical  progression  is  4,  the 

greatest  39,  and  the  common  difference  6 ;  required  the  number 

of  terms  ? 

39—4      35 
Thus  — —  =  —  =7.     Then  7  +  1  =  8,  *^e  number  re- 
5  5 

quired, 

14«  A  grazier  sold  a  certain  number  of  oxen,  the  prices  of 

which  were  in  arithmetical  progression  -,  for  the  first  he  received 

SI.  and  for  the  last  50/.  how  many  were  there,  supposing  the 

common*  difference  of  the  prices  to  be  4^  ? 

_        50—2  48 

Thus  — - —  +  1  =  —  4-  1  =  12  +  1  =  13  =  *^e  number 
4c  4 

required. 

15.  The  ages  of  a  family  are  in  arithmetical  progression,  the 
youngest  is  5  years  old,  the  eldest  97,  and  the  common  diffe- 
rence 2  J  required  the  number  of  persons  ? 

Thus  — — ^  +1^  —  -^  I  — II -^1=^12^  the  answer. 

16.  The  two  extremes  of  an  aritiimetical  progression  are  27 
and  38,  and  the  common  difference  1 ;  require  the  number  of 
terms  ?    Jns,  12. 
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17*  A  bait»Bg  paid  byimtatoneats  in  $jMuMlkKdffKpm$Sum, 
the  least  payment  was  5lL  the  greatest  291.  and  the  common  4tf» 
foeace  4<;$  how  many  paymaatt  weie  made  ^    Ans.  7. 

li.  Bou^t  a  lot  of  books,  and  paid  U.  6d.  for  the  iiat, 
^.  6d.  lor  the  last,  and  each  (beginning  at  the  fint)  cost  U. 
more  than  the  preceding ;  how  many  books  were  there  ?  ^a* 
swer,  11, 

5^.  Gi»en  the  ntimier  of  termt,  the  wm  of  the  termst  <md 
the  common  difference,  to  find  the  leaet  term* 

RuLB  I.  Biyide  the  sum  of  the  terms  by  the  number  of 
terms. 

II.  Subtract  1  from  the  number  of  terms,  and  multt|>ly  the 
remainder  by  half  the  common  difierenee. 

III.  From  the  quotient  (found  above)  subtract  this  product, 
and  the  remainder  will  be  the  least  term. 

19*  The  sum  oi  an  arithmetical  progression,  consisting  of  11 
terms,  is  154,  and  the  common  dififerenee  S ;  required  the  least 
term? 

154 

Thus =  14  the  quotient  of  the  mm,  hy  the  number  of 

11  ' 

terms. 


And  11  —  1  X  -^^  10  ta  the  number  of  terms  minue  1, 

multiplied  by  half  the  common  difference. 

Then  14— 10  =  4,  the  least  term,  as  was  required. 

20.  The  sum  of  the  terms  366,  the  number  of  terms  12, 
and  the  common  dififerenee  5,  of  an  arithmetical  progression 
being  given>  required  the  least  term  ? 

^     366      61       ^  jTS— r       S        It  ..  ^       ^^ 

Therefore =  —  =  3  =  the  least  term., 

21.  The  sum  of  the  ages  of  9  persons  is  162,  and  the  com- 
mon difference  3  years  3  required  the  age  of  the  youngest  ? 


162 


Tims-^ — ^9^1  x  —  tt  16-^19  cs^  Ifteoaswer. 
^  The  sum  of  6  numbeia  in  ariOunetical  progicssimi  is  lOf , 
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wmi  the  eomiaon  dtSennoe  4  >  required  the  ieast  tenn  ?    itfn- 

9S,  Sewn  poor  penons  reoaved  among  them  63  sMlfi^gs, 
their  rinres  were  in  arithmetical  progression^  the  common  dif- 
feitnoe  being  2  5  required  the  kart^  share  >    Ans.  3  sbiUingM. 


S93.  Gioen  the  least  term,  the  number  of  terms,  €md  the  com* 
mon  difference,  to  find  the  greatest  term. 

Bulb.  Multiply  the  number  of  terms  by  the  common  differ- 
ence^ to  the  product  add  the  least  term,  and  from  this  sum  sub« 
tract  the  common  di£Gsrence  \  the  remainder  will  be  the  greatest 
term. 

94.  In  an  aiithmetical  series  of  10  terms«  the  least  term  is  8, 
and  the  common  diffei^nce  3  )  required  the  greatest  term  ? 

Thus  10x3-f-8  —  3=30-f8  —  3  =  38  — 3  =  35  =  *Ae 
greatest  term. 

25.  The  least  term  of  an  arithmetical  series  is  24- ;  the  com- 
mon, difference  44^;  and  the  number  of  terms  16  :  required  the 
greatest  term  ? 

Thus  j6  X  44  -f  2i  —  44. 5=  70  =  «&e  greatest  term. 

96.  A  man  has  12  children^  the  youngest  is  three  quarters  of 
ji  year  old^  and  each  was  born  when  the  preceding  was  fifteen 
months  old  -,  required  the  age  of  the  eldest  ?       .,  . 
Thus  12  X  14^  +  4  —  li  =  144,  the  answer. 

27*  The  least  term  is  3,  the  common  difiference  2,  and  the 
number  of  terms  7  >  to  find  the  greatest  term  ?     Atis.  15. 
*    28.  The  age  of  the  youngest  of  9  persons  is  6,  and  the  com- 
mon difference  3  }  required  the  age  of  the  eldest  ?     Jns.  30. 

29.  The  least  term  is  24^  the  common  difference  3^^  and  the 
number  of  terms  20^  being  given  to  find  the  greatest  term  ? 
jins.  64. 

294.  Promiscuous  Examflxs  for  Phactice. 

1.  How  many  times  does  the  liammer  of  a  clock  strike  in  12 
hours  ?     Jns.  78. 

2.  The  clocks  at  Venice  go  to  24  o'clock ;  how  many  times 
does  the  hammer  of  one  of  them  strike  the  bell  in  that  space  of 
time  ?    jins.  300. 

3.  If  1000  stones  be  placed  in  a  straight  Hne^  the  first  a  yard 
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distant  from  a  basket^  aad  tbe  rest  in  sxBoatmon,  mxAk  a  yard 
distant  from  the  preceding  j  what  length  of  ground  must  a  mm 
go  over,  to  pick  up  the  stones  one  by  onej  and. return  with  them 
singly  to  the  basket  ?     Ans.  560  rnilesy  1540  ydt» 

4.  Bought  9  books,  the  prices  in  arithmetical  progression^ 
that  of  the  least  being  3  shillings^  and  that  of  the  best  19  y  what 
sum  did  I  pay  for  the  whole  5  and- what  is  the  common  differ- 
ence of  the  prices  ?     Jns,  Paid  41.  I9s.    Com.  diff.  2*. 

5.  A  man  travelled  2  miles  the  first  day,  and  53  miles  the  last, 
and  inci*eased  every  day*s  journey  three  miles  more  than  the 
preoeding  3  how  many  days,  and  what  dystance^  did  he  travel  ? 
Ans.  18  days,  and  ira»eUed  495  miles, 

6.  There  are  64  squares  on  a  chess  board  -,  now  if  I  lay  half  a 
crown  on  the  first  square,  three  shillings  on  the  second,  and  sp 
on,  increasing  successively  by  sixpence^  how  much  will  there 
be  on  the  last  square,  and  on  fiie  whole  board  ?  Ans.  On  the 
last  square  \l.  14«.    On  iJie  whole  hoard  58/.  8^. 

7*  A  debt  of  15Z.  is  to  be  disdiarged  at  12  payments,  each 
succeeding  payment  to  exceed  the  former  by  4  shillings  5  what 
will  the  first  and  last  payment  be }  Am.  The  first  payment  3 
shillings.    The  last  9,1.  7s. 

8.  A  poet,  who  had  agreed  with  a  bookseller  to  receive  40iL 
for  every  thousand  vei'ses  he  slviuld  write,  set  to  work  on  new 
year's  day,  and  composed  10  verses  >  next  day  he  composed  19, 
and  so  on,  increasing  every  day  by  2  j  now  allowing  70  days^r 
Sundays  and  other  holidays,  what  sum  would  be  due  to  him  at 
the  year's  end  ? 

GEOlVfETRICAL  PROGRESSION. 

295.  A  series  of  nimibers  is  said  to  be  in  Geometrical  Pro- 
gression, when  the  terms  successively  increase  by  the  constant 
multiplication  by  some  ntunber  called  the  ratio,  or  decrease  by 
constantly  dividing  by  the  same  number  or  ratio  ^. 


^  The  fondamental  property  of  a  Geometrical  Progression  is  tbis ;  namely^ 
*'  Tbe  product  of  the  two  extreme  tenns  19  eqval  to  the  product  of  any  two  in* 
'<  termediate  terms,  equally  distant  from  the  extremes ;"  from  this  property 
the  rest  are  derived,  as  wiU  be  shewn  when  we  resume  the  subject  ia  the  Alf  •- 
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Hers  «e  §m  fMfCkuIart  wfafidi  bdoo^  to  \\wMotm  la  g^o- 

1.  The  leant  tefin.       ^      n  i  .i 

o   Tfc.  «...i^«^  «.«^   r  ^=*^^  **^  exireme$. 

8.  ThB  mnnbcT  of  tenns. 

4,  The  ntio. 

5.  The  sum  of  tSl  the  terms. 

Atty  three  of  these  five  being  given^  the  remaming  two  may  be 
founds  as  follows. 

tW.  The  leaM  term^  die  greeieit  term,  and  ihe  rm^  ^eieg 
given,  to  find  ihe  emm  of  the  stfiee» 

TiVLZ  I.  Multiply  the  greatest  term  by  the  ralio^  and  from 
the  ptodnct  sabCiact  the  least  tenn  Ibr  a  dividend. 

It.  SubUart  1  from  the  ratio  for  a  divisor. 

3.  Divide  the  dividend  by  the  ^visor^  and  the  que^iit  wiH 
be  the  sum  required. 

£XAMPUKS. 

1.  The  least  term  is  S,  the  greatest  ^50^  and  tha  caftio  ^,  m 
a  series  in  geometrical  progression;  rseqvked  the  sum  of  the 
seiSes? 

ThtamBOx  5  —  3  ^  SieSO  —  "2 ac 81246  »Ae  didtieiut. 

And  h^l::s4ate  dwieor. 

3 L248  * 

Therefore =  7812  the  sum  required. 

2.  The  least  term  1024,  the  greatest  59049>  and  <the  xalto  l^:, 
being  given  in  a  geometrical  series,  to  find  the  sum  of  all  the 
terms? 

Thus  59049  X  li  —  1024  =  87549-5  dividend. 

And  14.  —  lrE4.s£.5  divisor. 

87549.5 

•Then  --*^  =  175099  the  sum  required. 

.5 

3.  Given  in  a  geometrical  progression  the  least  term  l(>,'the 
greatest  term  10000,  and  the  ratio  6«  required  the  sum  ? 


bfaic  part  of  the  work ;  the  grounds  of  the  several  rules  in  arithtoetied  and 
geometrical  progression,  cannot  be  explained  in  a  satisfactory  manner  by  com- 
mon ariihmetic.- 
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^,      loom  X  «  ^  10      59990       ,  ,^^„  ,, 

r/4i« ; = ss  11998  the  sum. 

6—1  5 

4.  Th«  ieast  term  is  1»  the  greatest  3I87>  mhI  the  ratio  3^ 
rei|aif«d  the  «um  of  the  series  ?     Ans.  d<260. 

5.  The  extremes  are  10  and  100,  and  the  ratio  1^^  in  a  geo- 
metrical progression ;  required  the  sum  ?     Arts,  550. 

6.  The  extremes  tif  a  geometrical  progression  are  S  and  320, 
and  the  ratio  2 ;  required  the  sum  ?    Ans,  635. 

2S7.  ^iccn  *te  greateft  term,  number  tf  terms,  and  ratio, 

tQfind  the  least  term, 

Kt7L6.  lArolve  the  ratio  to  the  power  whose  index  is  1  less 
than  the  liutnb^r  of  terms,  divide  the  greatest  term  by  this 
power,  and  the  quotient  will  be  the  least  term. 

7'  In  a  geometrical  series^  the  greatest  term  is  972,  the 

nimiber  of  terms  6,  and  the  ratio  3^  required  the  least  term  ? 

972 
Ihre  6  ^  I  te  5.  ihen 31  ^  ^  843.  wherefore  ^;r^«B  4»  ikeieast 

term  required, 

8.  Required  the  least  term  of  a  geometrical  progression,  of 
which  the  greatest  term  is  1536,  the  vatio  2,  and  the  number 
of  terms  10  ? 

Thus  lO  ^  I  fit:  9.  then  2?»  at  512.  ^hertfcre  -^—  at  $,  tkt 

ulm 

least  term, 

'9.  In  a  geometrical  progression  the  greatest  term  is  10.2487» 
the  ratio  1.1,  and  the  number  of  terms  5;  required  the  least 

terfii  ? 

^  10  24817 

Thus  5  —  1  =s  4,  and  lJ\^  ±=  1.4641,  and   ^'    ■  ,  !fc  7,  the 

1.4641 

Ua0i  term, 

10.  In  a  geometrical  progression  consistifi^  of  6  tefttH, 
the  gt^^test  <etm  is  1024,  anfl  the  ratio  4 )  req«lMd  Iftie  leftst 
term?    Ans.  1. 

11.  Given  the  greatest  term  768,  number  of  terms  ^,  and 
ratio  2,  to  find  the  least  term  ?     Ans,  3. 

29^.  The  least  4erm,  r-atio,  and  number  qf  terms  being  fi»mM 

to  find  the  greatest  term, 
RviB.  Involve  the  ratio  to  that  power  Whdse  index  h  one 
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less  than  the  number  of  terms ;  multiply  the  power  by  the  least 
term,  and  the  product  will  be  the  greatest  term. 

1^.  The  least  term  of  a  geometricad  progression  is  S,  the 
ratio  2,  and  the  number  of  terms  9 ;  to  find  the  greatest  tetm  ? 

Thm  9—1  =  8,  then  ?•  =  256,  whence  266  x  3  =s  768, 
the  greatest  term, 

13.  In  a  geometrical  series  of  5  terms,  the  least  term  is  10, 
and  the  ratio  7>  required  the  greatest  term  ? 

Thus  5  —  1  =  4,  «»Mi  TJ*  =s  2401,  whence  2401  x  10  = 
24010,  the  greatest  term. 

14.  The  least  term  of  a  geometrical  series  is  8,  the  ratio  3» 
and  the  number  of  terms  7 ',  to  find  the  greatest  term  ? 

Thus  51^  X  8  =  729  x  8  =  5832,  the  greatest  term, 

15.  In  a  geometrical  progression  there  are  given  the  least 
term  2,  the  ratio  3,  and  the  number  of  terms  4 ;  to  find  the 
greatest  term  ?     Ans.  54. 

16.  Required  the  greatest  term  of  a  geometrical  series,  whose 
least  term  is  5,  ratio  6,  and  number  of  terms  7  ?     -dns,  233280. 

299.  The  two  extremes,  and  the  sum  of  the  series  being  given, 

to  find  the  ratio. 

Rule.  Subtract  the  least  term  from  the  sum,  and  also  the 
greatest  from  the  sum  3  then  divide  the  f<Hiner  remainder  by  the 
latter,  an^  the  quotient  will  be  the  ratio  required. 

17.  In  a  geometrical  progression,  the  extremes  are  10  and 
10000,  and  the  sum  is  11998,  required  the  ratio  ? 

Thus  11998  —  10=  11988.  and  11998  —  10000=  1998, 

^.       11988       ^     , 

Then  — — —=  6,  the  ratio  required. 

18.  The  extremes  are  1024  and  59049,  and  the  sum  175099  > 
required  the  r^tio  ? 

Thus  175099  —  1024  =  174076,  and   176099  —  59049  = 

174075 
116050,  whence  — - — -  =  14,  the  ratio  required. 

116050         ^  ^ 

19.  To  find  the  ratio  of  a  geometrical  progression,  whose  sum 

is  650,  and  the  extremes  10  and  100  ? 

«-  540 

nus  650  -  10  =  540,  and  550  —  100  =  450,  v^hence—^^ 

14.,  the  ratio  required. 
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20.  The  extremes  are  1  and  2187*  and  the  sum  of  the  series 
3280 ;  required  the  ratio  ?     Ans.  3. 

21.  The  sum  of  a  geometrical  series  is  635^  and  the  extrenies 
are  5  and  320^  required  the  ratio  ?     Ans.  2. 

dOO«   The  least  term  and  ratio  being  given,  io  find  any 

proposed  term  of  the  series, 
RuLB  I.  Write  down  a  few  of  the  leading  terms  of  the  given 
geometrical  series,  and  place  ovei  them  as  indices  the  terms  of 
an  increasing  arithmetical  series,  whose  common  difference  is  1, 
namely  1 ,  2,  3,  4,  5,  &c.  when  the  least  term  jand  ratio  of  the 
given  series  are  equal  j  and  0,  1,  2,  3,  .4,  ^^  &c.  ^hen  they  are 
unequal. 

II.  Add  together  sudi  of  the  indices  as  will  make  the  index 
of  the  term  required  5  if  the  least  term  and  ratio  are  equal,  this 
index  will  be  equal  to  the  number  denoting  the  place  of  that 
term;  but  if  they  are  unequal,  the  index  will  be  1  less. 

III.  Multiply  those  terms  of  the  geometrical  series  together, 
which  stand  under  the  indices  added,  and  the  product  will  be 
the  term  sought,  when  the  first  {or  least)  term  and  ratio  are 
equal  *. 

IV.  But  if  the  first  term  be  not  equal  to  the  ratio,  involve 
the  fii*st  term  to  the  power  whose  index  is  1  less  than  the  num- 
ber of  terms  multiplied,  divide  the  above  product  by  this  power, 
and  the  quotient  will  be  the  term  required. 

22.  The  first  term  of  a  geometrical  series  is  2,  the  ratio  2, 
and  the  number  of  terms  14 )  require4  the  last  or  greatest  term  ? 

Opbratiov. 
Thus     1.    2.     3.     4.     5     indices. 
And      2.     4.     8.    16.  32     leading  terms. 
Then    2  +  3  +  4  +  2  +  3  =  14  =  indexofthe  I4th  term, 

'  This  property  of  the  indices  is  the  Ami\datioii  of  Logarithms;  its  use  in  this 
place  is  extremely  obvious :  for  knowing  the  last  term,  we  also  know  what  its 
index  will  be  ;  and  knowing  the  indes, -we  ireadily  perceive  what  terms  of  the 
arithmetical  series  must  be  added  together  to  produce  it,  and  these  terms  is- 
dicate  what  terms  in  the  geometrical  series  are  to  be  multiplied  together  to 
produce  the  last  term. 

To  try  to  account  for  this  mutual  correspondence  of  the  two  progrf  ssioos, 
would  be  a  vain  attempt ;  Uk«  m$iny  other  properties,  it  follows  from  the  ii»* 
ture  of  numbers,  and  this  is  perhaps  all  that  can  be  said  o^  the  subje^    . 
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Jnd    4x8xl6x4x8s  16384  =:  the  I4ih  term,  or 
answer. 


The  fint  term  and  ratio  han^  eqoal,  I  take  the  leries  1 .  2. 3. 4,  &c.  (begin- 
ning^ witfi  1)  for  indices :  noder  these  I  place  the  leadim^  tenas  2.  4.  8,  d&c.  of 
the  given  geometrical  series  ;  thco,  beouiie  the  index  of  the  term  required  is 
evidentif  14,  I  choose  any  of  the  indices,  which  added  together  make  14, 
namely,  2.  3. 4.  2  and  8  ;  I  then  multiply  the  terms  which  s^taud  under  these 
together,  namely,  4.  8.  Iff.  4  and  8,  and  the  product  is  the  answer  required. 

23.  Required  the  20th  term  of  the  series  1.  3.  9.  27>  &c.  ? 

Operation. 
Thus  O.     I.     2.    3.     4.     5   indices. 
And    \.    3.     9.   27.  81.  243  leading  terms. 
Then  5  +  5  +  4  +  3  +  2=  19  index  of  the  90th  term. 
Jnd  243  X  243  X  81  X  27  X  9  =  1162358667  the  ^th 
term. 

JExplaiuiitiottm 

The  first  term  and  ratio  not  being  equal,  the  indices  must  begin  with  0, 
and  consequently  19  will  be  the  index  of  the  20tb  term.  But  by  t^  role,  tiie 
first  term  ought  to  have  been  involved  to  the  4th  power,  (one  less  than  5,  the 
number  of  terms  multiplied,)  by  which  the  product  of  the  terms  should  have 
been  divided  ;  this  is  omitted,  because  the  first  term  being  1,  all  its  powers 
will  be  1,  and  dividing  by  1  makes  no  alteration. 

24.  What  is  the  10th  term  of  the  series  5. 10.  20.  40^  &c.  ? 

Opbration. 
Thus  O.     1.     2.     3.     4  indices. 
And    5.     10.  20.  40.  80  leading  terms. 
Then  4  +  3  +  2  =  9  index  of  the  lOth  term. 

Whence  80  x  40  x  20  =  64000  dividend. 

64000 
Also  5j*  ss  25  the  dioisor.  wherefore       ■  ■  =  2560  the  10th 

term  rehired. 

The  first  term  5,  and  ratio  2,  bein^  unequal,  I  divide  the  product  of  the 

tenns>  viz.  64000  by  5)%  or  S5 :  that  is,  by  that  power  of  the  first  term  5, 
whose  index  2,  is  less  by  I  than  the  number  of  terms  3,  multiplied  t<^ether. 

25.  What  is  the  11th  term  of  the  series  1.  2.  4.  8.  16,  &c.  ? 
ArU.  1024. 

26.  Required  the  13th  term  of  the  series  2.  4.  8. 16.  32^  kc. } 
Ans.  8192. 
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27.  The  first  tenn  of  a  geometrical  progression  is  5>  and  tht 
ratio  3',  required  the  ISth  term  ?     Ans.  2657205. 

301.  Promiscuous  Examples  for  Practicb. 

1.  Nine  sea  officers  divide  a  prize>  the  first  receives  20Z.  the 
second  60/.  and  so  on  in  triple  proportion  5  what  sum  will  tha 
Admiral  (who  has  the  largest  share)  receive  ?     Ans,  1312202. 

2.  Bought  12  pigs>  and  paid  a  ferthing  for  the  first,  a  half- 
penny for  the  second,  and  so  on,  doubling  continually  the  price 
of  the  last  J  what  did  they  cost  me  ?     Ans,  4L  55.  Sd^. 

3.  A  servant  agreed  with  his  master  for  12  months,  to  receive 
a  fiulhing  for  the  first  months*  service,  a  penny  for  the  second, 
4d,  for  the  third,  &c.  what  sum  did  his  wages  amount  to  ?  An^ 
swer,  5826/.  Ss.  Sd.^, 

4.  The  profits  of  a  certain  trading  company,  which  has  been 
established  12  years,  have  increased  yearly  in  geometrical  pro- 
gression 3  the  gain  of  the  first  year  was  5/.  and  that  of  the  year 
just  expired  885735/.  i^equired  the  ratio  of  increase,  and  the  sum 
of  the  profits  ?     Ans.  the  ratio  3.  the  sum  1328600/. 

5.  A  person  of  property  in  Ireland  agreed  with  Government  to 
exert  his  influence,  to  procure  seamen  for  the  navy  i  the  first 
month  he  sent  over  1  man,  the  second  2  men,  the  third  4,  and 
80  on  in  geometrical  progression  5  what  number  did  he  send  over 
in  15  months,  and  how  many  in  the  last  month  of  that  time  ? 
Ans.  setU  in  all  32767  men:  in  the  last  month  16384. 

6.  Suppose  a  laceman  agrees  to  sell  22  yards  of  lace  at  the 
rate  of  2  pins  for  the  first  yard,  6  for  the  second,  and  so  on  in 
triple  proportion  3  what  sum  will  he  receive  for  the  whole, 
allowing  the  pins  to  be  worth  a  faithing  a  hundred?  An* 
swer,  326886/.  Os.  9d. 

7.  What  sum  would  a  horse  sell  for  that  has  4  shoes  on,  with 
8  nails  in  each  shoe,  at  1  fieirthing  for  the  first  nail,  2  for  the 
second,  4  for  the  third,  and  so  on  ?  And  what  would  be  the  price 
of  another  horse,  having  only  two  shoes,  on  the  same  conditions  ? 
Ans.  4473924/.  Ss.  3d.i  the  first :  and  681.  5s.  3d.i  the  last. 
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PART  n. 

LOGARITHMS. 


HISTORICAL  INTRODUCTION. 

^  1 .  *  Logarithms  are  a  series  of  numbers  in  arithnie- 
ticalprogressiony  adapted  to  another  series  in  geometrical 
progression,  in  such  sort  that  0  in  the  former  series  al- 
ways corresponds  to  1  in  the  latter,  and  the  succeeding 
terms  of  the  former  to  the  succeeding  terms  of  the  latter, 
each  to  each. 

2.  The  use  of  Logarithms  is  to  lessen  the  labour  and 
time  which  Jong  calculations  performed  by  common 
liumbers  necessarily  require,  addition  and  subtraction  by 
Logarithms  performing  multiplication  atid  division  by 
numbers,  8cc.  so  that  an  operation  may  be  performed  in 
a  few  minutes  by  Logarithms,  which  would  sometimes 
require  as  many  hours  by  common  arithmetic. 

3.  But  the  advantages  attending  the  use  of  Logarithms 
would  be  very  limited,  if  these  useful  numbers  were  ex- 
clusively confined  to  a  geometrical  progression  ;  the  com- 
mon numbers  not  being  in  geometrical,  but  in  aritbnie- 
tical  progression:  this  defect  has  been  happily  supplied 
by  an  admirable  contrivance,  which  will  be  explained  in 
its  proper  place,  whereby  Logarithms  are  extended  to  the 
entire  algorithm  of  numbers,  every  number,  whether  in- 
tegral or  fractional,  having  its  proper  Logarithm. 

•  The  word  Logariikm  is  derived  from  the  Greek  X«7«r,  raiioi  And  gft^/itSf 
number,  aod  implies  either  the  ratio  qf  itumiers,  or  mtmiitr  of.  ratios^  bot|i 
interpretatiMis  being  descriptive  of  the  nature  of  Logarithms. 
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4.  The  fundamental  property  of  Logarithms  is  this  ; 
if  an  arithmetical  progression  be  applied  to  a  geometrt* 
cal  one,  in  the  manner  above  stated,  the  terms  of  the 
former  will  be  indices  to  those  of  the  latter:  now  if  any 
two  of  these  indices  be  added  together,  the  sum  will  be 
the  index  of  the  product  of  the  two  numbers  correspond- 
ing to  those  indices :  if  one  index  be  subtracted  from 
another,  the  remainder  will  be  the  index  of  the  quotient 
which  arises  by  dividing  the  number  corresponding  with 
the  former,  by  that  corresponding  ^ith  the  latter:  if  an 
index  be  multiplied  by  any  number,  the  product  will  be 
the  index  of  the  term  which  is  the  power  denoted  by 
that  number;  and  if  im  iitdex  be  divided  by  any  number, 
,the  quotient  will  be  the  index  of  the  ropt  denoted  by  tb^kt 
number.  This  property  of  the  two  progressions  was 
known  to  the  ancients,  .and  treated  of  by  Euclid  and 
Archimedes.  Stifelius  in  his  Jlrithmetica  Lttegra,  printed 
at  Nuremberg  in  1544,  explains  it  at  large,  shewing  its 
vse  and  application  in  a  great  variety  of  instances;  so  that 
it  seems  this  author  was  in^possessipn  of  the  general  idea 
of  Logarithms,  although  under  another  name:  and  the 
reason  assigned  for  his  not  computing  Tables  is,  that  he 
was  not  under  a  necessity  of  performing  those  lopg  and 
troublesome  calculations,  which  require  the  aid  of  Lo- 
garitbms*  Justus  Byrgius  \  and  Longoinontanus%  are  re* 

^  Justus  Byrgius  was  a  French  Mathematical  Instrnment  Maker,  and  as* 
sistant  Astronomer  to  the  Landgrave  of  Hesse  $  the  invention  of  the  Sector  is 
Mcribed  to  him^  as  was  that  of  I^^g^rithmsy  but  the  latter  hm  nerer    beoa  . 
proved:  he  flourished  in  the  Uktter  part  of  the  16th  century. 

c  Christian  Loi^om<Hitanas  was  bom  at  a  village  of  the  same  name  in  Den* 
marky  in  1-562 ;  his  lather's  ■  pame  was  Severing  and  it  is  remarkable,  that 
notwithstanding  the  obsanrity  of  hit  fisther  and  his  birth-place,  he  has  contrived 
to  dignify  9nd  eternise  them  both,  by  stiliog  himself  in  the  title-paf^  of  soi6e 
of  his  worhs,  Cktiatiamu  Longomonttinus,  Severim  FUiut,  His  parants  being 
veiy  poor,  iM^ed  him  to  wovlrfor  hit  daily  support,  but  he  occasionally  took  les* 
font  «f  the  parish  priest;  at  length  fa«  eloped,  and  went  to  the  College  at  Wy* 
bwgi  where  he  spent  eleven  years,  being  obliged  to  work  for  his  liring,  an4  study 
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ported  to  Jiave  known  and  condtructed  these  numbers ; 
but  the  person  to  whom  the  world  is  indebted  for  the  firat 
publication  of  them  was,  John  Lord  Napier  %  Baron  of 
Merehiston,  in  Scotland,  in  a  work  in  titled,  Mirifid 
Logarithniorum  Canonis  Descriptio,  printed  in  I6l4.  This 
work  contains  Tables  of  the  Logarithms  of  Numbers,  and 
of  the  Logarithmic  Sines,  Tangents,  and  Secants,  for 
every  minute  of  the  quadrant,  with  definitions,  description 
of  the  Tables,  &c.  but  the  Author  chose  to  omit  giving 
the  method  of  construction,  until  the  opinion  of  the 
learned  concerning  his  invention  should  be  ascertained. 
This  discovery  immediately  excited  the  attention  of  ma*- 
thematicians,  and  a  translation  of  Napier's  Book  into 
English  was  made  by  Mr.  Edward  Wright  %  the  inge^ 

alternately :  he  afterwards  spent  eight  years  as  a  very  useful  assistant  to  the  ce* 
lebrated  Astronomer,  Tycho  Brahe ;  and  at  length  obtained  the  Professorship 
of  Mathematics  at  Copenhagen,  where  he  died  in  1647. 
His  principal  work  is  entitled^  ^Hronamica  Danica,  4to.  1631.  and  fol.  1 640. 

*  John  Lord  Napier,  (or  Neper,  as  he  is  sometimes  called,)  was  born  in 
1650,  and  was  educated  at  the  UniTerstty  of  St.  Andrews ;  he  made  the  tenr 
of  £urope,  and  after  his  return  applied  himself  closely  to  literature  and  sci* 
cnce.  Mathematics,  especially  astronomy,  appear  to  have  been  his  favorite 
study;  and  the  numerous  and  intricate  calculations  requisite  in  the  latter 
branch,  put  him  upon  various  contrlVanees  for  shorioaiDg  the  work,  wbidi 
proved  the  source  of  the  noble  invention  of  Logarithms.  He  was  the  inventor 
of  the  instrument  called  Napi&^n  Simesy  consisting  of  five  rulers  of  bone, 
wood,  pasteboard,  or  ivory,  whereby  the  arithmetical  operations  of  multiplica- 
tion, division,  &c.  may  he  performed  meekanietUfy  with  great  ease ;  a  full  de- 
scription of  which  he  published  in  1617,  in  a  vnfrk  entitled  Rabdoiogia^  9eu 
Numeratwnu  per  Virguh*  Itbri  duo.  Napier  likewise  invented  the  rule  for 
the  fivt  Circular  Parts  in  spherical  Trigonometry ;  he  died  at  Merchiston,  in 

1617. 

*  Edward  Wright,  Esq.  lived  at  the  end  of  the  16th,  and  beginning  of  the 

1 7th  cehtnry.   He  was  deeply  skilled  in  mathemaiics  and  m^hanics,  and  if 

}ustly  celebrated  as  the  iilventor  of  what  is  ehroncoQtly  called  Mercstor*s  Clmrt, 

•having  first  discovered  ^e  trtle  methchl  of  dividing  the  meridian  Kne,  on  which 

Mercator's  projection  in  fsnnded ;  the  principles  of  which  he  dearly  Aewed 
in  TM  Ctrrection  of  certain  Mrtere  «»  N'mwigMtiomi  a  work»  -which,  ahhotigfe 
written  many  years  before,  was  not  publnhed  till  1699..  Every  Hfing  valad4e 
in  the  celebrated  maps  of  Jodicus  Hon<fi«s  Was  derived  from  the  4iiit#ttCtioiw 
given  him  on  the  subject  by  Wright;  «ifeitheI«i#.t)i«^lteaw»'#ill^uahc^Qii»> 
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nious  inventor  of  the  principles  of  Mercator's  SftUiag, 
which  wa9  pablished  in  I616,  after  his  death,  by  his  Son, 
Samuel  Wright,  with  a  dedication  to  the  East  India 
Company,  and  a  preface  by  Mr.  Henry  Briggs*,  at  that 
time  Professor  of  Geometry  at  Gresham  College.  In 
1619,  two  years  after  Lord  Napier's  death,  a  new  edition 
of  his  work  was  pablished  by  his  Son,  Robert  Napier, 
containing  the  construction  of  his  Canon,  and  other 
miscellaneous  pieces  omitted  in  the  first  edition.  On 
the  first  publication  of  Lord  Napier's  invention,  Mr. 
Briggs  paid  him  a  visit,  and  the  result  of  their  commn* 
nicatron  on  the  subject,  was  a  determination  to  change 
the  form  of  the  Logarithms  for  one  better  adapted  to 
the  Decimal  scale  of  Numbers :  this  alteration  we  have 
reason  to  believe  was  first  suggested  by  Briggs,  as  be  was 
the  ilrst  who  published  Logarithms  on  the  improved  plan, 
and,  it  seems,  entertained  a  hope,  that  a  just  acknow- 
ledgment would  be  publicly  made  of  the  part  he  had 
taken  in  the  improvement;  in  this  he  was  disappointed, 

• 

iog  iqfratitude  laid  clftim  to  tbe  inreation^  Our  autber  j^blisbed  a  work  oo 
the  Sphere,  another  on-  Dialling,  and  another,  very  useful  to  narigators,  en- 
titled. The  Haven-Jinding  Art :  he  was  tbe  inventor  of  several  instruments  use- 
ful in  theif  time,  for  findings  the  altitude,  &c.  of  celestial  objects,  and  thence 
the  true  place  of  a  ship.  He  was  fellow  of  Gondii  and  Caius  CoUege,  Cam- 
bridge ;  occasionally  read  lectures  on  nautical  and  mathematical  subjects ;  and 
.  was  Tutor  to  Prince  Henry.  After  a  life  spent  in  the  eictensioa  of  useftil  know- 
ledge, he  died  at  London  in  \616. 

*  Henry  Briggs  was  born  at  Warleywood  in  Torlufaire,  ift  \b6S'.  at  a  proper 
age  he  was  sent  to  St.  John's  Collie,  Cambridge,  where  alter  taking  the  degree 
of  M.  A.  he  was  chosen  a  Fellow  in  1588  ;  and,  in  consequence  uf  bis  great  pro- 
ficiency in  mathematical  learning,  was  appointed  Examiner  and  Lecturer  in 
that  faculty.  In  1 5S6  he  wa».  chosen  the  firtt  Professor  of  Geometry  at  Gresham 
College :  in  Iff  19,  he  was  appointed  the  first  Savilian  ProfBssor  of  Geometry  at 
Oxford ;  in  consequence  of  which,  the  next  year  he  resigned  the  Professorship 
at  Gk'esham  CoUege.  Besides  the  works  above  meotioned,  Mr.  Briggs  was  the 
.author  of  several  others  equally  creifitable  to,  his  memory.  This  truly  great 
:man  terminated  a  laborious  and  usefiil  Ufe  tn  January  1631 ;  and  was  buried 
in  the  Choir  of  the  Chapel  of  Meiton  CoUege ;  at  which  CoUege  he  had  for  scve* 
ral  years  past  been  a  conttaat  resident. 


r 
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for  in  the  second  edition  of  NapierVwofk^  although  the 
alteration  is  adverted  to,  no  mention  is  made  of  any 
assistance  received  from  Briggs,  either  by  Lord  Napier 
or  his  Son.  If  Briggs  was  really  the  inventor  of  the  im* 
provement,  as  it  is  generally  believed  he  was,  the  omis- 
sion was  certainly  au  act  of  gross  injustice. 

5.  An  improved  form  of  Napier's  Logarithms,  by  Mr. 
John  Speidell,  came  out  the  same  year ;  and  the  year 
following  Justus  Byrgius  published  Tables,  in  which  the 
natural  numbers  and  Logarithms  are  arranged  in  a  con* 
verse  order  of  what  they  are  in  our  ordinary  Tables. 
Vincent  printed  a  copy  of  Napier's  work  at  Lyons,  as 
did  Ursinus  at  Cologne  ;  the  latter  being  improved  by 
the  addition  of  Tables  of  proportiona^  parts.  In  16S4, 
the  celebrated  Kepler  published  at  Marpurg  his  Chilias 
Logarithmorum,  S^c,  in  which  the  Logarithms  are  more 
conveniently  adapted  to  common  numbers  than  those  of 
Napier;  the  latter  being  principally  accommodated  to 
the  sines  of  arcs,  8tc. 

6.  The  Logarithms  published  by  these  and  some 
others  about  the  same  time,  were  of  the  kind  which  has 
isihce  been  called  hyperbolical ;  a  name  they  received  in 
consequence  of  their  expressing  the  spaces  included  be* 
tween  the  asymptote,  and  curve  of  the  hyperbola^ 

7.  To  have  an  adequate  idea  of  the  nature  of  Loga-^ 
ritbms,  we  must  consider  them  as  indices,  denoting  the 
ratios  of  numbers  to  unity.  Napier*s  Logarithm  of  10, 
(that  is,  the  index  denoting  the  ratio  of  10  to  1,)  is 
2.3025851,  &c.  this  Mr.  Briggs  found  deficient  in  point 
of  simplicity  and  convenience,  and  therefore  the  latter 
gentleman  undertook  the  laborious  task  of  computing 
an  entire  new  system,  in  which  he  made  1  the  Loga* 
rithm  of  10;  whence  it  follows  that  S  will  be  the  Loga- 
rithm of  100,  3  of  1000,  8CQ.  Hiis  has  been  justly  consi- 
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4cred  a8  an  improTeinent  of  tbe  greatest  valiie ;  it  introp 
duces  a  kind  of  similarity  between  the  series  of  Loga* 
rithms  and  that  pf  cominon  nambers,  sinpiifies  the 
whole  doctrine  amazingly,  and  renders  it  phin  and  intcl* 
ligible  to  the  meanest  capacity. 

8.  Tbe  first  fruit  of  Mr.  Briggs's  labours  in  this  way, 
was  his  Logarithmorum  Chi/ias  Prima,  which  appeared 
in  ]6l79  after  Napier's  death,  containing  the  first  thou- 
sand Logarithms  to  eight  places  of  figures,  besides  the 
index.  Mr.  Edmund  Gunter  'adapted  Mr.  Briggs's  Lo- 
garithms, first  of  any,  to  the  sines  and  tangents;  he  com* 
pnted  them  for  every  minute.to  seven  places  of  figure^ 
besides  the  index ;  this  work  appeared  in  1620,  lender 
the  title  of  A  Canon  of'  Triangles,  which  work  was  re- 
printed in  162s,  with  the  addition  of  the  Chilias  Prima 
of  Briggs.  The  same  year  Gunter  applied  the  Loga- 
rithms of  Numbers,  Sines,  Tangents,  8cc.  to  a  straight 
ruler,  whereby  computations  may  be  performed  by  a 
pair  of  compasses  only :  this  instrument  is  still  known 
by  the  name  of  Gunter's  Scak.  Other  methods  of  pro* 
jecting  these  numbers  on  circular,  sliding,  and  spiral 
instruments,  were  afterwards  invented  by  Wingate, 
Oughtred,  Milburne,  and  Partridge. 

^  Edmund  Ganter  was  born  in  1581,  and  receiTed  the  radiments  of  hit  educa- 
tion at  Westminster  School,  «nder  the  fiBunons  Dr.  Busby ;  from  thence  be  went 
to  Christ  Church,  Oxford,  where  in  1615  he  took  the  degree  of  B.  D.  in  \B\9 
he  succeeded  Mr.  Williams  as  Professor  of  Astronomy  at  Oresham  College, 
where  he  greatly  distinguished  himself  by  b^9  eminent  matfaematical  taletit«, 
displayed  in  his  writings  and  lectures ;  he  died  in  1636.  Mr.  Gunter*s  inven- 
tions and  improvements  in  mixed  mathematics  were  of  the  greatest  value ;  in 
1606,  he  gave  a  new  projection  of  the  sector,  and  in  1618,  a  new  portable  qua- 
drant for  the  more  easily  finding  the  hour,  a2imuth,  &c.  He  discovered  in 
1622  tbe  changeable  declination  of  the  magnetic  needle,  shewing  that  it  had  al- 
tered 5  degrees  in  4!2  years ;  which  conclusion  was  verified  by  his  successor, 
Mr.  Geliibrand.  He  introduced  the  scale  and  measuring  chain  known  by  his 
pame,  and  gave  ample  descriptions  of  their  uises.  He  introduced  the  name 
co'sine,  and  the  use  of  the  arithmetical  complements  of  Logarithms  ;  and  the 
first  idea  of  tbe  logarithmic  curve  Is  generally  ascribed  to  bim. 
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9'  In  16M,  Mr.  Briggs  pobiiAed  his  Jrithnteiifa  Lo^ 
garithmka,  contaioing  the  Logarithms  of  Numbers  from 
1  to  dOOOO,  and  from  90000  to  100000,  with  ample  direc* 
tioi)8  for  their  use,  and  an  earnest  invitation  to  Mathe- 
maticians to  assist  in  the  completion  of  the  work,  by 
computing  the  intermediate  numbers  :  this  was  effected 
soon  after  by  Adrian  Vlacq,  of  Gouda  in  Holland,  who, 
besides  supplying  the  intermediate  chiliads,  added  Tables 
t^f  artificial  sines,  tangents,  and  secants,  for  every  mi- 
nute of  the  quadrant.  This  ingenious  person  printed 
likewise  at  Gouda,  in  1633,  a  work  entitled  Trigono^ 
metria  Artyicialis,  containing  Briggs's  Table  of  the  first 
20000  Logarithms,  with  the  Logarithmic  sines  and  tan- 
gents, and  their  differences,  for  every  ten  seconds  of  the 
quadrant,  to  ten  places  of  figures,  with  their  description 
and  use «.  At  the  same  time  and  place  was  printed  Mr. 
Briggs's  Trigonometria  Britannica,  under  the  superin-* 
tendance  of  Vlacq ;  this  work  contains  the  Logarithms  of 
30000  natural  numbers,  logarithmic  sines,  and  tangents, 
for  the  hundredth  part  of  every  degree,  all  to  14  places 
of  figures  besides  the  index,  the  natural  sines  for  the 
same  parts  to  15  places,  and  the  tangents  and  secants 
for  the  same  to  10  places,  with  the  construction  of  the 
whole :  but  the  Author  dying  in  16S0,  before  the  wort 
was  complete,  his  friend,  Mr.  Henry  Gellibrand  *,  Pro- 

f  This  work,  which  is  justly  considered  as  rery  vsefbl  in  astroDomical  cakii* 
lations,  has  been  lately  reprinted  at  Leipsic,  by  Vega,  under  the  title  of  T^uam* 
nts  MathemtUicus. 

^  Th6  Reverend  Henry  Gellibrand  was  bom  in  London,  in  1597 ;  he  waft 
sent  to  Trinity  College,  Oxford,  in  1 615 ;  and  in  1623,  took  the  degree  of  M.A. 
having  taken  orders,  he  became  curate  of  Chiddingftone  in  Rent;  but  happen^ 
ing  to  hear  a  lecture  on  the  mathematics  by  Sir  Henry  Saville,  he  relinquished 
aU  prospect  of  preferment  in  the  Chnrch,  and  set  htnielf  in  canteit  to  study 
that  noble  science.  He  became  Profestor  of  Aitnmomy  at Qrcsham  Oenege,  upon 
'the  deidh  of  Mr.  Qaator,  in  1627 ;  and  ww  the  aotMr  el  seve^  Rueful  piee<s» 
chiefly  tending  to  the  improttBcnt  of  Navigation,  abiaafth  te  which  hit  flUten* 
^oiii«aspr^iclpaUy^fo«eied:  li^dUdla  486. 
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fi^sor  of  Astronomy  at  Gresham  College,  supplied  the 
preface,  and  the  application  to  plain  and  spherical  Trigo* 
nometry  ^  &c«  Two  years  after^  Mr.  Gellibrand  published 
An  Invitation  Trigonomeiricall,  being  a  smaller  work  of 
the  same  kind,  with  the  addition  of  other  tables,  &c. 
the  whole  adapted  to  the  use  of  navigators. 

10.  Mr.  Bonny  castle.  Professor  of  Mathematics  at  the 
Royal  Military  Academy,  Woolwich,  has  lately  disco- 
vered an  ingenious  improvement  in  the  Binomial  Theo- 
rem of  the  illustrious  Newton,  whereby  he  has  shewn  the 
method  of  constructing  Logarithms  in  a  new  and  ele- 
gant manner :  several  authors,  as  Gunter,  Huygens, 
Keill,  Newton,  Mersenne,  James  Gregory,  Mercator, 
Su:.  gave  methods  of  computing  Logarithms,  derived 
from  their  analogy  to  certain  curves ;  others,  as  Cotes, 
Halley,  Craig,  John  Bernoulli,  Dr.  Brook  Taylor,  Mr. 
Jones,  &c.  employed  for  that  purpose  either  a  flu- 
xional  process,  or  methods  nearly  similar  to  that  of  Flu- 
xions ;  but  their  methods,  although  ingenious  and  scien- 
tific, are  not  strictly  conformable  to  the  nature  of  the 
subject,  which  is  purely  arithmetical.  The  theorems  de- 
livered by  Mr.  Bonnycastle  are  unexceptionable  in  this 
respect,  being  derived  from  the  principles  of  pure  Alge- 
bra, and  by  means  of  them  the  Logarithms,  according  to 
Napier,  Briggs,  or  any  other  system,  are  readily  obtained. 

11.  As  the  Logarithms  of  Napier  have  obtained  the 
name  of  hyperbolic,  so  those  of  Briggs  are  usually  deno- 
minated common  Logarithms,  from  the  circumstance  of 
their  being  better  adapted  to  practice  than  Napier's,  and 
therefore  most  i^  use\     The  following  authors,  besides 

^  Id  the  "Trigonomeiria  'SHtamiica,  Mr.  Bf  iggs  has  shewn  the  method  of  ge- 
neratiDg  the  coefficients  of  the  terms  of  any  power  of  .a  binomial  successively 
from  each  other,  independdtat.of  any  other  power ;  which  is  the  foundation  of 
Sir  Isaac  Newton's  celebrated  Binomial  Theorem. 

^  Besides  the  common  and  hyperbole  Logarithms^  there  vrt  logittiat^  fr^ 
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those  ahready  meationed,  have  treated  on  the  subject; 
vi2.  HenrioQ^  Miller,  Norwood,  Cayallerias,  Frobeaius, 
Carumely  Sharp,  Leibnitz,  Long,  Simpson,  Wolfius, 
Maclaurin,  Reid,  Dodson,  Wallis,  Masses,  and  maojr 
,  others. 

ItwiH  be  proper. to  observe  that  Mr.Wingate,  as  early 
as  1626,  made  a  very  useful  improvement  in  the  method 
of  arranging  the  Logarithms  in  the  Tables,  by  placing 
the  unit  figures  of  the  natural  numbers  along  the  tops  of 
the  columns,  the  tens  down  the  margin,  and  the  whole 
number  in  the  angle  of  meeting.  The  Rev.  Nathaniel 
Roe^  reduced  the  Tables  to  a  more  convenient  form  in 
1633  ;  and  about 25 years  after,  Dr.  John  Newton',  avail- 
ing himself  of  both  these  improvements,  introduced  the 
method  of  arrangement  which  is  at  present  used  by  the 
best  writers. 

12.  Of  the  more  modern  Tables,  Sherwin's  and  Gar- 
diner's are  still  in  great  repute ;  the  former  as  the  most 
complete  collection,  the  latter  as  the  most  correct.  Gar- 
diner's Tables,  with  additions  and  improvements,  were 

portioMol  Logarithms.  Lotgiitic  Logarithms  are  such  as  arise  iirom  subtracting 
the  commoo  Logarithms  from  3.6563  (the  logarithm  of  the  number  of  seconds 
in  60  minutes).  These  Logarithms  are  frequently  used  for  astronomical  compu- 
tations, in  any  proportion  where  the  first  tenn»  or  either  of  the  means,  happens 
to  be  60  minutes.  Proportional  Logarithms  arise  by  subtracting  the  common 
Logarithms  from  4U)334,  (or  the  Logarithm  of  10800,  the  number  of  seconds 
in  180  minutes ;)  these  Loigarithms,  like  the  former,  have  their  application  in 
astronomy, 
k  StUed  by  Dr.  Button,  «  Pastor  of  Beoacre  in  Suffolke.*' 
'  Dr.  Newton  was  descended  from  a  respectable  family  in  Northampton- 
sbircj  where  he  was  born  in  l6iS,  He  entered  a  commoner  at  St.  Edmund 
Hall,  Oxford,  in  1637:  here  he  acquired  a  great  proficiency  in  mathematics, 
and  other  branches  of  learning ;  and  after  passing  through  his  degrees  in  Arts, 
he  was  created  Doctor  in  Divinity  in  166 1.  Shortly  after  he  was  made  one  of 
the  Ring*s  Chaplains,  and  obtained  the  rectory  of  Ross  in  Herefordshire  ;  this 
he  held  till  his  c|eath,  which  happened  on  Christmas  day,  1678.  His  works, 
which  are  on  Arithmeti*^  Astronomy,  Geoj^raphy,  Logarithms,  and  other 
branches,  sufficiently  evince  his  skill  as  a  mathematician. 
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at  Paris  id  17B5,  by  M.  Calleti  under  the  titk  of 
!fa(fles  Portapives  de  JLtOgarithmes,  foi^ming  a  neat  oi:^aYo 
volume.  The.  Tables  of  Mr.  M.  Taylor,  with  an  excel- 
lent  iotrodactioa  by  the  Bev.  Neville  Maskelyae,  J),  D, 
F.  R.  S.  Astronomer  Royal,  printed  in  1792,  are  de*  ^ 
servedly  esteemed*" ;  but  the  most  useful  collection  of  any 
lire  Dr.Hutton's  Mathetnatical  Ta6/e<,  published  in  1785 ; 
this  work  contains  the  Logarithms  of  numbers  from  1 
to  100000,  to  7  decimals;  Logarithms  to  20 places;  Lo* 
garithms  to  61  places;  an  antilogarithmic  table  to  20 
places " ;  hyperbolic  and  logistic  Logarithms  ;  natural 
and  artificial  sines,  tangents,  secants,  and  versed  sines ; 
traverse  table ;  points  of  the  compass ;  arcs,  &c.  &c,  pre- 
ceded by  an  elaborate  introduction,  shewing  the  construc- 
tion and  uses  of  the  tables,  together  with  an  historical  ac- 
count of  the  invention  and  improvements  of  Logarithms. 
From  this  work  some  of  the  particulars  given  above  were 
taken,  and  to  it  the  reader  is  referred  for  many  interest- 
ing particulars,  which  could  not  be  introduced  in  this 
place. 

On  the  method  of  applying  Logarithms  to  the  common, 

or  natural  numbers. 

13.  We  have  defined  Logarithms  as  a  series  of  num- 
bers in  arithmetical  progression,  adaptecl  to  another  se- 
ries in  geometrical  progression,  so  that  0  in  the  former 
being  placed  over  1  in  the  latter,  1  in  the  former  over 
10  in  the  latter,  &c.  the  terms  of  the  former  series  will 

»  The  Tables  of  Mr.  M.  Taylor  are  the  most  extensive  of  any  that  have 
bitherto  appeared,  and  therefore  the  best  adapted  for  subjects  where  extreme 
accuracy  is  required. 

»  The  first  instance  of  an  antilogarithmic  canon,  was  that  begun,  as  it  is  be* 
lieved,  by  Thomas  Harriot,  who  died  in  1621,  and  finished  by  Warner,  about 
1640 ;  but  the  work  was  never  printed.  Mr.  Dodson*s  antilogarithmetic  canon 
was  published  in  London  in  1742,  and  contains  the  numbers  corresponding  to 
every  logarithm,  from  1  to  100000,  to  eleven  places,  with  their  differences 
and  proportional  parts. 
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.be  the  indices  or  logarithms  6f  the  respective  terms  of 
^e  latter;  thus, 

0.  1.    €.       3.        4.       Jiffithm.  serm,  or  lQg(nrithn$» 

1.  10.  100.  1000.  10000.  Geom.  senesy  ornatural  mimb^ 
tfaftt  is,  0  is  the  log.  of  1. .  1  the  log.  of  10. .  2  the  Ipg.  of 
100,  &c.  Becauise  0  is  the  log.  of  1,  aod  1  the  log.  of  1% 
it  follows  that  at\y  numbers  between  I  and  10  will  have.O 
with  some  decimal  for  its  logarithm;  in  like  manner  any 
immber  between  10  and  100  will  have  1  and  some  deci- 
mal for  its  logarithm;  any  number  between  100  and 
1000  will  have  £  and  some  decimal  for  its  logarithm,  &c. 

Thus  the  log.  of  7>  (which  is  between  1  and  10^  is 
0.8450980 ;  the  log.  of  75,  (a  number  between  10  and 
100,)  is  1.8750613;  the  log.  of  354,  (between  100  and 

1000,)  is  2.5490033,  &c. 

14.  Every  logarithm,  then,  consists  of  a  whole  aam» 
ber  and  a  decimal,  or  has  their  places  supplied  by  one 
or  more  ciphers. 

15.  The  whole  number  is  called  the  indeXt  or  charac- 
teristic of  the  logarithm ;  it  points  out  the  v^lue  of  the 
left  hand  figure  of  the  number  corresponding  to  the  loga- 
rithm, by  shewing  its  distance  from  unity,  and  will  be 
affirmative  or  negative^  according  as  the  correspondent 
number  is  integral  or  fractional. 

ThuSf  if  the  two  foregoifig  series  be  inverted^  and  conti^ 
nmed  backward  to  any  leftgth^  we  shall  have 

3.       2.      1.      0.  —  1.  —  2.    —Sfiac.  the  logarithms. 

1000.  100.  10.  1.  .1.  .01.  X)0\,^c.  the  numbers. 
where  3»is  the  log.  of  1000. . .  2  of  100.  .  .  1  of  10  .  .  0 
of  1.  .  .  —1  {minus  1)  of  .1  or  -Ar.  .  .  —2  {minus  2)  of  .01 
or  tU.  .  .  —  3  {minus  $)  of  .001  or  -nnrTr,  &c. 
Ha:ice  if  a  whole  number  contain  4  places  of  figures, 
the  index  of  its  logarithm  will  be  3— . .  if  it  contain  3 
places,  the  index  will  he  2 ;  if  2  places,  the  index  will  be 
1 ;  and  if  1  place,  the  index  will  be  0.  And  in  decimals,  if 
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the  first  sigatfieant  figure  be  /enfib,  the  index  will  be^l, 
if  hundredths  ^2,  if  thoutandthi  ^S,  &c.  and  when  a 
whole  nomber  is  connected  with  a  dcxrimal,  the  index  of 
the  highest  place  of  the  whole  number  will  be  the  proper  in- 
dex :  so  that  in  every  case  the  index  shews  the  valne  of  the 
left  hand  significant  figure,  by  pointing  out  its  distance 
from  unity ;  if  the  index  be  affirmative,  it  characterizes 
a  whole  or  mixed  number;  if  negiUive,  a  decimal. 

16.  Ad  the  characteristic,  or  index,  shews  the  limits 
between  which  its  correspondent  number  is,  aamely,  whe- 
ther it  be  among  the  units,  the  tens,  the  hundreds,  &c.  or 
among  the  tenths,  the  ftundredths,  the  thousandths,  iLC.  so 
the  decimal  part  of  the  logarithm  marks  the  exact  point 
within  the  determiued  limits,  to  which  the  said  number 
belongs  ;  consequently,  both  together  will  determine  that 
number  exactly.  For  example;  the  numbers  occupies  the 
same  place  between  1  and  10,  that  ^  does  between  10 
and  100,  and  that  £00  does  between  100  and  1000,  and 
that  £000  does  between  1000  and  10000,  8cc.  therefore 
the  decimal  part  of  the  logarithm  of  2,  of  £0,  of  £00,  of 
£000,  fcc.  will  be  the  same,  but  the  characteristics  will 
be  different,  the  logarithm  of  £  being  0.3010300;  that  of 
£0.  .  .  1.3010300;  of  £00.  ..  £.3010300;  that  of  £000.  .  . 
3.3010300;  in  like  manner  the  decimal  part  of  the  loga- 
rithm of  4,  of  40,  of  400,  &c.  will  be  alike,  but  the  cha- 
racteristics will  be  different ;  and  so  of  other  numbers. 
The  following  example  will  serve  to  illustrate  and  oon<» 
firm  this  doctrine. 

The  log.  of  86750,  is  4.947519. 

The  log.  0/8675.0,  is  3.947519. 

The  log.  ofS67.50,  is  £.947519. 

The  log.  0/86.750,  is  1.947519. 

The  log.  of  8.6750,  is  0.9475 19- 

I%e  log.  q/"  .86750, ««- 1.947519. 

The  log.  of  .086750,  m -£.9475 19. 
&c.  &c. 
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17.  From  what  haft  been  said  on  the  subject,  we  de- 
rive a  more  accnrate  definitioa  of  logarithms  than  that 
given  above,  namely,  logarithms  are  the  indices  of  the  ra^ 
tios  of  numbers  to  unity  \  that  is,  if  .1  be  considered  as  the 
common  consequent,  the  ratio  of  any  number  to  it  is  ex- 
pressed by  the  logarithm  of  that  number. 

18.  Further,  to  explain  the  properties  and  uses  of  lo« 
garithms,  it  may  be  observed,  that  the  logarithms  being 
the  indices  of  a  series  of  numbers  In  Geometrical  Pro- 
gression, it  evidently  follows  from  the  nature  of  both, 
that  the  multiplication  of  numbers  is  performed  by  ad- 
ding together  their  logarithms  ;  division  of  numbers,  by 
subtracting  the  logarithm  of  the  divisor  from  that  of 
the  dividend;  involution  of  numbers,  by  multiplying  the 
logarithm  of  the  root  into  the  logarithm  or  index  of  the 
power  ;  and  evolution  -of  numbers,  by  dividing  the  loga- 
rithm of  the  given  number  by  the  logarithm  or  index  of 
the  root.  We  will  resume  the  series  of  numbers  and 
their  logarithms,  in  order  to  illustrate  each  case  by  a 
suitable,  example. 

0.  1.       2.         3.         4.  5,      &c.  logarithms* 

1.  10.     100.   1000.  10000.   100000,  &c.  WMwAer*. 

First.  Let  it  be  required  to  multiply  any  two  terms  in 
the  above  series  of  numbers  together,  suppose  10  and 
1000.  Add  their  logarithms  (viz.  1  and  3)  togeihbr,  and 
the  sum  will  be  4,  the  logarithm  of  10000,  (or  of  10  x 
1000,)  the  product  of  the  two  proposed  numbers. 

Secondly.     Let  it  be  required  to  divide  1000  by  10. 

From  3  the  log.  of  1000,  *take  1  the  log  of  10,  and  the 
remainder  2  is  the  log.  of  100,  (or  of  1000 -5-  10,)  the 
quotient  of  the  proposed  numbers. 

Thirdly.     Let  100  be  involved  to  the  second  power.    \. 

Multiply  2  (the  log.  of  lOOJ  into  2,  which  is  the  in- 
dex or  logarithm  of  the  second  power,  and  the  product 
4  is  the- log,  of  10000,  or  of  iool%)  the  power  required. 

TOX«.  I.  II.. 
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huAy.    To  exftrad  the  ciAe  foot  of  lOQCK 

Divide  the  log.  of  1000,  tiz.  S,  by  the  index  3  of  the 

cube,  and    the  qaotient  1   is   the  log.  of  lO,  (or   of 

^  VlOOO,)  the  root  required. 

19*  To  sum  up  the  whole^  by  way  of  brief  recapitula- 
tion. It  has  been  shewn,  1.  That  logarithms  are  the 
indices  or  exponents  of  a  series  of  terms  in  geometrical 
progression.  2.  That  every  logarithm  consists  of  two 
parts,  a  characteristic,  and  a  decimal.  3.  That  the  cha- 
racteristic marks  the  step,  that  is,  what  power  of  10  the 
number  belonging  to  the  logarithm  is  in ;  and  the  deci- 
mal shews  the  exact  point  which  it  occupies  in  that 
step,  so  that  both  together  indicate  precisely  the  corre- 
sponding number.  4.  That  the  characteristic  of  a  whole 
number  is  affirmative,  or  +,  and  that  of  a  fraction  nega- 
tive, or— .  5.  That  addition  and  subtraction  of  loga« 
rithms  respectively  perform  multiplication  and  division 
of  their  correspondent  numbers ;  and  that  multiplication 
and  division  of  the  logarithms  perform  respectively  invo- 
lution 90d  evolution  of  their  numbers ;  and  that  herein 
consists  their  great  value  and  usefulness,  viz.  by  dimi- 
nishing the  time  and  labour  otherwise  necessary  to  the 
j>erformance  of  tedious  calculations. 

20.  There  still  remains  one  grand  difficulty.  It  is  suf- 
ficiently clear  that  0,  1,  2,  8(rC.  are  the  logarithms  of  1, 
10,  100,  &c.  and  that  the  doctrine  above  stated  applies 
well  enough  to  this  Sieries  of  geometricals ;  bat  bow  can 
logarithms,  according  to  this  system,  be  adapted  to  all 
the  intermediate  oumbers,  which  ar^  certainly  not  in 
geometrical  but  in  arithmetipal  progressipu ;  for  in 
order  to  be  generally  useful  in  calculations,  every  niun- 
ber  pQgbt  to  have  its  own  particular  logarithm  i  This 
^e  have  promised  to  explain ;  and  to  shew,  that  loga<- 
rithflDB  i^ay  he  found  for  all  the  njumbers,  agreeably  tq 
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the  above^«ieiitioned  sysleai,  if  nM  to  absolote  exact- 
ness, suflBcieDtly  near  it  fof  erery  practical  purpose :  in 
order  to  which  we  will  once  more  resjMBie  the  two  tar- 
ries, viz. 

0.  1,      2.        S.       '4f      ft'C*  lagarkbpis^ 

1.  10.    100.    1000.  10000,  Sec.  numbers. 

Now  in  order  to  find  the  logarithm  of  any  intermediate 
namber,  situated  between  any  two  terms  of  the  geome* 
trical  series,  1,  10,  100,  8cc. 

1.  Call  the  two  terms  between  whidi  the  interoiediate 
number  lies,  the  extremes. 

2.  Between  the  two  extremes,  find  a  geometrical  mean 
proportional,  by  multiplying  them  iogethef,  and  ex- 
tracting the  square  root  of  the  product. 

3.  Take  the  logarithms  of  the  two  extremes,  add  them 
together,  and  divide  the  sum  by  2 ;  the  quotient  will  be 
the  arithmetical  mean  between  the  logarithms  of  the  two 
extremes,  and  consequently  the  logarithm  of  the  geo- 
metrical mean  found  above. 

4.  Take  this  geometrical  mean,  and  the  extreme  be-» 
tween  which  the  given  number  is,  and  find  a  geometrical 
mean  between  them  as  before. 

,5.  Find  an  arithmetical  mean  between  the  logarithms 
of  the  fai^  geometrical  mean  and  extreme,  and  it  will  be 
the  logarithm  of  the  last  found  geometrical  mean. 

6.  Proceed  in  this  manner,  by  continually  finding  geo- 
metrical means  between  the  two  numbers  adjacent  to 
that  whose  logarithm  is  sought,  until  a  mean  propor- 
tional is  obtained,  indefinitely  near  the  given  number. 

7*  Find  as  many  arithmetical  means  in  the  same  order; 
the  last  will  be  the  logarfthm  <if  tl^  last  geometrical 
mean,  or  of  the  given  number  indefinitely  near.    The, 
following  example,  taken  from  Mr.  Bonnycastle's  Al- 
gebra, will  fully  iUu^iate  this.  rule. 

c  2 
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Let  it  be  reqswed  lo  fittd  ibe  logarithm  of  9. 

Fint.  Beauae  9  iie$  betwum  1  cud  10,  iierrfan  by  the 


rtUe,  ^\  X  10=s  ^10  =r  3.1688777 "s^AegeMMfmo/MMift 
between  1  oiiJ  10. 

Aov  /ir  logrof  lisO,  and  tie  log.  of  10  is  1  ;  tkerrfore 

=s  —  s  .5  =  /A^  ariihmetical  mean  between  O  and  I. 

8  £ 

Whence  the  logarithm  of3.lG22777  is  .5. 
Secondly.  The  given  number  9  lies  between  3.1682777 

ir»I  10 ;  therefore  ^3Ae2S777  x  10  =  ^51.688777  = 
5.6834138  =  the  geometrical  mean  Between  3.1682777  m«< 
10. 

A'ov  ^if  i^.  0^3.1688777  »  ^,  am!  ^Ae  log.  of  10  ts  1 ; 

.5+1        U> 
therefore  ' — - —  =  — — -  =  .75  =  the  arithmetical  mean  be-- 
2  2 

ttceen  ^  and  I. 


Whence  the  logarithm  o/'5.6834132  is  .75. 

Thirdly.  The  given  number  9  lies  between  5.6234132 
and  10 ;  therefore  v'5.6234132  x  10  =  7.4989421  =  the 
geometrical  mean. 

Now  the  log.  of  5*62^13^  is  .73,  amd  the  log.  of  \0  is 

1  ;    therefore =  .875  =  the   arithmetical   mean. 

Whence  the  logarithm  of  7. 498942 1  is  .875. 
Fourthly.  The  given  number  9  lies  between  7.4989421 

and  10 ;  therefore  ^^7 ,498942 1  x  10  =  8.659643 1  =  the  geo^ 
metrical  mean. 

Now  the  log.  q/" 7.4989421  w  .875,  and  the  log.  of  10  m 

1 ;  therefore  - — =  .9375  =  the  arithmetical  mean. 

Whence  the  logarithm  o/'8.6596431  is  .9375. 

FiftlUy.  The  given  number  9  ties  between  8.6596431  and 
10 ;  therefore  v^8.6596431  x  10  =  9-3057204  =  the  geome^ 
trical  mean. 

Now  the  log.  0^8.6596431  is  .9375,  and  the  log.  of  10 
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•9375  +  1 
is  1 :   therefore  '- — —  ss  .96875  =  the  arithmetical 

mean.     Whence  the  logarithm  o/* 9.3057204  is  .96875. 

Sixthly.  The  given  number  9  lies  between  8.6596431  and 
9.3057204 ;  therefore  ^8.6596431  x  9.3057204=8.97687 13 
=  the  geometrical  mean. 

Now  the  log.  of  8.6596431  is  .9375,  and  the  log.  of 

9.3057204  is  .96875 ;  therefore  '^  ^^^' =.953125, 

which  is  the  logarithm  o/* 8.97687 13.  ^nd  proceeding  in 
this  manner,  after  25  operations,  the  logarithm  d/' 8. 9999998 
is  found  to  be  .9542425,  which  may  be  taken  for  the  loga- 
rithm of  Qy  since  8.9999998  differs  from  9  by  only  one  five 
millionth  part  of  an  unit,  an  error  too  small  to  be  of  any  con- 
sequence in  practice, 

21.  Exactly  in  the  same  manner  the  logarithms  of" 
^ny  other  numbers  maybe  computed  :  but  although  this 
method  is  exceedingly  obvious,  and  well  adapted  to  ex- 
plain the  theory,  the  labour  of  making  logarithms  by  it 
is  excessive,  as  appears  from  the  above  example;  and 
therefore  other  methods  of  computing  them,  derived 
from  the  nature  of  curves,  infinite  series,  fluxions,  &c. 
have  in  general  been  preferred,  whereby  much  time  and 
labour  are  saved. 

22.  Having  computed  the  logarithms  of  a  few  of  the 
prime  numbers,  those  of  their  composites,  powers,  roots, 
&c.  may  be  readily  obtained ;  the  former  by  addition 
only,  and  the  two  latter  by  an  ea3y  process  in  multiplica* 
tion  or  division ;  and  thus  innumerable  other  logarithms 
may  be  obtained*.  It  will  i».o:t  be  amiss  to  givje  an  ex* 
ample  or  two  of  this. 

Let  us  suppose  the  logarithm  of  2,  and  that  of  5,  to  be 
found  by  the  above,  or  any  other  method ;  the  log.  of  2 
being  0.3010300,  and  that  of  3  being  0.4771213. 

V  S 
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Now  sappose  it  be  required  to  find  the  log.  of  6, 
which  is  the  prodact  of  2  and  3. 

Since  addition  of  the  logarithms  prodoces  mnltiplica- 
tion  of  thrir  conespondent  nonbefs,  we  have  oolj  to 

add  the  logarithms  of  £  and  S  together. 
Thm^  the  log.  o^e  =  0.50I0S00 
the  log.  ofS  =  0,4771gl3 
their  sum  ^      0.7781513  =  the  log,  of  6. 

hex  it  be  reqnired  to  find  the  logarithm  of  18. 
Thui,  add  the  log.  of  6-  0.77815IS 
to  the  log.  (fS  =  0.4771213 

their  sum  =  1 .2552726  =  the  log.  of  18. 

To  find  the  logarithm,  of  128,  whidi  is  the  seventh 
power  of  2. 

Multiply  the  log.  of  2  =  0.3010300 

By  the  ifuiex  of  the  7th  pow&r  ^  7 

the  log.  of  128  =  2.1072100 

To  find  the  logarithm  of  the  sqoare  of  S,  viz.  of  9w 
Multiply  the  log.  of  5:=:        0.477 1213 
By  the  index  of  the  square  =  2 

the  log.  o/'y)*  or  9  =        0.9542426 

To  find  the  log.  of  the  100th  root  of  2.     Divide  th^ 
log.  of  2  by  100.       thus  100)0.30 10300( 
the  log.  required  =  0.0030103 

In  like  manner  the  logarithms  of  all  the  powers  and  roots 
of  2  and  3  may  be  found;  and  likewise  the  productti 
quotients^  powers,  roots,  8ce.  of  the  former,  and  so  on, 
from  the  logarithms  of  2  and  3  beiilg  given  :  hence  the 
logarithms  of  the  prime  nombers  being  known,  those  of 
the  other  numbers  may  be  derived  by  methods  siihiiar 
to  those  above. 

23.  It  seemed  necessary  to  anticipate  thus  much  of 
the  following  part  of  the  subject,  to  shew  that  loga*^ 
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rithmB  for  all  numbefB  are  derived  solely  from  the  prin'> 
cipie  of  an  arithmetical  progression,  applied  to  a  geome* 
trieal  one,  which  has  been  staled  and  explained  above. 
It  is  likewise  proper,  that  the  learner  should  know  how  to 
examine  the  accuracy  of  any  logarithm  ;  but  it  would 
hot  be  worth  his  while  to  undertake  the  laborioos  task 
of  computing  a  system  of  those  numbers,  since  the  tablet 
of  logarithms  already  in  print  are  sufficiently  accurate 
and  extensive  for  every  practical  purpose. 

fi4.  The  logarithms  are  placed  in  tables  opposite 
their  correspondent  natural  numbers,  for  the  convenience 
of  practice;  so  that  a  number  being  given,  its  logarithm 
may  be  readily  found,  and  in  like  manner  the  number 
may  be  found  from  its  logarithm  being  given.  The  fol- 
lowing are  the  most  usual  plan  and  arrangement  of  the 
tables.-^A  page  is  divided  from  top  to  bottom  into  eleven 
columns,  marked  at  top  and  bottom,  N,  0,  I,  £,  3,  4,  5, 
6,  7,  8,  9*  The  left  hand  column,  marked  N,  contains 
the  four  left  hand  figures  of  the  natural  number,  to 
which  for  the  right  hand  figure  the  proper  one  from  the 
top  or  bottom  must  be  taken ;  the  remaining  ten  columns 
contain  logarithms. 

25.  Tojind  the  logarithm  of  a  natural  Jiumber  consist^ 
ing  offourjigures.  Look  for  the  proposed  number  in  the 
eolumn  marked  N,  and  in  a  line  with  it  in  the  next  co* 
lumn  stands  its  logarithm. 

28.  Tojind  the  logarithm  of  a  number  consisting  of  five 
figures.  Look  for  the  first  four  figures  in  the  column 
marlbed  N,  and  for  the  fifth  figure  at  top  or  bottom ;  then 
in  a  liue  with  the  former,  and  in  the  same  column  with 
the  latter,  stands  the  proper  logarithm.  Thus,  to  fi«d  the 
logarithm  of  6345;  find  this  number  in  the  colama 
marked  N,  and  opposite  thereto,  in  the  next  colnmo, 
stands  the  logarithm  .3701428,  which  is  the  dcciiBal  par( 

V  4 
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only;  the  characteristic  in  this  and  every  other  inataooe 
being  left  for  the  operator  to  supply.  Thus  ia  the  pre* 
sent  example^  if  thegivea  number  2345  be  a  whole  num- 
bertt3  must  be  prefixed  as  a  characteristic  to  the  loga- 
rithm ;  if  the  last  figure  5  be  a  decimal,  2  must  be  pre^r 
fixed ;  if  there  are  two  decimal,  1  must  be  prefij^ed ;  if 
three  decimals,  O;  if  the  whole  be  a  decimal,  —1,  &c. 

To  find  the  logarithm  of  6^534.  Find  6663  in  the  co- 
lumn marked  N,  and  4  at  the  top ;  tbeii  in  the  column 
under  4,  and  level  with  6653,  stands  .8230436;  to  which 
prefixing  4  for  a  characteristic,  the  required  logarithm  is 
4.8230436. 

In  like  manner,  the  logarithm  of    4056  is      S.60S0979^ 

That  of      391  is      2.5921768. 

That  of    3.366  is     0.527 1141. 

That  of  63.5  J9  is      1.8029037. 

That  of  .88526  is  -1.9470708. 
The  characterrstic  in  each  of  these,  and  in  every  other 
instance,  being  one  less  than  the  number^  of  integral  places 
in  the  given  natural  number. 

26-  To  find  the  natural  number  belonging  to  a  logarithm^ 
Look  for  the  logarithm  in  the  columns  marked  0,  1,  2, 
&c.  and  having  found  it,  the  number  standing  opposite, 
with  the  figure  at  the  top  of  the  column  subjoined,  will 
be  the  number;  then  mark  off  from  this  number  as 
many  places  of  whole  numbers,  as  are  equal  to  one  more 
tham  the  index  of  the  given  logarithm,  and  it  will  be  the 
number  required. 

Thusy  to  find  the  natural  number  belonging  to  the 
Iftgariihm  2.8230436,  look  in  the  columns  marked  0, 1,2, 
&e«for  the  decimal  part  only  of  this  logarithm,  (rejecting 
ti»  index,)  and  having  found  it,  the  number  opposite,  ia 
the  column  marked  N,  is  6653,  and  the  figure  at  the  head 
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of  the  column  cODtainiog  the  given  logarithm,  is  4, 
which  must  be  subjoined  to  the  above  four  figures  :  and 
since  2  is  the  index  of  the  given  logarithm,  three  figures 
of  this  number  mOst  be  pointed  off  for  whole  numbers^ 
whence  the  natural  number  agreeing  with  the  above  loga- 
jnthm  is  665.34,  as  was  required. 

In  like  manner,  the  natural  tmmber  belonging  to  the 

logarithm  1.7889104  is  61.5Q6. 
That  belonging  to  the  log.  3.9181562  is  8282.4. 
That  belot^ing  to  the  log.  0.5410798  is  3.476. 
That  beUm^g  to  the  log.  2.1682617  is  147-32. 
That  belonging  ^o^Ae  fog. -2.9 187483  (s  .082937. 

27.  In  the  four  former  examples,  the  places  of  whole 
numbers  pointed  off  are  one  more  than*' the  index  of  the 
respective  logarithm ;  in  the  latter  example,  the  index 
—  2,  shews  that  the  left  hand  figure  (viz.  8.)  of  its  number 
must  stand  in  the  second  place  below  units;  a  cipher  must 
therefore  be  placed  before  it,  and  the  whole  will  be  a 
decimal. 

There  are  frequently  two  additional  columns  in  the 
tables,  one  for  the  differences  of  every  two  adjacent 
logarithms,  and  the  other  for  the  proportional  parts  of 
those  differences ;  each  difference  being  divided  into  nine 
parts  in  the  ratio  of  the  numbers  1,  2,^,  &c.  to  9,  for 
the  purpose  of  finding  the  logarithm  of  any  number, 
containing  one  or  two  places  more  than  the  numbers 
in  the  tables  consist  of,  and  likewise  the  number  cor- 
responding to  any  logarithm  between  two  adjacent  ones 
in  the  tables.  Ample  directions  for  these  purposes  are 
given  with  every  collection  of  tables*. 

*  Thus,  to  find  the  logarithm  of  d  number,  cotuuting  of  six  figure*.  Find 
the  decimal  part  of  the  logarithm  for  the  first  five  figures,  and  take  the  dif- 
ference between  that,  and  the  aext  greater  logarithm.  Find  the  difference  in 
the  eoluma  marked  D,  then  under  that  diffirrcnce  in  the  column  marked  fU^ 
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and  ifMMi  <lic  figvre  mtmffpag  flte  m0k  ffaoe*  fUndt  tlw  ^ait  nkkk 
be  added  lo  tb«  logarithm  fooiid. 

Tojind  the  hgtaiihmfor  ttven  Jlgurta,  Find  the  logarithm  for  tile  ftfrt  ^it, 
M  bcibiti  tbMi difMe  the  anii^r  e5fte«po6diiig to tH^  tevMttl  igim  (te  the 
cohntfi  of  ^«  oiailied  D,)  by  lb ;  add  the  qucAicat  to  the  decimal  part  of  the 
logarithm  for  six  fignret,  dMenring  to  place  the  fint  figure  on  the  right,  in  the 
eighth  place  of  the  logarithm* 

To  find  a  numier  to  nr,  Jevem  &f  MtaTt  figmtek^  %%kmtfh^  t»  mt0  gktm 
logarithm.  From  the  given  logarithm  subtract  the  next  less ;  add  as  many 
ciphers  to  the  right  of  the  dilfereftcey  as  there  are  addidbnal  Hgures  teqnircd ; 
divide  this  quantity  by  the  diiference  bet«»eeil  the  neat  greater  and  next  less 
than  the  given  logarithm  ;  and  the  quotient  will  be  the  figures  required. 

And  by  a  converse  process,  numbers  consisting  of  six,  seven,  or  eight  places, 
answering  to  any  intermediate  logarithift,  mhy  be  reAdily  found.  See  Plna^t 
Trigonomeap,  BttioitM  MuktHuOical  TiMef,  ppb  tdl»  I3«,  18d»  vM  134.  at* 
tcmdedU, 
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LOGARITHMICAL  ARITHMETIC. 

98.  Logarithaiical  Adthmetic  teachei^  to  perform  arithmetical 
operations^  by  meafts  c^  logarithms  pteviouisly  computed  and 
arranged  in  tables  for  use. 

MULTIPLiCATlON  BY  LOGARITHMS. 

$9«  When  the  indices  of  the  logarithms  are  affirmative,  or  + . 

RuLB  I.  Seek  in  the  table  the  logarithms  of  the  factors*  place 
them  one  under  another,  and  add  them  together ;  their  sum  wiU 
be  the  logarithm  of  the  product. 

II.  Seek  this  logarithm  in  the  ^ble^  and  the  natural  number 
answering  to  it  will  be  the  product  required  ^ 

EXAMPLBS. 

1.  Multiply  200  and  12  together. 

OpERATIOH.  E^planaHon. 

^^     .  ^  ^ ^  ^rv^^o-rw^         I  firtt  find  the  logarithms  of  200 

The  log.  of  200  =  2.3010300    .^^  ^^^  prefixing  to  thnt  of  the  ibi^ 

The   2of.  of     12=;  1.0791812     mer  2  for  a  characteristic,  and  to  thst 

»,,  .  ^^^ t  »   .^  <  t  o      •f  the  latter  I ;  I  place  the  togarithm» 

The  product  2400 . . .  3.3d()2112  ^^  Q„^er  the  other,  add  them  toge- 
ther, and  then  look  for  the  decimal 
part  of  their  sum  (vi«.  .3808113)  in  the  table  «m<mg  the  logarithms,  opposite 
which,  in  the  column  marked  N,  I  find  2400,  which  is  the  product,  and  3  being 
the  characteriMtic,  I  anrk  off  4  places  for  whole  numbers. 

2.  Multiply  15.27-  by  3.172. 

Operation.  £.vplanatian. 

rru      1  ^    itoa'         1  icKiQHtork         Having    looked  out    the  loga- 

The    log.  of    15.27  =  1.183»a90     r\thmM,  pUiced  them  under  each 

The    log.  of  3.172  =  0.5013332      other  with  their  proper  indiees, 
TL  J     A  ^o  >to^         t  ^'dtLMfvaa     a»<*  added  them  together,  I  find 

The  product  48.43?  =  1.6851722     th,  number  484*n«  the  ii*««8t 

in  the  table,  which  answers  t4 
their  sum ;  ftota,  this  I 'mark  oJEf  3  places  of  whole  numbers,  because  the  index 
of  the  sum  is  i. 

3.  Multiply  1.2345  . . .  20.517>  ^d  5.4321  together. 

The  log.  of  1.2345  ±=  0.0914911 

The  log.  of  20.517  =  1.3111139 

The  log.  of  5.4321  =  0.7349678 

The  product  =137.27—  2.1375728 


9  The  trvik  of  Ib^  ride  is  plaio  fimn  the  naMttre  of  le|*rtthBit,  which  fms 
been  folly  eA^Uined  in  the  Intnductton. 
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4.  Multiply  9.2T  . . .  1.053  . . .  13.954,  and  2.3456  together. 

The  log.  of  9.27  =  0.9670797 
The  log,  of  1.063  =0.0224384 
The  log.  of  13.954  =  1.1446987 
The  log.  of  2.3456  =r  0.3702540 
The  product  =  3 19.49  =  2.5044608 

30.  fVheti  any  of  the  indices  are  negative,  or  — .  • 

Rule  I.  Find  the  sum  of  the  decimals  as  before,  then  add 
what  is  carried,  and  the  affirmative  indices  into  one'sxnn,  and 
the  negative  indices  into  another. 

II.  Subtract  the  less  of  these  sums  from  the  gi'eater,  and  to 
the  remainder  prefix  the  sign  of  the  greater,  and  it  will  be  the 
index  to  be  prefixed  to  the  decimal  part  of  the  sum  '. 

5.  Multijily  18.32  . . .  2.405,  and  .61245  together. 

OpBRATION.  Explenatwn, 

The   leg.    of    18.32     =       1.2629255         The  i  carried  from  the  de- 
i^L      ?  ^    rt  ^^1-  ^c^r^o.^..,      cimal  part,  is  added   to  the 

The    log.    of    2.405     =       0.3811151      index  i,  makings:  then  the 

The    log.    of    .61245  = —1.7870706      - 1  «  taken  from  2,  and  the 
Theproduct ^26.984^      1.4311112     [^x""''  '  "   '"'  ^"'''' 

6.  Multiply  1584.3  and  .056^7  together. 

Operation.  .  Esplamaum. 

Log.  of  1584.3  =        3.1998374         There   being   nothing   ta  carry 

Log.  of  .05637  =   -2.7510480     ^/f  !?^**!!i"^'  ^  have^only  to 
**     "^  - subtract   2  from  3,  and   place  the 

Product  89.307  =         1 .9508854     remainder  1  for  an  index. 

7.^Multiply  .703  . . .  .0918,  and  47.345  together. 

Operation.  Esplau^tion. 

log'  of  .703       =    -1.8469553  Here  2  being  carried  fri>m  the 

Log.  of  .091 S     =r    2.9628427  ^^^imals,  the  sum  of  the  affirmative 

r -^   ^/.  ^>-.  o  4*-               ,  ^.-,..^-.  indices  is  equal  to  that  of  the  nega- 

Log.  of  47,345  =        1.6752741  tive  ones,  e^h  being  3,  whence  0  is 

Product  3.0554  =       0.4850721     ^*  *"'****  ^  ***  supplied. 


•»  We  have  before  shewn,  that  the  decimal  part  of  a  logarithm  is  always 
affirmative,  and  therefore  the  number  carried  from  that  decimal  will  evidently 
be  affiRnatiir^.  The  reason  why  the  sum  of  two  numbers^  h^rin^  different  signs, 
is  found  by  subtraction,  is  explained  in  the  notes  on  Addition  of  Algebn. 
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8.  Required  the  product  of  .3817  . . .  025913  aikd  .998  ? 

Oferation. 
Log.of.S8lT       =  -1.58m82        ^       £-?/.«««»». 

T  jf   r^x^,  ^r.  ^,«  The  Slim  of  the  indices  is  4, 

Log.  of  .0Si5913    =    —2.4135 177     and  all  being  negative,  I  subtraci 

Log.  of  .998  =    —1.9991305     **»«  *  carried,  and— 3  remains  te 

Product  .0098712=   —3.9943704     ^^^  ^' 

9.  Multiply  23.45  by  5.432.     Prod.  12738. 

10.  Multiply  4.9053  by  10.56.     Prod.  51.8. 

11.  Multiply  1.7264  by  .17254.     Prod.  .<ivn^ 

12.  Multiply  .32  . .  .4.08,  and  .12  together.     Prod,  .15667. 

13.  Multiply  1237 .  • .  12.37,  and  .1237  together.  Prod.  \  892.8. 

14.  Multiply  .03 004  .  .  .  157.8,    and   .0006    together. 

Prorf.  000011362. 

31.  DIVISION  BY  LOGARITHMS. 

Rqle  I.  From  the  decimal  part  of  the  logarithm  o£  the  divi« 
dend,  subtract  the  decimal  part  of  the  Ic^rithm  of  the  divisor. 

II.  Change  the  index  of  the  divisor,  if  it  be  affirmative^  to 
negative^  and  if  it  be  negative,  to  affirmative. 

III.  If  after  this  change  the  indices  have  like  signs,  add 
them  together,  and  prefix  their  sum,  with  its  proper  sign,  to 
the  decimal. 

IV.  If  the  indices  after  this  change  have  unlike  signs,  take 
their  difference,  and  prefix  the  remainder,  with  the  sign  of  the 
greater,  to  the  decimal. 

V.  Observe,  that  when  1  is  carried  from  the  decimal,  it  must 
be  added  to  the  index  of  the  divisor,  if  affirmative,  but  sub- 
tracted, if  negative;  and  this  must  be  done  in  both  cases  before 
the  index  of  tlie  dii^or  is  changed. 

Examples. 

1.  Divide  8351.6  by  19.23. 

Operation. 

^   -.^  -  £xpianaiwn. 

Log.    0/   8351 .6         =  3.9217697  ^aviog  pUced  the  I05.  of  th. 

Log.    of    19.23             =  1.2839793  divisor  under  that  of  the  divi- 

The  quotient  =  434.3  =  2 .6377904  f *"<•'  l  ^^^1^  *^  fonner  f««. 

^  .^_.__^      the  latter;  the  remainder  bem^ 

the  lo^.  of  the  quotient,  I  look 
it  oat  ia  the  table,  and  find  it»  nataral  number  to  be  434.3»  which  is  the 
quotient  required. 
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9.  What  IS  the  quotient  of  8a5  divided  hy  90li3  ? 

Operation.  Msflanmtwu. 

Log.  of   28.5  =       1.4548449         H^ijig  subtrailed  t*^  deci- 

^  '      •'^  mals,  there  is  1  to  carry  to  tbe 

L»g,    of   301.93        s        9.478898g     2,  which  makes  3;   cfaaniring 

QttOlt€R^=:;091619=:  -2.97^467     ^'^'t^'^lV^^!' 

I   -     take  tbe  difference  of  3  and  1^ 

which  is  2,  and  prefix  to  it  the 
siflfn,— (because  3  is  negative,)  —2  therefore  is  the  indent  to  be  prefixed  to  the 
deciiual  remainder. 


3.  Divide  .05432  by  .2345. 
Opebatiov. 


There   being   nolhisff   to  carry 
tog*  of  .05432  3S    *- 2.734959s     from  the  decimal,  I  hare  only  to 

Log.  of  .2345    ?=    -1.3701428  f^^A  ^''*.  J'«^  of-l  to  +1,  to 

^     '^  — ' take  the  diiier«ic«  of  3  and  I,  to 

Quotient  .23164  =:    — 1.3648170  prefix  the  sign  -  to  the  I  rc«ia«tdcr« 

'~~~'^"'"*  and  make  it  the  index. 

4.  Divide  1.908  by  .00095. 

Opeh^tiok.  EsphjMiiim' 

In-  <Kf  1.908      =      0.3805784    ^^ul.Ttl^ ^X^t^^tt 
Log.    of   .00095     r;   —4.9777236     sign  of  which  is  changed  Irum -» 

Quotient  =  ^cm  A  ^      i^OJaJis    g„ti^u«tdL.~"'' *"  "' 

5.  Divide  108  by  36.     Quotient  3. 

6.  Divide  92.4  l^  12.     Quotient  7*7- 

7.  Divide  5.123  by  3.47-     Quotient  1.4764. 

8.  Divide  .67894  by  234.71.     Quotient  .0028926. 

9.  Divide  375.27  by  381.27.     Quotient  .98426. 
10.  Divide  73.106  by  .8714.     Quotient  83.895. 

32.  Divbioa  may  be  perfcmned  by  using  instedd  ct  tbe  loga^ 
rUfaxn  of  the  divi$or«  its  arithmetical  complement  %  whereby  sub- 
traction is  changed  to  addition. 

The  arithmetical  complement  of  a  logarithm  is  what  that 
logarithm  wants  of  10. 

33*  To  find  the  arithin^tical  complement  of  any  logarithm. 

Rule.  If  the  index  of  the  given  logarithm  be  affirmative^ 
subtract  it  from  9  -,  but  if  negative^  add  it  to  9 :  then  proceeding 


'  The  use  of  the  arithmetical  complement  was  first  introduced  by  Mr. 
Sdainnd  Ounter,  Professor  of  Astronomy  ait  Gresham  Cottegt,  probably  about 
the  year  .16:20.    See  Briggit  Ariikmetica  Logwritkmicay  &c.  cop.  1^. 
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from  left  to  right,  subtract  each  of  the  decwnal  I%iire6  from  9^ 
except  the  last  or  right  hand  figure^  which  mii&t  be  subtracted 
from  10  j  the  result  is  the  arithmetical  complement  required '. 

To  find  the  arithmetical  complement  of  the  logarithm 
S.7817544. 

Here,  beginning  at  the  index  2,  J  subtract  that  and  each  of  the 
Jigurei  (proceeding  from  left  to  right)  from  9,  except  the  right 
hand  figure  4,  which  I  subtract  from  10>  and  the  renUt  is 
7.^1S2456>  the  arithmetical  complement  required. 

To  find  the  arithmetical  complement  of  the  logarithm 
—  1.8893017. 

Beginning  at  the  l,  I  add  it  to  9>  {because  it  is  negative,)  and 
subtract  the  other  figures  from  9,  proceeding  from  left  to  right  as 
before,  except  the  last  figure  7>  which  I  subtract  from  10-  The 
arithmetical  complement  therefore  will  be  10.1106983. 

In  like  manner,  the  arithmetical  complement  of  the  logarithm 
1.52.50448,  will  be  8.4749552. 
The  arithmetical  complement  of  0.8430458,  will  be  9. 1 569542. 
Hiat  of  the  logarithm  —1. 9854714,  will  be  10.0145286. 
That  of  —3.8653409,  will  be  13.1346591,  &c.  &c. 

34.  To  perform  division  b^  addition, 

RuLB  I.  Under  the  logarithm  of  the  dividend,  write  the 
arithmetical  complemeat  of  the  logarithm  of  the  divisor,  and 
add  both  together. 

II.  If  the  index  of  the  sum  be  lO,  or  greater  thai>  10,  sub- 
tract 10  from  it,  and  prefix  the  remainder  (which  will  be  affix^ 
mative)  as  an  index  to  the  decimal  part  of  the  sum. 

III.  If  the  index  of  the  sum  be  less  than  10,  subtract  it  from 
10,  and  to  the  remainder  (which  is  negative)  prefix  the  negative 
sign  ^,  and  place  it  as  an  ifiduiL  to  tbe,4ecimal  part  of  thp  ^fn, 
as  before. 


•  To  divide  by  uxf  oi«»b«r,  or  W  multiply  bf  its  rtciprota),  |)9QC|4«cet  ^ 
tame  result ;  and  therefore,  to  add  any  logarithm,  or  subtract  its  reciprocal, 
muft  evidently  do  the  kum  :  aoW  the  arithuclical  eompkacDt  ef  ft  lagarUbm 
is  thi  n^pvimX  of  tlMl  l«0aiitta  iocreftsea  or  «» wfbed  hf  |0,  imcoij^w^ 
a* Uvi  iHdiBii is aegotiv^or  aAnaative ;  which  accQunU  for  Ui«  M»|S)tii|ctJ^ « 
addition  of  10,  as  in  Art.  34. 
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11.  Divide  436  by  29.a 

Operation. 

Log.  of  the  (Uvidend  435 =  2.6384893 

jfrith.  €omp.  log,  of  the  dwisor  29.8  =  8.5257837 
The  quotientTsz  14.597 =  1. 1642730 

The  lugaritbm  ai  tbe  dirlsor  39.8  is  1.4742 1(>3 ;  I  find  the  arithmetical  cam- 
plement  of  this,  and  bavinf;  placed  it  under  the  logarithm  of  tbe  diridend  435, 
I  add  both  together;  and  the  index  of  tbe  stun  beii^  11,1  subtract  10  from  it, 
and  place  the  I  renainder  for  an  index. 

12.  Divide  .123  by  124. 

Operation.  ExpUtnatiom. 

Log.  o/  .123 =   -1.0899051     ^  '^^^»"i"  ^l  *»?*^  »jf»*^« 

."^  7— lis6;  this  I  subtract 

Arith,  CO,  log.  124  =        7.9065783     from  10,  and  prefixing  the 

Quotient  .000991 93  =    —4.9964834     n««a*ive  sign  to  the  remain- 

......^—      der  4, 1  place  this  for  an  in- 
dex to  the  sum. 

13.  Divide  308.25  by  31.024. 

Log,  of  306.25  ......  =  2  4889031 

Arith,  comp,  log,  31.024  =  8.5083022 
The  quotie9it  ss  9.9359  =s  09972053 

14.  Divide  1.4759  by  23.917. 

Log,  of  1.4759  .  .  .  =5  .  .  .  0.1690569 
Arith,  CO,  log,  23.917  =  .  . .  8.6212933 
Quotient  .0617O9  . .  .  =     —2.7903502 

15.  Divide  .09876  by  98.76. 

Log,  of  .09876  ...  =  ...  —2.9945811 

Arith.  CO.  log,  98.76  = 8.0054189 

Quotient  =  .001  .  •  s=  ,  . .    —3.0000000 

16.  Divide  1716  by  12.     Quotient  143. 

17.  Divide  246.2  by  207.5.     Quotient  1.1865. 

18.  Divide  8^17  by  .9012.     Quotient  9.2119. 

19.  Divide  4.3213  by  5.1238.     Quotient  .84338. 

20.  Divide  .09512  by  203.76.     Quotient  .00046672. 

35.  ^he  logarithm  of  a  vulgar  fraction  is  found  by  this  rule. 
From  the  logiarithm  of  the  numerator,  subtract  the  logarithm 
.  of  the  denominator,  (or  add  its  arithmetical  complement,)  and 
the  result  will  be  the  logarithm  required.  ' 
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If  a  mixed  n6aiber  be  given,  reduce  it  to  an  improper 
fraction,  and  then  find  its  logarithm  as  above. 

2 1 .  Required  the  logarithm  of  —  ? 

From  the  log.  o/  3  ==  0.4771213 
Subtract  the  log.  0/  4  ss  0.6020600 

The  log.  0/  —  =     —1.8750613 

4  ■ 

4 

22.  Required  the  logarithm  of  3  — ? 

n«.3— =  — 

5        5 

Then  from  the  log.  of  19  =  1.2787536 
Subtract  the  log.ofSss  0.6989700 

The  log.  of  3-^  =  0.5797836 

.  23.  Wiat  is  the  logarithm  of  ^    Jns.  — 1.9488475. 
24.  What  is  the  logarithm  of  12^  ?    Ans.  1.0969100. 

36.  PROPORTION  BY  LOGARITHMS. 

RuLs  I.  Prepare  the  terms  as  in  the  Rule  of  Three  of  Deci- 
mals, if  they  require  it. 

II.  Place  the  terms  (so  reduced)  in  order,  one  under  another, 
with  the  logarithm  of  each  opposite  to  hs  respective  term. 

III.  Add  the  logarithms  of  the  two  miiltiplying  terms  togetherj 
and  from  the  sum  subtract  the  logarithm  of  the  dividing  term  > 
the  remainder  will  be  the  logarithm  of  the  answer. 

IV.  Or  find  the  arithmetical  complement  of  the  dimding  term, 
and  add  it  and  the  logarithmic  of  the  two  remaining  terms  toge- 
ther, observing  to  take  the  ditference  of  10  and  the  index,  as 
in  division}  the  result  will  be  the  logarithm  of  the  answer  as 
before. 

Examples. 
1.  If  the  week's  allowance  for  5  teamen  be  38/6.  of  biscuit, 
how  many  pounds  will  a  ship's  company  of  224  men  consume  ia 
the  same  time  ? 
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QPSBATION. 

As  5  men Uslog.=i  0.6989700 

To  SS  lb its  log,  =  1.5797836 

So  are  2^4  men.  .  its  Ug.  =  g.350248O 


Brom  3.9300S16 
Subtract  0.6989700 

To  irC^A  pounds  =  .  .  .  .3.2310616 


S^tmdmeilM, 

Afith.  CO.  =3: 9.3010300 
Logar,  =1.5797836 
Logar.      s  2.3502480 


[ 


iSurns  3.23106 16 


MjeplanatioH. 

Havini^  stated  the  qaestion  according  to  the  ruAe,  I  find  that  it  belongs  to  the 
direct  ndey  and  therefore  tht /irtt  is  the  dividing  term ;  whence,  under  the  first 
method,  I  add  the  logarithms  of  the  first  and  second  terms  together,  and  sub- 
tract that  of  the  first  firom  the  stm.  By  the  second  nietb«l»  I  fiad  the  arithme- 
tical complement  of  the  first  term,  and  the  logarithms  of  the  two  other  terms, 
and  add  all  the  three  together,  sabtracting  10  from  the  index  of  the  sum;  the 
result  by  both  methods  is  the  same,,  namely,  the  logarithm  of  the  answer,  which 
is  of  the  same  name  with  the  second  term,  viz.  pounds. 

2.  If  7  men  can  perfofm  a  piece  of  work  in  54  ditfs,  in  how 
many  days  wcmkl  23  men  accomplish  the  same  ? 

Operation. 

First  method. 

As  7  «i^ log.sa  0.84609SO  f   Log. 

To  54  days log.^  1.7323938 

So  are  23  men fog,  ss  1.3617278 


From  sum  of  1st  and  ^nd=i  2.5774918 
Take  the  third =  1.3617278 


To  16.435  days a:  1.2157640 


Second  method, 

s  0.8450960 
Lqg,         »  1.7323988; 

Arith.  CO.  =  8.6382722 


5um=  X. 2157640 


Bsplaiuaum, 

This  example  evidently  htloags  to-tfie  inverse  role,  I  thcr«f*f«  add  the  logs. 

of  the  first  and  second  terms  together  ;  and  from  the  sum  subtract  the  log.  of, 
the  third,  according  to  the  1st  method,  or  add  its  arithmetical  complement,  ac- 
cordiDg  to  the  %nd. 

3.  If  S^lh.  of  tea  cost  If.  7«.  6d.  what  is  "the  value  of  2cMjf.- 
3qr.  4lb,  ? 

Operation. 

First  method. 

As  S^lh.  ssi  .03125cfo^ log.  =  —  2.4948r)00 

To  II.  7s,  6d.  =  1.375/ log.=^      0.13S3027 

So  are  ^cwt.  3qr.  4/6.  ss  2.7857cm;/.  .  log,  =      0.4449343 


From    0.5832370 
Subtract  —2.4948500 


To  122.57/.  =  122/.  lis.  4d.4  =s 2.0883870 
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Ar.  CO.  =  11.5O5150O 
Log,  =  0.1383027 
Log.      =:    0.4440343 

Sum  3=  2.0883870  as  brfore, 

Mxpfanation, 
The  first  term,  and  the  qrs.  and  lbs.  in  the  third,  are  reduced  to  deeimal«of 
a  cwt. ;  and  the  shillings  and  pence  in  the  second,  to  the  decimal  of  a  pound  j 
atter  which  the  operation  proceeds  exactly  as  before. 

4,  It  3|i  yards  of  lace  sell  for  19*.  6d.h  what  is  the  value  of 
17  pieces,  each  I6t/ds.  3qr.  2na.  ? 

Operation. 

Firgt  method. 

Js  S^  yd.  =  3.875yrfi fog.  =      0.5882717 

To  19*.  6d.i  =  .97708/ log.z=z  -1.9899301 

Soare  P^P^^^*     • ^  -  /  12304489 

1  each  16y.  3q.  2».  =  16,876. .  log.  =  1 1 .2272438 


B-em  2.4476228 

iS«A<facf  0.5882717 

To  72.335Z.  =  72/.  6s,  Sd^i,  = 1.8593511 


Second  method. 
At.  co.=:      9.4117283 
l>og.    =:— 1.9899301 
cLog.    =      1.2304489 

XLog.  1.2272438 

Sum  =  1.8593511  as  before. 

MxpltmatioH. 
This  operation  at  first  sight  appears  to  have  four  terms,  but  the  two  latter 
rl^^^.^1u     ti^!^^  tenn,  namely,  th«  third;  ttie  pi««es  and  ya«to  .» 
multiplied  together  by  adding  their  logarithms.  r  j 

6.  Find  a  fourth  proportional  to  123.4  . . .  43.21,  and  1. 


As  123.4 /og.  =  2.0913152 


To  43.21  ....log.:=i  l.eS55843       Log.  '...*=:  1.6355843 


So  is  I  .....  log.  ss  0.0000000 


Arith.  CO.  =  7.9086848 


Log.  .  .  ,  srO.OOOQOOO 


lb  .33016  = -1.5442691       Sum  k  .  .^:T;544269r 
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6.  If  a  pipe  of  Madeira  oost  1091^  10$.  what  must  be  giYen 
for  Ihhd.  25  gallofu  aS  the  same  ? 

A$  I  pipe 2o^.  .  .  ,  ^     0.0000000 

7o  109/.  10«.  =s  109.52.  .  .log....ss     2.0394141 
;So  are  Ihhd.  9^  gal.  =3  .69841  pipe  ss  — 1.8441 104 

To  76.476/.  =  76t  9*.  6d =     1 .8835546 

■  - 

7.  If  2026.  of  sugar  cost  \l  2«.  6d.  what  wiU  S6th.  cost?  Jn* 
swer  SI,  Ss, 

8.  Required  a  fourth  propoitional  to  the  three  givea  num- 
bers^ 11,  12,  and  20  ?     Ans.  21.818,  &c. 

3  5  4 

9.  If  —  of  a  gallon  of  wine  cost  ---2.  what  w31  1-r-  gallon 

cost  ?     Ant,  11.  108. 

10.  A  person  receives  822.  Js.  6d.  per  year,  how  much  is  that 
per  day  ?     Ans.  4s.  6d. 

11.  Required  a  third  proportional '  to  123  and  234?  An^ 
swer  445. 17>  &c. 

12.  If  A  lends  B  3322.  for  7  months,  what  sum  ought  B  to 
lend  A  ibr  20  months,  to  discharge  the  obligation  ?  Answer 
1162.  4«. 

37.  INVOLUTION  BY  LOGARITHMS. 

Rule  I.  Multiply  the  logarithm  of  the  number  to  be  in- 
volved, by  the  index  of  the  proposed  power,  and  the  product 
will  be  the  logarithm  of  the  power. 

II.  If  the  index  of  the  logarithm  he  negative,  the  product  of 
the  index  will  be  negative  3  and  since  what  is  carried  is  afiirma- 
tive,  the  di^rence  of  these  two  must  be  taken,  and  the  sign  of 
greater  prefixed  to  it,  for  the  index  of  the  logarithm  of  the  pro- 
posed  power. 

Examples. 

1.  Involve  12.916  to  the  second  power. 

OPBRAtlQN.  „    .  ^f?^'^«^^»; 

HaTuw  found  the  lonnttin^ 
Logarithm  of  12.916  rs  1.1 1 1 1 280  of  the  giren  number,  I  multi- 
Index  of  the  2nd  power  =»  2     ply  it  by  9,  the  index  of  the  ee- 

required. 
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2.  Involve  .2087  to  the  third  power. 


Operation. 

Log.  of  .2037  = 

Index  of  the  3d  power     ss 

Third  power  =  .0084523  = 


Explanation* 

-1.3089910        ^T  *^1,^^«  ^«^"/ 
*^  ttet^tiTe,  and  nothing  to 

^     carry   from   the  decimal, 
—3.9269730     ^^*  product  of  3  into  —  i 
■  will  be  vhoUj  negative. 


3.  Involve  .0421  to  the  thirtieth  power. 


Operation* 

Log,  of  .0421  =  —  2.62428^1 

Index  of  the  30th  power  ==: 

Pow.  .[41]53513 


30 


=  —  42.7284630 


4.  Involve  .1021  to  the  365th  power. 

Operation. 

Log.  o/ .  1021  =5  — 1.0090257 

ladex  of  365th  power    =:  365 

451285 
541542 
270771 


£jepianation. 

Here  18  carried  horn 
the  decimal  is  to  be  sub- 
tracted from  —60,  the  re« 
mainder  —-49  is  the  in* 
dex ;  .[41]  shews  that  41 
ciphers  are  to  be  prefixed 
to  the  number  53513. 


Product  of  the  decimals  =  3.2943805 
Prod,  of  integers  —365 

Poiccr[361]19696±s  —362.2943805 


Explanation. 

In  cases  like  the  pre- 
sent, it  is  best  to  multiply 
the  decimals  and  the  inte- 
gers separately,  making 
two  operations  ;  we  have 
here  mnltiplied  the  deci- 
mals first,  and  afterwards 
the  —4,  then  subtracted 
the  index  of  the  former 
product  frmn  th^  latter; 
the  included  number  [361] 
shews  that  so  many  ci- 
phers are  to  be  ppefii^fyl  to 
complete  the  decim^* 


5.  Involve  7-004  to  the  second  power.     Power  49.056. 

6.  Involve  23.123  to  the  third  power.     Power  12363.2. 

7.  Involve  1.012  to  the  twentieth  power.     Ppw^  1.26943. 

8.  Involve  .3128  to  the  eleventh  power.    Power  .000002802^ . 

9.  Involve  7-1635  to  the  1.2345  power.    Power  ll.aS72. 


EVOLUTION  BY  I^GARITHMS. 

38.  When  the  ind^  of  the  logarithm  is  affirmative* 

Rule.  Divide  the  giyen  logarithm  by  the  number  denotii^ 
the  root^  a^d  the  <|Uoitient  will  be  the  logarithm  of  the  root  re* 
quired. 

X  3 
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Examples. 

1.  Extract  the  square  root  of  26.725. 

ExpUmatiom. 

2)1.4269177  number  hj  «,  the  nnmber  dcnot- 

O.7184588goo<=  5.1696.     L"^tt.S'^^V't.S2: 

tbe  root  required. 

2.  Extract  the  cube  root  of  5182.9. 

Logariikm, 
3)3.7145728 

1.2381909  Jgoo<=  17.3058. 

3.  Extract  the  12th  root  of  98765. 

LogtarUhm, 
12)4.9946031 

0.4162169  Root  =  2.60745. 


39.  fVken  the  index  of  the  logarithm  is  negative. 

Rule.  If  the  index  of  the  logarithm  be  divisible  without  re« 
inainder>  di%'ide  as  before,  making  the  index  of  the  quotient 
negative ;  but  if  not^  borrow  as  many  as  will  make  it  exactly 
divisible,  carrying  the  number  borrowed  as  so  many  tens  to  the 
left  hand  decimal  place,  and  proceed  as  before ;  observing  to 
make  the  index  of  the  quotient  negative. 

4.  Required  the  square  root  of  .03974  ? 

OpebatiON.  JEsphinatum. 

Jjogmiikm,  Tbe  index  —  2  being  exactly 

o\      O  KOCiOO'TQ  divisible  by  2,  I  diride  as  be- 

^  1.2996139  Root  =  .19935.     quoUcnt  negatire. 


5.  What  is  the  cube  root  of  .482 } 
Operation. 


ExplanaHan, 

Since — 1  is  not  divisible  bj 

Logarithm,  3, 1  borrow  2,  and  tben  divide, 

A\       1  itQ^AA'Tn  making  the  quotient  1   n^a* 

^^  ""JL22!!llIL  tive ;  I  then  carry  tbe  2  bor- 

—  1 .8943490  Root  s=  .78406.     rowed  as  30  to  tbe  6,  and  pro- 

"~— "~"""""""  ceed  exactly  as  before. 
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6.  Required  the  12th  root  of  .0019834  ? 

Operation.  Explanation. 

Logariihm.  Here  I  borrow  9  to  the 

1 2% Q  1083620  index,  and  after  dmding  it» 

^    — '. I  carry  90  to  the  1,  and  pro- 

--1.7590301  Root  =  .57415€.  cccd. 

7.  Extract  the  fifth  root  of  .0000006789. 

OFfiRATION.  Explanatifm* 

Zogarithm,  ^  borrow  3  to  make  the 

KS      T  cqi  cAkq  index exaetlydimible,pnt 

^)—7'Ooi^o^oo  down  the  quotient  —  2, 

—«.76636 11  Root  =:  .058303     ^"^^^  ^o  to  the  decimal, 
'  and  proceed  as  before. 

B.  What  is  the  square  root  of  961  ?     Root  31. 
9.  Required  the  cube  root  of  1.341  ?     Root  1.1  ? 

10.  Extract  the  fourth  root  of  381.25.    Root  4.41878. 

11.  Required  the  square  root  of  .026131  ?     Root  .16165. 

12.  Required  the  cube  root  of  .70017  ?     Root  .887977. 
IS.  Extract  the  fourth  root  of  .61042.     Root  .88391. 

14.  What  is  the  tenth  root  of  1087.4  ?     Root  2.O1205. 

15.  Extract  the  eleventh  root  oi  99999.     Root  2.^4803. 

16.  What  is  the  100th  root  of  200?     Root  1.05441. 

17.  What  is  the  cube  root  of  .00000027  ?     Root  .0064633. 

40.  When  the  reet  is  denoted  by  nfrecthn^  the  numerator  of 

which  is  greater  than  unity. 

Ruts.  Multiply  the  logarithm  of  the  given  number  by  the 
numerator  of  the  fraction^  and  divide  the  product  by  the  deno- 
minator. -  _. 

Or>  Divide  the  logarithm  by  the  denominator^  and  multiply 
the  quotient  by  the  numerator. 

Or>  Reduce  the  fraction  to  a  decimal,  and  multiply  the  loga- 
rithm of  the  given  number  by  it :  the  result  in  each  case  will  be 
the  logarithm  of  the  root  required. 

18.  Required  the  value  of  7845)4. 

First  method.  Second  method. 

Log.  of  7845  =  3.8945929  4)3.89^5929 

5  0.9736482 

4)11.6837787  3 

Root  835.575  . . .  2.9209446 . .  ,lgg.,..  i.9209446 
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^  =  .75     Thm  3.8945929 
4  .75 


194729645 
^2621503 


fioo^  =  835,575 ....  2.9g0944g;75 
19.  Required  the  Taiiie  of  .1357911? 


Log.  of  .13579  =:— 1.1328I578  8)-~  1-1328678 

7  —1.8916084 

S)--7.9S00746  7 


Boot  =5  .174284 ..  — 1.2412593 . . . lo^. .  .,—  1.2412588 

7!l«ril  method. 
7  =  .875      I7i«i— 1.1328678 
T  -875 

.6643390 
9300746 
10629424 


Prod,  of  the  decimaU  x  .875  =  .1162593250 
Prod,  o/— 1  X  .875  =     —875 


Root  =s  .174284 . . .  -» 1.24 12593 1250 

Explanation, 

The  two  right  baad  figures  in  the  1st  and  2nd  methods  do  not  agree,  owing 
.to  the  remainder  in  the  first  line  of  the  latter.  In  the  3d  method  I  mnitiply, 
firsty  the  decimals  only,  and  afterwards  the  •^  I;  then  becaose  the  latter  pro- 
duct  is  ncfatire,  I  snbstract  it  from  the  former,  pnttingdown  — 1,  for  the 
10  borrowed  at  the  left  hand  decimal  figure:  this  method  is  always  followed  ia 
similar  cases. 

20.  What  is  the  value  of  m)^  ?     Ans.  24.7326. 

21.  'What  is  the  value  of  8olf  ?     An$,  13.8629. 

22.  Required  the  value  of  2.15!^)i>     Ant.  1 .8 1 5. 

23.  Required  the  value  of  .000435)  f  ?    An$.  .0015803. 

«4.  Find  the  root  of  6!o7l24^,  or  its  equal  €j5j\^.  Am.  90.7761 ; 


Part  11.  EVOLUTION.  SIS 

41.  PaoMiscuous  Examples  fok  Practxcs. 

.    X..  J  .u       1        ^  11.38«  X  «.34ft  X  3.991 

i.  Find  the  value  of  -r . 

12.845 

Clog.  0/11.382  zsz  1.0562J86 
Thus,  Add ...<log.of  2.34.5  ss  0.3701428 

L^.  of   3.921  =  0.5933968 

From  the  sum  = 2.0197582 

Subtract  log.  of  12.845 =  1.1087341 

Remains  log.  of  8.1475 =  0.9110241 

2.  Find  lTo85]«  X  .012)'   X  194.57)4-  -*•  38.325^.     Jnsftoer 
.0000084164. 

3.  Find  12.004  x  3.0 17>  X  ^4.21  x  .03341^^    Ans. 

4.  Find  70.92  x  71234-*-  12.8  x  3  003)'.     Ans. 

5.  Find  9.0129>  X  9.817)  ^  -*-  8.01/^.    ^n*. 

6.  Required  37.12314-  -4-  383T14- x  101.231^  ?     Ans. 
T  To  find  31-  x  254l4  X  457571^  -h  12.12314-  ^wf. 

«.  What  is  13.1071*  +  20414^—8^2314  —  4a7S]i  ?     Ans. 

9.  To  find  a  mean  proportional  between  the  square  of  IC^ 
•and  the  cube  root  of  20. 

10.  If  the  side  of  a  cube  be  8,  required  the  side  of  another 
cube  exactly  double  the  former  ? 

11.  To  find  a  third  proportional^  to  45  and  double  that 
number. 

12.  To  find  5  mean  proportionals  between  24  and  25. 


PART  III. 


ALGEBRA 


Algebra  is  an  universal  me^od  of  reasoning  on 
quantity  by  means  of  general  characters.  It  is  applied  to 
the  resolution  of  all  kinds  of  problems  wherein  quantity 
is  concerned  ;  for  which  purpose  it  does  not  require  that, 
rules  should  be  previously  laid  down,  but  teaches  how  to 
discover  or  invent  them,  and  that  by  the  force  of  reason* 
ing,  from  a  bare  contemplation  of  the  conditions  and  re- 
lations of  the  quantities,  as  ejc^pressed  in  the  problem 
under  consideration.  Algebra  likewise  shews  how  to 
demonstrate  or  prove  the  rules,  theorems,  and  conclu- 
sions, thus  investigated. 

It  is  impossible  to  do  justice  to  this  elegant  and  use- 
ful branch  of  learning  by  any  description ;  all  that  is 
attempted  in  this  place  is  to  give  the  learner  a  general, 
although  necessarily  an  inadequate,  conception  of  the 
subject,  which  it  is  hoped  will  nevertheless  be  of  service 
to  him  in  his  progress.  The  quantities  which  occur  in 
Algebra  are  represented  li^y  the  small  alphabet,  or  other 
convenient  symbols,  which,  standing  for  no  particular 
value  themselves,  are  made  the  arbitrary  representatives 
of  the  quantities  in  question :  this  general  mode  of  re- 
presentation is  attended  with  very  great  advantages; 
one  of  which  is  that  the  solution  of  a  probl^.,  by  tb^ 
general  method  of  Algebra,  furnishes  an  answer  to  every 
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particnlar  problem  of  the  kind  that  can  possibly  be  pro- 
posed, bj  merely  snbstitoting  the  nombers  coiuremed  in 
the  particalar  problem,  in  the  place  of  their  eorrespond- 
ing  letters  in  the  answer  to  the  general  one.  Letters 
and  symbols  being  made  the  representatives  of  quanti- 
ties, are  managed  like  numbers,  and  consequently  like 
them  are  subject  to  the  fundamental  rules  of  common 
arithmetic;  and  their  relations  and  operations  are  de- 
noted by  the  same  marks  or  signs. 

When  a  problem  is  to  be  resolved,  the  first  thing  ne- 
cessary to  be  done  is  to  translate  it  out  of  common  into 
algebraic   language,  by  substituting  letters  for  all  the 
quantities  concerned,  both  known  and  unknown  ;  namely, 
by  putting  one  of  the  initial  letters  for  each  known  quan- 
tity, and  fioal  letters  for  the  unknown  ones,  and  express- 
ing the  conditions  and   relations  of  the  quantities  by 
their  proper  signs;  this  is  the  composition:  when  this  is 
effected,  we  shall  have  an  expression,  wherein  one  or 
more  quantities  are  declared  equal  to  some  other  quanti- 
ties; this  expression  is  called  an  equation.  Having  made 
the  composition,  the  next  thing  to  be  done  is  to  find  the 
value  of  the  unknown  quantities  contained  in  the  equa- 
tions, which  process  is  called  the  resolution :   thus  each 
unknown  quantity  must  be  disentangled  from  all  known 
ones  connected  with  it  on  the  same  side  of  the  sis:n  of 
equality,  which  is  effected  in  each  case  by  a  process  the 
contrary  to  that  by  which  they  are  connected.  A  known 
quantity  connected  by  additiony  is   taken  away  by  sub- 
ir^iction;  namely,  by  subtracting  it  from  both  sides  of 
the  equation ;  if  it  be  connected  by  mbtractiony  it  is 
taken  away  by  addition ;  if  by  multiplication^  it  is  taken 
away  by  division^  Sic.  8ct.  always  employing  a  contrary 
process :  and  thus  the  unknown  qoanttty  is  at  last  found 
by  itself  on  one  side  of  the  equation,  and  known  ones 
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only  OD  the  other;  thus  the  value  of  the  unknown  quan-- 
tity  18  fouDdy  for  (as  the  equation  thus  reduced  implies) 
it  i$  equal  to  the  known  ones,  connected  together  ac* 
cording  to  the  import  of  their  signs. 

Of  the  origin  and  eady  history  of  Algebra  nothing  19 
known.  The  Algebra  of  Diophantus,  a  Greek  of  Alexan-» 
dria,  who  is  supposed  to  have  flourished  about  the  se* 
cond  century  after  Christ,  is  the  eariiest  work  on  the- 
subject  that  has  descended  to  us :  in  this  work  Diophan- 
tus  has  not  given  the  principles  and  elements,  but  con- 
fined himself  to  questions  depending  on  the  most  curi- 
ous properties  of  numbers,  which  require  considerable 
skill  and  address  to  resolve  them ;  whence  it  is  inferred, 
that  Algebra  must  have  been  cultivated  by  the  ancient 
Greeks,  and  had  arrived  at  a  considerable  degree  of  per- 
fection before  the  time  of  Diophantus.  The  destruction 
of  the  Alexandrian  Library,  A.  D.  648,  by  which  the  sci- 
ences suffered  an  irrecoverable  shock,  most  probably  de- 
prived us  of  many  valuable  writings,  which  would  un- 
doubtedly have  thrown  considerable  light  on  the  subject. 

But  although  Diophantus  was  the  earliest  author  that 
is  known  to  have  written  cm  Algebra,  whence  it  can 
hardly  be  supposed  that  the  ancient  Greeks  were  unac- 
quainted with  the  science,  it  was  not  from  them,  but 
from  the  Arabians,  that  the  knowledge  of  Algebra  was 
acquired  by  the  western  nations.  The  Italians  were 
the  first  Europeans  who  cultivated  this  branch  of 
science.  Leonard  de  Pisa,  and  several  others  of  that 
country,  are  said  to  have  possessed  great  knowledge  in 
the  various  methods  of  resolving  problems,  as  known 
among  the  Arabians.  M.  Bossut  afiirms,  that  Leo- 
nard de  Pisa  flourished  as  early  as  the  beginning  of  the 
thirteenth  century,  and  that  from  a  manuscript  of  his,  dis- 
covered and  quoted  by  Cossali,  it  appears  he  understood 
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die  isetfaodl  of  ftdving  ool  only  cMc  eqoatioaSy  Imt  also 
those  of  kigher  powers,  capaUe  of  being  ledncecl  to  the 
secood  and  third  orders*.  TheGetflsans  were  acqnaiBted 
with  Algebra  at  aa  earlj  period,  as  appears  from  a  trea- 
tise on  Plane  and  Spherical  Trigonometrj,  by  the 
famous  Regiomoataons,  written  about  the  year  1464; 
wherein  some  of  the  problems  coneeming  reetilineal  tri-. 
angles  are  aocoaspanied  with  ask  algebraic  solution  \ 

The  analytical  works  of  Leonard  de  Pisa  remaining  in 
manuscript  were  scarcely  known,  even  in  Italy,  so  that 
I^ucas  De  Burgo""  is  universally  considered  as  the  first 
who  wrote  professedly  on  Algebra  in  Europe,  at  least 
whose  works  were  (M'inted*  His  great  work,  entitled 
Summa  de  Arithtnetica  et  Geomeiria,  &c.  was  published 
iu  1494  at  Venice,  and  is  considered  as  a  very  complete 
and  masterly  work  on  the  sciences  treated  of,  as  they  then 
stood.  After  naming  several  authors  from  whom  he  ac- 
quired the  knowledge  of  the  sciences,  be  proceeds  to  treat 
of  Numbers  figurate,  odd,  even,  perfect,  prime,  compo*. 
site,  and  many  others;  then  of  Numeration  or  Notation, 
Addition,  Subtraction,  Multiplication,  IXvision,  Progres- 
sion, Evolution,  &c.  performing  and  proving  his  opera- 
tions by  various  methods;  by  casting  out  the  nines,  se- 
YenSySlc.  he  extracts  the  square  and  cube  roots,  after  the 
manner  now  in  use,  denoting  a  root  by  the  initial  R.  He 

■'  See,  Originey  Transporto  ia  Italia  e  primi  Progreasi  in  Essa  del  Algebra, 
&c.  1797.  quoted  in  Bossat's  General  History  of  the  MaiUiMMtics.  Londoo, 
1803. 

^  See  the  introduction  to  Dr.  Hutton's  Mathematical  Tables,  p.  3. 

<  Laeat  Paciolas,  commonly  called  Lncas  De  Bnigo,  because  he  was  bom  at 
BorgD  San  Sapocha  ir  Toscany,  was  a  Gndelinry  or  Minorite  Friar,  and  the 
first  who  occupied  the  mathematical  profetaorship  founded  at  Milan,  by  Lewis 
Sforsa,  called  the  Black.  He  translated  Euclid  into  Latin,  or  rather  rerised 
the  translation  of  Campanns,  which  he  enriched  by  many  learned  annotations. 
He  wrote  sereral  treatises  oa  Arithmetic,  Algdira,  Geometry,  PerspectifV«» 
Music,  Architecture^  &c  which  were  published  between  the  years  1470  and 
1500. 
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tre«u  bf  Vulgar  Frttctions,  the  Rule  of  Three,  Loss  aod 
Gain,  with  other  ruks  used  by  merchants,  id  the  same 
way  we  do  :  he  then  proceeds  lo  Algebra,  ascribing  the 
invention  to  the  Arabians ;  he  shews  the  method  then  in 
use  of  denominating  the  powers  and  roots,  and  the  ne- 
cessary abbreviations  required  in  practice.  He  treats 
of  Proportions  and  Proportionalities,  Arithmetical  and 
Geometrical,  accompanied  with  a  copious  collection  of 
questions  relating  to  numbers  in  continued  proportion* 
Single  and  double  Position  are  next  unfolded  by  nearlj 
the  same  metliod  as  at  pres^it ;  then  follow  the  commoft 
operations  of  Algebra,  proving  that  like  signs  give  pki9^ 
and  unlike  fkintis,  both  in  multiplication  and  divition. 
He  treats  of  the  Extraction  of  Roots,  Surds,  simple  and 
quadratic  Equations,  completing  the  Square  and  extract-^ 
ing  the  Root,  all  by  the  methods  at  presenft  in  use ;  he 
resolves  Equations  of  the  simple  fourth  power,  and  of  the 
fourth  combined  with  the  second,  treating  the  latter  the 
same-  as  quadratics.  In  •  the  third  case  of  quadratics^, 
which  has  two  positive  roots,  he  uses  both,  but  takes  no 
notice  of  the  negative  roots  wfaich  occur  in  both  the 
other  cases.  He  offers  no  solution  of  any  other  forms 
of  affected  Equations  bestdes  those  above-fnentioned, 
and  says  that  no  {general  rule  for  that  purpose  was  then 
known.  The  remahning  part  of  this  work  is  on  Geo- 
metry. 

The  state  of  Algebra,  at  the  time  of  its  reception  into' 
Europe,  is  supposed  to  be  fully  exhibited  in  this  book  : 
the  solution  of  quadratics,  restricted  to  the  use  of  the 
affirmative  roots,  is  the  highest  pitch  to  which  the  sci- 
ence is  here  carried ;  so  that  if  the  method  of  soking 
higher  equations  was  known  to  the  Arabs,  as  has  been 
asserted,  the  Europeans  did  not  learn  it  from  tliem '.    It 

'  The  iiotsikce  we  have  quotqd  from  Bossut  ouuiot  be  considered  it  aa  c«- 
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appears  also,  that  the  Algebraists  of  this  period  knew 
ooly  bow  to  solve  numerical  problems  with  one  ookoowa 
qoaiHity,  and  that  they  had  no  signs  for  either  the  qaan- 
titles  or  operations^  except  abbreviations  of  the  words 
themselves. 

The  publication  of  De  Surge's  book  seems  to  have 
been  the  means  by  which  the  knowledge  of  Algebra  was 
first  diffused  through  lta(y,  and  other  neighbouring 
countrtesy  as  we  find  many  learned  men,  both  there  and 
in  various  parts  of  Germany,  now  began  to  study  the 
acience  with  so  much  success,  that  a  very  few  years 
produced  many  learned  Algebraists. 

About  the  year  1505,  Scipio  Ferreus,  Professor  of  Ma-, 
thematics  at  Bononia,  discovered  the  method  of  solving 
one  case  of  Cubic  Equations ;  but  his  method  was  most 
probably  (agreeably  to  the  fashion  of  those  dark  ages) 
retained  as  a  secret.  Thirty  years  after,  Nicholas  Tar-r 
talea*,  a  Mathematician  of  Brescia,  made  the  same  dis-< 
>  covery,  witb  the  addition  of  the  rules  for  the  two  remain- 
ing cases ;  proposing,  in  like  manner,  to  conceal  the 
methods  of  investigation.  The  secret  was  nevertheless, 
after  much  difficulty,  drawn  from  him  by  the  address 
of  Jerome  Cardan ',  a  celebrated  Physician,  Astrologer, 

ception :  Leonard  De  Pisa's  tract  on  Cubics,  &c.  (if  such  a  work  realty  existed,) 
was  probably  a  single  manuscript,  and  totally  unknown  t»  the  few  Algebraastt 
of  that  period.  Every  circumstance  attending  the  discovery  of  the  rules  for 
cubics,  which  happened  a  few  years  after,  adds  weight  to  Uiis  conclusion. 

**  Tartalea  was  born  at  Brescia  in  Italy,  towards  the  close  of  the  1 5th  cen- 
tury :  he  was  a  very  respectable  teacher  of  the  Mathematical  and  published  va- 
rious works  of  merit  on  that  subject,  the  chief  of  which  was,  Trattato  di  Nw 
vieri  et  Misure,  fol.  1556.  being  a  treatise  on  Arithmetic,  Algebra,  Geometry, 
&c.  here  are  many  of  the  curious  particulars  of  the  dispute  between  our  author 
and  Cardan.  He  published  in  1543,  at  Venice,  all  the  books  of  Euclid,  with 
curious  notes.  He  was  the  first  author  who  treated  of  the  flight  and  path  of 
balls  and  shells,  in  a  work  entitled,  Nova  Scientia  Inventa^  4to.  published  at 
Venice  in  1537.  an  English  translation  of  which,  with  notes  and  additions  by 
Lucar,  came  out  at  London  in  15B8.    Tartalea  died  about  the  year  1558. 

'  Hieronymos  Cardanus  was  bora  at  Paria  in  Italy,  in  1 501.  At  twenty  yeart 
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and  Lecturer  on  the  Mftthematics  at  Mihrn ;  who  after 
adding  perjury  to  fidseiiood,  dared  to  insert  in  a  large 
work  on  tlie  Mathematics,  whiefa  he  was  then  printtag, 
those Tery  rules  which  he  bad  obtained  from  Tartalea  un- 
der the  most  solemn  promises,  confirmed  by  an  oath,  of 
inviolable  secnesy^ 

CardaQ,  .aJthough  a  bad  man,  was  indtspntably  tl>e 
best  algebraist  of  the  age,  and  the  imfHrovements  he  in« 
troduced  into  the  science  were  very  considerable ;  espe- 
cially in  the  discoveries  he  had  drawn  from  Tartalea,  de^ 
riving  from. them  rules  for  thesolation  of  all  the  forms 
of  Cubics :  he  was  well  acquainted  with  all  the  real  roots 
of  Equations,  both  positive  and  negative ;  sbewiog  that 
the  eveo  roots  of  potadve  quantities  are  either  positive 
or  negative,  that  the  odd  roots  of  negative  quantities 
are  real  and  negative,  and  that  their  even  roots  are  im- 
possible.* He  knew  the  number  and  nature  of  the  roots  of 
^n  Equation,  aS' depending  on  the  signs  of  the  terms,  and 
the  magnitude  and  r/^lation  of  the  eoefhcients ;  that  the 
number  of  positive  roots  is  equal  to  the  number  of 
changes  in  the  signs  of  the  terms  ;  that  the  coefHcient 
of  the  second  term  is  equal  to  the  di^rence  between  the 

of  igt  be  became  a  student  at  tbe  University  of  Milan,  ao^  two  years  after 
explained  Euclid.  In  1 524  he  was  admitted  Master  of  Arts,  and  the.  year  follow- 
ing Doctor  of  Physic ;  abont  ISSS  he  beey^ne  Professor  of  Mathematics  at  Mi* 
Ian,  where  six  years  after  be  wa9  received  a  member  of  the  College  of  Physi- 
cians,  and  read  public  lectures  on  M^dipine ;  he  taught  successively  at  Paria, 
Bologna,  and  Bome  {  at  the  latter  be  wa«  admitted  a  member  of  the  College  of 
Physicians,  and  received  ^  pension  6'om  the  Pope,  which  J|e  epjvyed  tiU  his 
death,  whiph  happei^ed  in  1575.  Cardan  was  so  great  an  adept  in  astrology^ 
^bat  th^  greatest  personages  in  Europe  had  recourse  to  bis  skill ;  among  these 
we  find  £4ward  VI.  of  Engl^nd^  whose  jiativity  was  calculated  by  our  astrolo- 
ger as  he  pftssed  through  IiOndon  £rom  Scotland,  having  been  seqt  for  there  by 
tbe  Archbishop  of  St.  Andrews,  to  cure  him  of  a  dangerous  disorder. 

Cttrdan  was  the  greatest,  although  the  most  eccentric  nind  restless  genius  of 
bis  time;  possessing  splendid  talents, accompanied  with  a  wicked  and  depraved 
beaitp  The  Lyons  edition  of  his  works  printed  in  lS6d^  consists  of  no  less 
than  ten  volumes  folio, 

voj^..  I.  X 
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poritive  and  ttegatiw  roots,  and  that  comeqfKBtij,  vben 
the  acoand  tend  is  waning,  the  anns  of  the  negatiTe  mod 
positive  roots  will  he  eqnal ;  that  changing  die  signs  of 
the  even  tenns  changes  the  signs  of  the  roots;  that  the 
roots  fail  in  pairs.  He  knew  how  to  compose  Eqnationa 
with  given  roots,  or  to  change  them  firom  one  form  to 
another,  by  taking  awaj  any  intemediate  term ;  heconld 
estract  the  roots  of  snch  binomiak  as  wonU  admit  of 
extraction :  he  knew  all  the  dificnkies  attending  the  ir« 
reduoihle  case  of  Gobies,  and  the  attempts  he  made  to 
solve  it  led  him  to  the  discovery  of  roles,  whereby  the 
roots  may  be  approximated  to,  in  all  cases  whatever :  he 
frequently  used  the  literal  notation,  expressing  qnantities 
by  letters;  treated  fully  on  the  transformation  of  Effoa- 
tioQS ;  and  shewed  how  to  apply  Algebra  to  the  solution 
of  Geometrical  Problems. 

About  the  year  1540,  Lewis  Ferrari,  the  pupil  of  Car^r 
dan,  discovered  a  rule  for  the  si^otion  of  biquadratics, 
which  the  latter  has  demonstratad^  explained,  and  ex-> 
empUfied,  and  given  in  bis  treatise  on  Algebra. 

Tartalea's  QiKsiti  et  Inventioni  Diverse^  printed  at  Ve- 
nice in  1546^  and  dedicated  aa  King  Henry  VIH.  of 
Eaglandy  is  chiefly  remarkable  for  the  account  it  gives 
of  the  invention  of  the  above-mentioned  rules  for  Cubic 
Equations,  of  the  artful  methods  employed  by  Cardan 
to  obtain  them,  and  the  quarrel  which  ensued.  Tartalea 
was  public  Lecturer  on  the  Mathematics  at  Venice. 
About  this  time  Franciscns  Maurolicus,  Abbot*  of  Santa 
Maria  del  Porto,  in  Sicily,  distinguished  himself  by  his 

c  Fraactscos  Ma«roticus  w«s  bom  sX  M««»m»  m  )4d4 :  b«  w«a  a  gpr^t  fvofr* 
eieat  io  the  Matbemftcs,  which  kc  taught  vitb  ualNimided  applaiU0  $  to  bia 
we  are  indebted  for  the  «  Tabula  Benefioa"  or  Capgn  of  Secaatoy  aa4  likewiaft 
041  edition  of  the  Spherics  of  Theodofii«^ ;  BneDdatki  «t  RaHituftio  Conicoran 
ApoUonii  Per^^tai  i  Archimadis  Moaaiaaatft  Ovsiaj  £iiclUi^  Ptonoi 
&c.  he  died  in  1575* 
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great  skill  in  tbt  Mfttton^ttes ;  rn  pafttcukr,  ^e  cuitt** 
tAied  a  breiieh  of  analysis  Uviti  bdt  JiUle  ktioWki^  narMly, 
the  «iUQtxiatioti  of  feeri^ ;  h«  gave  theoreftid  for  suknmit^g 
the  series  of  uatural  numbers^  their  s<|^^^7  ^^«  ^^^ 
triai^ular  and  othet  figarate  numbers^  eH  remarkable 
for  subtiity  of  invention,  and  simplicity  of  result. 

Algebra  seeois  to  have  beeti  in  a  tnore  advanced  state 
abdnt  this  time  in  Germany,  than  it  was  in  Italy>  and  to 
have  approaebed  nearer  to  the  iftodern  method ;  althbilgh 
it  does  not  appear  that  the  Germans  knew  any  thing  of 
the  rules  for  Ctibics.  The  earli^t  Writer  of  that  coantry 
was  Michael  SiifeUus^  a  Protestant  minister,  and  an 
eminent  mattiematicite ;  his  chief  work,  entitled  Anik^ 
nUikA  Iniegf-a^  Was  published  at  Nuremberg  in  1544:  it 
h  an^exedient  tieatise  oti  both  Arithmetic  and  Algebra, 
and  edntains  several  ingenious  inventions  in  boih.  In 
this  Work  he  iatrodai!^  the  characters  4>  — ;  and  ^, 
and  the  numeral  expoifients,  both  positive  and  negative, 
of  powers,  teaching  the  general  use  of  exponents'  in  the 
several  operations  on  powers,  as  is  practised  at  present. 
He  understood  the  nature  and  use  of  Logarithms,  al- 
though under  another  name ;  but  it  does  not  appeaf  that 
he  knew  the  nse  of  fractional  indices.  He  Employed 
the  capitals  A,  B,  C,  D,  &c.  to  express  unkaown  quan*- 
tities,  treated  of  quadratics  in  a  more  general  manlier 
than  had  been  before  done,  and  made  various  other  im- 
provements.   John  Scheubeiius,  Professor  of  fttathema- 

^  dtifelitts  was  born  at  Esliogeri  in  Oermany,  tome  time  '^6out  the  year 
1490,  and  died  at  Jena  in  Thnringla  in  1567  }  liis  improvements  ^i^  Algebra  are 
briefly  mentioned  above.  Unfortunately  he  was  not  content  \vith  the  credit  of 
being  a  skilful  mathematician,  but  wished  to  extend  his  fame  by  bepominiic  ^ 
^tophet ;  adddlfdittgly  he  predicted  that  the  wmld  would  be  at  an  end  oh  a  cer- 
tain day  in  the  year  1 553 1  multitudes  of  his  followers  met  him  in  the  open  air 
oA  the  appointed  day,  but  instead  of  being  spectators  of  the  awful  evient  fure«; 
told,  were  witnesses  only  of  the  mortiScation  and  disappointment  of  the  unfur* 
innate  prophet* 

y  2 
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tics  at  Tubingen,  in  the  Docby  of  Wirtemberg,  wrote 
several  treatisea  on  Arithmetic  and  Algebra,  about  the; 
year  1550 :  he  is  the  first  algebraist  who  makes  mentioa 
of  Diophantiis ;  most  probably  be  knew  nothing  of  the 
discoveries  of  Ferrari  and  Tartalea,  as  he  takes  no  notice 
of  Cubic  Equations. 

The  first  English  writer  whose  works  on  Algebra  were 
printed,  was  Dr.  Robert  Recorde',  a  learned  physician 
and  mathematician,  who  fldurished  under  Edward  VL 
and  Mary.  He  published  a  treatise  on  Arithmetic  in 
1552,  entitled  The  Ground  of  ArtSf,  a  work  much  es- 
teemed at  that  time,  and  which,  continued  many  years 
the  standard  in  that  branch  of  knowledge.  In  1557  he 
sent  abroad  a  second  part,  under  the  title  of  C09  Ingemit 
or  the  Whetstone  ofWitte;  this  part  tre4^  of  Algebra  in 
the  form  of  a  dialogue :  in  his  method  he  imitated  the 
Germans  Stifelius  and  Scheubelius,  especially  the  latter, 
whom  he  sometimes  quotes  and  copies.  The  first  in^, 
stance  of  the  extraction  of  the  roots  of  compound  alge« 
biaic  quantities  occurs  in  this  book,  and  here  also  are 
first  introduced  the  terms  binomial  and  residual^  and  the 
sign  =  of  equality. 

After  Recorde's  death,  it  appears  that  Algebra  was  not 
much  cultivated  in  England  for  several  years,  inasmuch 
as  John  Dee  \  in  his  Preface  to  Billingsley's  Euclid,. 

^  Bobert  Recorde  was  bom  in  Wales  early  in  the  16tb  century';  and  abont 
1535  went  to  Oxford,  where  in  1531  he  became  fellow  of  All  Souls  College  i 
inaking  physic  his  profession,  he  repaired  to  Cambridge,  where  be  was  bo-> 
noured  with  the  degree  of  M.  D.  in  1 545.  He  afterwards  taught  the  Mathe-> 
matics  with  great  applause  at  Oxford,  and  probably  next  at  London ;  he  was 
physician  to  both  the  monarchs  mentioned  above^  and  the  author  of  several  ma- 
thematical treatises.  He  was  confined  for  debt,  in  the  King's  Bench  Pri8on> 
wber^he  died  in  the  year  1558. 

^  John  Dee  was  born  in  London  in  1537 ;  at  fifteeo  years  old  be  went  to  St« 
John's  College,  Cambridge :  after  five  years  close  attention  to  the  Mathematics^ 
Astronomy,  &c.  he  set  out  for  the  Continent  \  returning  the  next  year^  he  was 
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printed  at  London  in  1570,  mentions  Algebra  as  a  mys- 
tery scarcely  heard  of  by  the  studious  in  Mathematics 
*ere.  In  1558,  Peletarius  published  at  Paris  a  very  in- 
geniaus  and  masterly  composition,  entitled  Jacobi  Pefe- 
iatii'Cenomam,  de  occulta  parte  Numerorum,  quam  Alge^ 
bram  vacant.  Lib,  duo;  in  which  he  ably  treats  of  all  the 
parts  of  the  subject  then  known,  excepting  Cubic  Equa- 
tions, and  teaches  some  curious  properties  of  square  and 
cube  numbers,  with  the  method  of  constructing  a  table 
of  each,  by  addition  only;  how  to  reduce  trinomial  surds 
to  rational  quantities,  and  even  to  simple  ones,  by 
means  of  certain  compound  multipliers;  and  that  the 
)root  of  an  Equation  is  one  Bf  the  divisors  of  the  known 
or  absolute  term. 
The  Stratioticos  of  Mr.  Thomas  Digges',  containing  a 

elected  feUow  of  Trinity  College.    His  great  application  to  Astrooomy,  toge- 
ther with  some  ingenioas  mechanical  inventions  with  which  he  occasionally 
amused  himself^  gave  rise  to  a  suspicion  that  he  was  a  conjurer^  and  h«  was 
obliged  in  consequence  to  quit  the  country.  He  went  to  the  University  of  Lou-, 
vain,  thence  to  the  College  of  Rheims,  where  he  read  lectures  upon  Euclid^  iu 
1 351  he  returned  to  England,  and  had  the  rectory  of  Upton  upon  Severn :  after- 
wards, in  consequence  of  a  correspondence  he  had  with  Elizabeth,  be  was  ac- 
cused of  practising  enchantment  against  the  life  of  Queen  Mary  her  sister^  and 
buffered  a  tedious  confinement.    On  the  accession  of  Queen  Elizabeth,  he  was 
introduced  to  her,  and  (agreeably  to  the  superstitious  customs  of  that  period] 
consulted  respecting  a  propitious  day  for  the  coronation.     She  employed  him 
afterwards  in  making  geographical  descriptions  and  maps  of  the  countrits  to 
which  England  might  have  any  claim  ;  in  this  he  acquitted  himself  with  credit^ 
as  he  did  in  his  labours  respecting  the  reformation  of  the  calendar.    In  J  581, 
Meeting  with  Edward  Kelly,  a  credulous  alchymist,  our  eccentric  author  said, 
fie  performed  together  divers  imaginary  incantations,  and  held  a  pretended  in- 
tercourse with  angels  and  spirits.     Our  two  conjurers  asserted,  that  they  were 
iil  possession  of  the  secret  of  transmuting  the  baser  metals  into  gold ;  and 
meeting  with  one  Albert  Laski,  a  Polish  Nobleman,  as  credulous  and  ridiculous 
as  tbemselves,  they  all  three  set  out  together  for  the  Continent :  here  they  iari 
posed  upon  such  of  the  rich  and  affluent  as  were  silly  enough  to  believe  them^ 
and  lived  on  the  profits  of  their  trade  in  great  affluence.     Some  disputes  aris- 
ing. Dee  returned  to  England,  and  was  graciously  received  by  the  Queei^  who 
in  1595  made  him  Warden  of  Manchester  College.     He  died  at  Mortlake  in 
1608,  leaving  some  valuable  works  behind  him. 
1  Thomas  Digges  flourished  in  the  reign  of  Elizabeth,  but  the  times  of  h«s 
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tract  on  Algebra,  wa9  published  in  1579;  ihei  wtbc^r  was 
Miii3ter  Mi^ter.Gei^eral  af  tbet  forces,  and  a  manr  of  great 
cireclit^  SQ  that,  in  all  probability  hi9  work  gave  a  fresh 
impvl^c  to  the  sludy  of  Algebra  in  England,  tvbere  il 
had  for  nmay  years  been  on  the  deoline;  at  least  we 
know^  that  it  now  began  to  be  studied  and  cultivated 
with  more  axdonv  than  heretofore. 

The  next  writers  of  note  were  Ramus'*,  Bombelli^ 
and  Clairius%  whose  excellence  consisted  in  their  cotn^ 

birth  and  death  are  not  known.  Having  studied  for  some  tim^  at  Oxford,  in 
coBBeqaence  of  what  be  acquired  there,  and  the  subsequent  instructions  of  his 
learned,  &iU|er>  he  became  one  of  the  best  matiiematicians  of  that  time ;  wc 
have  several  very  useful  m^thematicalt  ^rks  qf  his  still  in  prin^t,  and  keiloft  se* 
veral  others  in  manuscript. 

*"  Peter  Ramus  was  born  at  Vermandois  in  Picardy,'  in  1515.  A  thirst  for 
tearnii^,  accompanied  with  extreme  poverty,  (for  although  he  was  of  a  good 
family,  a  series  of  misfortunes  had  made  him  poor,)  urged  him  to  beGome  a 
servant  in  the  College  of  Navarre,  where  he  spent  the  day  in  performing  the 
duties  of  bis  office,  and  most  part  of  the  night  in  study  ',  by  this  means  he  ac- 
quired Classical  learning,  Rhetoric,  Mathematics,  and  a  knowledge  of  Philo- 
sophy. On  taking  his  Master  of  Arts'  degree,  he  defended  a  thesis,  which  went 
to  overturn  the  whole  doctrine  of  Aristotle,  which  at  that  tin^e  prevailed  ux  the 
schools;  this  of  course  g^ve  offence,  but  the  force  of  bis  arguments  proved  an 
over-match  for  those  of  his  adversaries.  He  was  a  great  orator,  sober,  tem- 
perate, and  chaste.  He  lay  upon  straw,  rose,  early,  and  studied  h^d ;  being  a 
Protestant,  he  endeavoured  to  shelter  himself  by  concealment,  dnrti^  th^ 
dreadful  massacre  of  St.  Bartholomew  in  1573  ^  but  was  unforttinately  disco- 
vered, dragged  out,  and  n)urdered  with  circumstances  of  inhums^a  barbajiljf, 
too  shocking  to  relate. 

•  The  mathematical  works  of  Ramus  were  enlarged,  improved,  and  published 
in  8  volumes  4to.  by  Schoner  ;  his  Geometry,  which  is  chiefly  practical^ 
was  translated  into  English  by  Bedwell,  and   published  at  I/>ndo9»^  4t9» 

*  Raphael  B(Hnbelli  was  a  mathematician  of  Italy ;  his  Algebra  was  writtep 
in  1572,  and  published  seven  years  after  at  Bologna. 

«  Christopher  Clavius  was  born  at  Bamberg  in  Germany  in  1537  r  he  was  i^ 
Je»uit,  and  cultivated  mathematical  learning,  which  he  laboured  at  for  more, 
than  50  yean  ;  he  assisted  under  Pope  Gregory  XIII.  in  |he  reformation  of  the 
calendar,  which  he  afterwards  defended  against .  Scaligier,  Vieta,  and  othersl 
NU  Mile  of  writing  is  considered  as  heavy,  and  his  works  are  mostly  ele- 
mentary, forming  a  complete  system,  in  5  large  Toiomes-  folio*  He  died,  ^t 
RouM  ilk  1 6  It. 
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meats  on,  and  explanations  of,  preceding  Aothort,  rather 
than  in  any  material  improvemeDtA  of  their  own« 

Simon  Stevinos^  of  Bruges,  matbemaiician  to  Prince 
Maurice  of  Nassau,  and  inepector  of  the  Dykes  in  Hol- 
land, was  the  antkor  of  several  useful  treatises  in  various 
branches  of  the  Mathematics ;  aoiong  which^  eme  is  on 
Arithmetic,  pablidied  in  1585,  and  another  shortly  after 
en  Algebra:  the  latter,  with  which  we  are  now  particu-^ 
krly  concerned,  is  an  original  and  ingenious  work,  coA- 
imaing  a  variety  of  improvements.  He  here  introduces 
the  use  of  fractional  exponents,  whereby  all  sorts  of 
roots  are  denoted,  like  powers  by  numeral  indices :  the 
notation  of  coefficients  by  including  fractions,  radicals, 
and  nombers  of  every  description,  he  greatly  iinprt>ved| 
and  gave  a  general  metiiod  of  resolving  all  Equations  by 
numbers ;  he  likewise  first  applied  the  word  nomial  to  all 
compound  algebraic  e;Sptessions,  as  binomial^  trktomiaff 
quadriiiamial,  multinomial,  Sec.  the  former  of  which,  as 
has  been  observed,  was  first  employed  by  Recorde. 

As  early  as  1575,  Gulielmus  Xykmder  published  a| 
Basil  a  Latin  translation  of  the  six  first  books,  and  part 
of  the  seventh,  of  the  Arithmetics  of  Diophantus  %  aq? 

>  SimoB  Stevin  was  very  skilful  in  both  Mathematics  and  Mechanics :  he  is 
•aid  to  have  iDtented  the  sailing  chariots  sometimes  nsed  io  Holland.  His 
works  on  varions  branches  of  the  Mathematics  were  written  in  Dutch,  and 
translated  into  Latin  by  SnelUus,  making  9l  volumes  folio ;  but  the  best  edi* 
tion  is  that  in  French,  with  additions  and  notes,  by  Aljl)ert  Girard,  printed  at 
Leyden  in  16S4.     He  died  in  1638. 

4  Diophanta»  is  supposed  by  some  to  have  flourished  before  Christ,  others 
place  him  in  the  second  century  after,  and  others  again  in  the  fourth,  after ;  he 
lived  at  Alexandria,  and  is  reputed  to  be  the  same  who  wrote  the  Canon  jjtstrc" 
nomicHs^  which  was  honoured  with  a  commentai7  by  Hypatia,  the  celebrated 
and  unfortunate  daughter  of  Theon,  whom  she  succeeded  aa  President  of  thtf 
Al^andrian  school. 

It  does  not  appear  in  what  manner  the  six  books  of  Diophantus  weie  rt» 
poreYed ;  Regiomontanus  mentions  them  as  being  deposited  in  the  Vatican  Li- 
brary in  hif  time,  and  fiom'beUi  proposed  to  translate  them,  but  did  not.  That 
Dhiphailtus  xhu  not  the  inventor  of  Algebra,  as  some  have  supposed,  ni>r  of  th^ 
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compaated  with  the  Greek  Scholia  of  Maaimus  PlaQudes> 
and  notes.  This  wofk^  which  had  been  lost  for  maiiy 
ageS;,  consisted  originally  of  thirteen  books,  bol  those 
only  which  we  have  ineKtioned  have  been  published^ 
the  remainder,  it  is  supposed,Are  irreeoverably  l<M(t«  The 
Problems  of  Diopbaotas  are  of  the  kind  called  indetermi'^ 
nate,  relating  to  square  and  cube  numbers,  right  angled 
triangles,  &c*  and  **  so  e:sceedi»gly  curious  and  ab<^ 
struse,  that  nothing  less  than  the  most  reHned  Alge* 
hra,  applied  with  th^  utmost  skill  and  jiidgn>eat,  cao 
surmount  the  difficulties  which  attend  tbem.'^ 

The  method  of  Diophautus  was  found  to  differ  very 
widely  from  that  of  the  Arabs,  which  bad  hitherto  been 
followed,  and  it  furnished  succeeding  algebraists  with 
ample  means  of  extending  and  perfecting  the  science. 
The  first  who  availed  himself  of  this  advantage,  was 
Franciscus   Vieta%   Master  of  the   Requests   to  Mar* 

Analysis  of  indeterniinate  Problems^  as  M.  Bossut  asserts,  appears  from  the 
nature  of  bis  problems,  and  the  consummate  skill  their  investigation  reqtrires, 
which  indicate  such  a  matnrity  in  the  science  as  would  require  age»  to  produce. 
Xylander  was  a  native  of  Augsburg,  and  became  Professor  oC  Greek  at  Heidel- 
berg ;  he  translated  Diophantas,  Plato,  Dion  Cassius,  Strabo,  and  Marcus 
Antoinnus ;  <*  hie  was  very  learned,  and  very  poor,  and  laboured  rather  for 
bread  than  for  fame,  which  helps  to  account  for  the  numerous  errors  found 
in  his  writings/'  Born  1532,  died  1576.  Melchior  Adtun^  in  Vitis  Philoio- 
phorum.  Bayte,  Maximum  Planudes,  the  Scholiast,  was  a  Monk  of  the  Greek 
Church,  and  flourished  at  Constantinople  in  the  fourth  century  ;  he  was  au- 
thor of  a  collection  of  Epigrams,  and  of  some  Fables,  which  he  ascribed  to 
£sop,  whose  life  he  wrote ;  but  the  account  he  haa  given  is  said  to  be  full  of 
anachronisms,  absurdities,  and  lies. 

*  Vieta  was  born  in  1540  at  Fontenai-le-Comt^,  in  Lower  Poilou ;  he  excel- 
led in  various  branches  of  learning,  especially  the  Mathematics,  scarcely  any 
part  of  which  is  not  indebted  to  his  original  and  masterly  genius  for  gre?.t  and 
valuable  improvements  :  to  particularize  them  would  require  a  volume  ;  Alge- 
bra, Geometry,  Trigonometry,  Astronomy,  are  particularly  indebted  to  him.  By 
means  of  his  angular  sections,  he  resolved  the  famous  problem  pf  45  dimen- 
sions, proposed  by  Adrian  Romanus  to  all  the  world.  His  skill  as  a  deci- 
pherer ppoveda  great  benefit  to  his  country,  during  the  troubles  of  the  League, 
by  disconcerting  the  councils  of  the  Spanish  court  for  more  than  two  years^ 
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garet/Qaeeo  to  Heiiry  IV.  of  France:  bis  aflfection 
for  the  Mathematics  was  so  great,  that  it  is  snid  he 
frequently  passed  three  whole  days  a;nd  nights  in  stady, 
without  food  or  sleep;  by  him  the  Greek  and  Ara*- 
bian  methods  were  judiciously  bleoded,  and  more  im-^ 
prov^oents  introduced  than  any  former  writer  could 
claim.  He  was  the  first  who  introduced  the  general  use 
c^  letters  into  Algebra,  denoting  the  known  qoanttties  in 
a  problem  by  the  consonants,  and  unknown  ones  by 
vowels*  He  improved  the  method  of  reducing  cubic 
and  other  Equations ;  shewed  how  to  change  the  roots  in 
a  given  proportion;  how  to  raise  cubic  and  biquadratic 
Equations  from  quadratics,  by  squaring  and  otherwise 
multiplying  certain  parts  of  the  latter;  he  made  various 
observations  on  the  limits  of  the  roots  of  Equations,  and 
stated  the  general  relation  between  the  roots  and  coeffi* 
cients,  when  the  signs  of  the  terms  are  alternately  -f  and. 
—*,  and  none  of  the  terms  wanting ;  he  gave  the  con-- 
struction  of  certain  Equations,  and  exhibited  their  roots 
by  means  of  angular  sections,  a  method  which  had  been 
before  adverted  to  by  Bomhelli.  He  introduced  the  vin* 
culum,  and  the  names  co^icient,aJirmativey  n^uiive,  pure, 
affected,  uncia,  8cc.  and  was,  I  believe,  the  first  who  ex-. 
tracted  the  roots  of  Equations  by  approximation.  The 
next  whose  writings  deserve  to  be  mentioned,  is  Albert 
Girard ',  an  ingenious  Dutch  mathematician  ;  his  Inven*- 

The  dark  and  croolted  policy  of  the  ambitious  Philip  indaced  him  to  support 
the  Dnke  of  Guise,  and  their  correspondence  was  carried  on  by  means  of  a  ci- 
pher, consisting  of  above  500  different  characters ;  this  falling  into  the  hands 
of  the  King's  party,  was  suceessfally  interpreted  by  Vieta,  which  was  considered 
as  so  difficult  a  task,  that  many  ascribed  it  to  magic.  Vieta  died  at  Paris  in 
16*03,  and  his  works  were  collected  and  published  at  Leyden  in  ]<>4G,  by 
Schooten,  besides  a  large  folio  volume  mentioned  by  Dr.  Hijtton  as  published  at 
I^ris  in  1 573.  Introduction  to  JitUttnCs  Mmthematical  Tabies,  indetHt,  p.  4.  i^c. 
*  t^e  time  ojf  his  birth  is  not  known  ;  he  died  about  the  year  1633,  leaving 
behind  him  the  character  of  an  ingenious  and  useful-  mathematician.    ' 
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Hon  Nouvdk  en  TAlgebre^  pnblisfaed  at  Anntl^am-  in 
l&t%  preaeoU  u%  with  sevenil  aaefal  disooveries.  It  ap- 
pears that  he  was  the  first  who  nndeisfeood  the  ase  of 
negative  roots  id  the  solution  of  geometrical  problems, 
aad  the  geaeral  doctrine  x>f  the  formation  of  the  coeffi* 
eients  of  powers  fnun  the  sums  of  the  roots,  their  pro* 
ducts,  &c«  or  gave  rules  for  summiog  the  powers  of  the 
toots  of  an  Equation.  He  was  the  first  who  treated  of 
imaginary  roots,  and  nnderstood  that  eiery  Equation 
might  have  as  many  roots,  real  and  imaginaiy,  and  no 
9sore,  as  there  are  ontts  in  the  index  of  the  highest 
power ;  he  introduced  the  parenthcm  as  a  conrenient 
substitute,  in  many  cases,  for  the  yinculom  :  be  was  .the 
first  who  employed  the  table  of  sines  in  the  solution  of 
the  irreducible  case  of  Cubics ;  and  who  distiagaished 
negative  quantities  by  the  ridiculous  appellation  of 
fuanUtiu  less  than  nothing;  a  name  which  baa  gtvea 
iome  yery  able  teachers  much  unnecessary  trouble  to 
explain, 

Oae  of  the  most  scieatific  men  that  this  nation  ever 
produced,  was  Thomas  Harriot  %  who,  for  Us  great  and 
xaluable  improTcments,  is  justly  considered  as  th^ 
£atbar  of  modern  Algebra;  his  work  on  the  subject, 
entitled  jirtis  Analyticie  PraxiSf  Sfc.  which  was  publish- 
ed in  1631,  after  his  death,  by  his  friend  Warner,  will 
ever  remain  a  monument  of  his  superior  skill  as  an 


.  *  ThamM  Harriot  wm  bora  at  Oxford  ia  1560  :  be  wai  a  oOMBOMr  at  SC 
Mary**  UaU,.wbertt  tao  taok  bUBashckir's  dcgsce  in  1579.  Hl»  oacomBmi  pfo-» 
ficicaaj  iatba  MaHwanathaot  attracted  the  iaivourabte  attAotiaa  of  Sir  Walter 
lUlaigb,  who  took  bim  into  hit  fiuaUy  ia  tha  cbaiaotar  of  a  praoeptor,  aUowiag 
biia  a  baadioma  peaiioxi.  In  1594  be  want  to  Virginia  with  Sir  WaStcr's  acir 
colony^  whare  be  wag  employed' in  rnvHsgiug  and  naSAog  aMtpe  of  th«  oonntrjr. 
He  died  in  ISdl  front  an  nhter  fionnffl  in  his  lip,  in  coote^nenfley  it  is*iaid»  of 
boldins  the  braaa  mathanatical  instraments,  white  wquking,  in  hia  Math. 
Harriot  was  uadaobtadlf  tba  ^Mtl  cauaaikl  algehraisi  a^  hia  tme* 
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fn^lyat:  this  work  19  ^  speeiin^iiof  gf^l  and  origitial 
geai4i«,  and  ^ttj^pUes  ibe  first  imtance  of  the  form  of 
lAlgiPbra  at  present  ia  use.  He  here,  first  of  any,  shewed 
the  universal  gcaeration  of  all  affected  Eqtraiions  by  ikm 
eoatiaiial  makipUcatioa  of  simpie  ones ;  **  ibmrebj  exlM* 
bitiqg  to  the  eye  all  the  circumtSatiees  of  the  oatare^ 
mysiery,  and  number  of  roots,  witb  the  composition  and 
relaiioas  of  the  ooefficicma^"  frosa  whence  many  impor-* 
Unt  prof^eUes  bave  snee  been  deduced;  ''he  greatly 
improved  the  numeral  Exegesis,  or  the  extractioa  of  the 
vools  of  all  EquatiooBy  by  clear  and  expliest  ruleft  and 
methods,  drawn  from  tbe  foregoing  geaeraiion  of  alw 
&cted  Equatiotis  ;*'  and  to  him  we  are  indebted  for  many 
^viginal  aad  elegant  solutions  of  qaadratic,  cvbie,  and 
bt^uadralic  Equations,  wbidb  have  since  been  disooveied 

« 

among  bis  manuscripts ;  he  was  Kkewiae  the  inventor  of 
idbe  signs  )>  gnater  theuy  and  ^  ten  tkan^ 

T^e  Reverend  William  Oughtred",  rector  of  Aldbury 
in  Surry,  and  one  of  the  first  mathematicians  of  the 
time,  published  in  1631  his  Clavis  Mathemaiia^f  wbick 
was  originally  written  for  the  use  of  Lord  WiUtaoi 
Howard,  his  pupik  "  His  style  and  manner  were  very 
concise,  obscure,  and  dry  ^  and  bis  rules  and  precejus^  sa 

«  WiUiaw  Ov^^Tcd  was  horn  at  Eto&  in  1573,  ana  eivcatiMi  a«  tlM  schort 
th«re ;  in  1599  be  went  to  King's  ColWge,  Cambndge,  where  b*  spent  19  fmn, 
and.  b«cajn«  a  £ellow  ;  he  was  preseaCed  to  the  Imng  of  Aldbnvf  ^a  ItOSx  ma 
about  162S  was  aj^peiottd  Tutor  to  Lord  WiUiam  Howard,  by  Lovd  ArunM,  bi» 
feUier.  Tbo  obief  matlieiD«iticiaM  of  tbe  a^e  were  indebted  taOnghtied  ibr 
ui9cb  ol  their  sbili,  bis  boose  hstog  o]ms  to  all  who  eano  for  insnvettoB :  aaer 
%  Ufii  of  toaspenmce,  exercise^  scndf,  aad  seal  in  performiaf  cibetmaHf  tber 
duties  of  his  saered  ftmctko,  b«  dicd^  it  i%  8ttBd>  of  »  sudden  m^mf  ef  jvf,  «i 
bearing  that  the.  PariiavMit  bad  passed  a  votv  lor  the  leslontieA  of  Chaileii 
Ih  Besides*  the  weeks  on  Aritfamelic,  Algehrsy  Oeonetrf,  Trigonoineti^ 
<9C.  p«blUhe4ia  hUtil^  tbm»  saeh ef  the  insarnsi  lijiti  wb4eh  bo  left,  and  wMek 
wera  fa«ad  proficr  loir  Um  press»  were  puUish«t  in  1#70  at  Oirfbvd^  hram* 
nndcr  tbe  title  of  Oputcula  MathenuUica  hactenus  Imdita,  S[>c, 
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involved  ia  symbob  and  abbreviatioas,  as  rendered  hid 
mathematical  works  difficult  to  be  understood  ;**  never* 
tbelessy  his  writings  were  considered  as  valoable,  and  are 
still  held  in  great  esteem  among  the  learned.  Besides 
some  characters  not  at  present  in  nse,  he  introdoced  the 
sign  X  for  multiplication, : :  for  proportion,  -^  for  con- 
tinued proportion,  1  for  greater,  and  Si  for  less,  with 
the  method  of  multiplying  or  dividing  by  the  component 
parts  of  a  number,  instead  of  the  number  itself;  of 
multiplying  and  dividing  decimals  by  the  contracted 
method  usually  taught  in  our  schools  at  present,  with 
other  neat  and  convenient  abbreviations. 

The  application  of  Algebra  to  geometrical  lines  and 
curves,  began  about  this  period  to  exercise  the  skill  of 
the  learned.  Fermat,  a  learned  and  ingenious  French 
mathematician,  was  the  first  who  successfully  cultivated 
this  branch;  but  it  was  Des  Cartes',  who  incorporated 

• 

X  B^n^  Des  Cartes  was  descended  from  an  ancient  noble  familv  in  ToaFaine, 
and  born  in  1 596.  At  eight  years  old  be -was  placed  under  the  tuition  of  Father 
Charlet,  at  the  Jesuits*  College  of  La  Fl^che ;  conceiving  a  dislike  to  pbilosopbyy 
be  ({uitted  the  CoU<^e  in  ISIS,  proposing  to  bfauself  a  military  life :  for  this 
purpose  be  speedily  acquired  the  necessary  accomplishments,  but  a  weak  con- 
stitution rendering  him  unfit  for  the  duties  of  a  martial  profession,  he  went  to 
Paris,  where,  by  the  advice  of  Father  Mersenne,  and  others  of  his  learned  ac- 
quaintance, he  was  prevailed  on  to  resume  his  studies ;  after  two  years  he  re- 
turned to  the  army,  and  was  successively  a  volunteer  in  the  service  of  the 
Prince  of  Orange,  and  the  Duke  of  Bavaria.  After  this  he  travelled  for  im- 
provement, and  was  inde&tigable  in  the  study  of  almost  every  branch  of 
science;  <<  he  extended,"  says  Voltaire,  "  the  limits  of  Geometry  as  for  beyond 
the  place  where  he  found  them,  as  Newton  did  after  him."—-*'  He  employed 
this  geometrical  ftnd  inventive  genius  to  Dioptries,  which,  when  treated  by  him,' 
became  a  new  ai^."  Voltaire,  acknowledges,  that  the  rest  of  Des  Cartes'  works 
contain  innumerable  errors:  indeed,  his  system  of  the  universe,  t^ich  is 
called  77te  Cartenan  PhUosopky,  and  which  prevailed  until  Sir  Isaae  NewtonV 
system  supplanted  it,  depends  solely  on  hypothesis ;  and  the  theory  of  vortices^ 
on  which  the  Cartesian  system  ia  founded,  is  absolutely  feke.  See  Br.  KtilV* 
J^Smminatiim  of  Bufve^s  7%eory^  ^c,  Des  Cartes  ^Hed  at  Stockholm  io 
1650. 
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and  improved  the  theories  and  observations  of  precediQg 
writers,  and  first  gave  the  doctrine  a  form  and  consist- 
ence. The  Geometry  of  Des  Cartes  was  published  in 
1637:  it  is  properly  neither  Algebra  purely,  nor  Geome- 
try, but  the  application  of  the  one  to  the  other ;  never- 
theless it  contains  improvements  in  both.  The  principal 
of  those  which  relate  to  the  present  subject,  are  the  fol* 
lowing ;  viz.  the  geometrical  construction  of  the  higher 
orders  of  £quations,  whereby  the  nature  and  properties 
of  their  roots,  positive,  negative,  and  impossible,  are 
clearly  elucidated.  The  rule  for  resolving  biquadratic 
Equations,  by  means  of  a  cubic  and  two  quadratics, 
which  usually  goes  hy  his  name ;  and  he  is  the  first  who 
denoted  the  unknown  quantities  4n  an  Equation,  by  the 
final  letters  x,y,  z,  «?,  8cc.'and  the  known^  ones  by  the 
initials  a,  b,  c,  d,  &c.  according  to  the  present  mode  of 
practice.  But  while  we  do  justice  to  the  superior  talents 
of  this  distinguished  philosopher,  it  must  be  acknow- 
ledged, that  several  of  his  methods  and  observations, 
which  at  the  time  of  their  publication  were  considered 
as  new,  were  afterwards  traced  to  the  writings  of 
Harriot,  the  English  Algebraist  ^ 

The  Geometry  of  Des  Cartes,  now  called  the  New 
Geometiy,  was  soon  cultivated  with  ardour  and  success. 
Prancis  Van  Schopten,  a  Dutch  mathematician,  translated 
it  out  of  French  into  Latin,  adding  a  commentary  of  his 

y  M.  Roberyal,  a  member  of  the  Academy  of  Sciences,  and  Professor  of  the 
Mathematics  at  the  CoUege  Royal,  was  once  (shortly  after  the  above  work 
appeared)  extolling  the  ingenuity  of  Des  Cartes,  for  his  contrivance  in  placing 
all.  the  terms  of  an  Equation  on  one  side,  and  making  the  whole  equal  to 
nothing ;  upon  which  Sir  Charles  Cavendish,  who  was  present,  hinted  that  the 
praise  was  due-!>not  to  Des  Cartes,  but  to  Harriot :  a  few  days  aftet'Sir  Charles 
produced  Harriot's  Algebra,  and  Roberval,  after  he  had  examined  it,  exclaimed. 
Out,  UVavul  a  Va  vu  !  ^«  Yes,  he  has  seen  it !  be  has  seen  it!"    Sec  Dr. 
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«i«rtt,  and  iHites  by  M.  De  Berime,  l54d-  Schooten^s  Prin-^ 
tifiu  of  Vniversai  Mathematics  ttppe^rtd  in  1051,  and  £jr« 
€ri:iWMNvet  Mathematics,  six  years  after ;  in  both  which 
are  moch  exoelknt  matter,  and  a  variety  of  cnrions  analy- 
tied  pieces.  l%e  Method  of  Indici$ible»  of  Cavalerias  % 
was  pnblished  in  1(^5,  and  prored  a  new  lera  in  analy- 
tics, from  whence  arose  new  modes  of  computation.  Onr 
learned  countryman.  Dr.  John  Wallis  %  was  the  author  of 


*  1tom>ciitma  Oivalkri  ivat  a  naAive  of  Milan,  a  Tfvu  of  tbe  order  of  th« 
ilcs«iti«f  St.  JefMOt,  a  fisciple  of  GriilcA,  tike  fnowl  of  Toifiedliitt,  ao« 
Vnitaum  at  Mathcmatici  at  Bokgna,  vbefc  be  died  in  li;47>  Icandg  behind 
bim  screral  Icarocd  treatifcs  on  Geometry,  TrigoDometry,  Logaritbms,  &c.  be- 
lides  the  tbofe-mentioned  work  on  IndiTisibles. 

•  Dr.  JTohn  Wallis  wBshoni  at  AthfotdteKcflit»  in  1^16;  ifter  atq^ria^* 
tokiablepralicieocj  in  tbe  Latin,  Gtecb,  Hebrew,  and  I^each  bupH^s,vitb 
tbe  mdimentt  of  Logic,  Music,  &c.  be  iveot  to  Emanuel  College,  Cambridge  : 
h€  UtA  orders,  and  obtanied  a  fellowship  of  Qoeen's  CoUege ;  after  this  be 
wwChapiai%«rskt»^BichaidDiMlej,MdthentoUdyVere.  In  1&t3  ha 
was  appointed  Savilian  Professor  of  Geometry-at  Oxford,  a  sitoatton  which  be 
ftlled  with  great  ability ;  five  years  after  be  took  the  d^ree  of  Doctor  in  Diri« 
nity,  and  the  next  year  his  contioversy  with  ftfr.  Hobbes  conAenced ;  this  and 
hiadiipafee  with  Mr.Stoiibe  laalad  nore  than  three  years,  during  which  screral 
pamphlets  were  written  on  both  sides,  and  the  Doctor  displayed  a  degree  of 
spirit,  moderation,  and  address,  highly  creditable  to  himself.  In  1658  he  -vras 
chosen  Cuslot  Arekmotum  of  tbe  Unirersity ;  Ring  Charles  11.  respected  him 
both  for  bis  talents,  and  £»  his  attachment  to  himself  and  to  his  anfoitUDate 
Csther  \  and  in  consequence  our  author  was,  on  the  restoration,  confirmed  in  all 
the  places  he  held,  and  appointed  one  of  tbe  Chaplains  in  Ordinary,  and  like- 
wtoa  to  assist  in  revisiag  the  book  of  Common  Prayer.  He  was  a  very  indus* 
ttioos  and  asefinl  vMmbcr  of  tha  Royal  Society,  and  kept  up  a  constant  literary 
correspondence  with  most  of  the  principal  learned  men  of  the  time.  Dr.  Wallis 
died  at  Oxford  in  1703,  leaving  behind  him  one  son  and  two  daughters  ; 
tbe  Rev.  Henry  Pcadi,  B.D.  the  present  worthy  Rector  of  Cheam,  to 
whose  kindness  tbe  writer  acknowledges  himself,  with  gratitude,  under  great 
and  repeated  obligations,  is  grandson  oi  one  of  the  latter.  Tbe  publications' 
of  Dr.  Wallis  comprehend  a  great  variety  of  subjects,  and  are  for  the  most 
part  filled  with  learned  and  osefnl  matter  ;  and  he  bas  coiitribntcd  to  nearly 
an  tbe  first  25  voTnmes  of  tbe  Philosophical  Transactions.  His  mathematical 
works,  which  had  appeared  separately,  were  published  together  by  the  Uiu> 
Tcrsijty  in  1699* 
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laaqy  u»eA»I  works  oa  the  Matbemalics,  etpedaUjr  hU 
UUtQty  ami  Practict  o/*  AJgeira ;  but  that  which  gained 
him  the  greatest  credit  was  hi$  ArithmHic  9f  It^m^f 
published  ia  l6^,  being  a  new  method  of  reasoAiiig  oa 
quaatilies,  aad  a  great  improvement  on  the  Indivisibles 
of  Cavalerius. 

This  subject^  as  treated  by  Dr.  WaHis,  was  evidently 
the  grouad-work  of  Sir  Isaac  Newton's  most  valuable 
discoveries  in  Analysis,  which  took  place  shortly  after ; 
such  as  the  Binomial  Theorem;  the  Method  of  Ffuxions 
and  Ir^nite  Series;  the  Quadrature,  Rectification^  6sc.  of 
Curves  \  the  Investigation  of  the  Jtoot^  of  Equatum^  both 
numeral  mid  literal,  by  means  of  Infinite  Series ;  the  Ue- 
version  of  Series,  &c.  &c.  all  of  which  were  written  between 
the  years  1665  and  1727*  Every  lover  of  troth  must 
revere  the  name  of  Newton ;  and  we  ought  to  be  thank- 
ful to  Providence  for  the  uncommon  endowments  of  his 
mind,  whereby  the  fettffs  of  prejudice  were  broken^  and 
mankind  released  from  the  tyranny  of  error  and  hypo-* 
thesis^  so  nearly  connected  with  the  interests  of  religion. 

In  1668  Mr.  Thomas  Brancker  ^  published  Rhonius's 
Algebra,  with  the  additions  of  Dr,  John  Pell«.    The 

• 

^  Thomas  Brancker  was  bom  in  1636 :  he  was  admitted  Batler  of  Exeter 
Ceilege,  Oxford,  in  1652 ;  three  years  after,  he  took  hit  Bachelor's  degree, 
afi4  Wat  elected  a  fellow ;  in  1658  he  took  the  degree  of  Master  of  ArU^ 
and  became  a  preacher :  some  time  after  he  was  minister  of  Whitegate^ 
his  skill  in  the  sciences  recommended  %m  to  the  favour  of  Lord  Brerewood,, 
who  gave  him  the  living  of  Tilston.  He  was  afterwards  chosen  Master  o^ 
Macclesfield  School,  where  he  died  in  16*6;  a  work  of  hit  in  Latin,  on  the 
Sphere,  appeared  in  1662. 

'  ^  Dr.  John  Pell  was  bom  in  1610,  and  at  thirteen  years  of  age  was  sent  to  Tri- 
nity College,  Cambridge.  His  eminent  mathematical  knowledge  procured  him  in 
1649  th«  Professorship  of  Mathematics  at  Amsterdam ;  thence  he  removed  in 
1646  to  the  New  College  at  Breda,  where  be  held  the  same  office  with  an  increased 
ealary ;  abont  six  years  after  he  returned  to  England,  and  was  employed  by 
CromwelY  in  a  diplomatic  capacity^  in  which  he  acquitted  himself  with  credit ; 
after  this,  on  receiving  orders,  be  becam«  Rector  of  Fobblmg  in  Bssex,  in  1661', 
to  which  was  added,  twelve  years  afCer^  the  Rectory  of  Laingden;  ia  the  same 
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Poctor  bere  first  intiodiioes  the  method  of  registeriog 
the  steps  of  an  Equation ,  by  characters  placed  for  refe- 
rence in.  the  margin :  he  likewise  invented  the  signs  -r  for 
division,  ^  for  involntion,  and  cmi  for  evolution. 

Br.  Barrow*8*  Method  of  Tangents  was  published  iti 

county.  Aboot  tbU  time  be  took  his  degree  of  Doctor  in  DJniiiiy»aiid  ms  made 
Chaplain  to  Arcbbbhop  Sheldon ;  but  his  thoughts  being  too  much  employed  in 
the  cnltiTatioa  of  the  sciences,  to  allow  him  time  for  the  management  of  his 
peenoiary  coBcemty  he  was  so  cheated  by  his  tenants  and  dependants,  that  be 
wanted  money  to  purchase  the  ciMnmon  necessaries,  and  be  found  difficulty  to 
procure  even  pens,  ink,  and  paper ;  this  brought  him  to  the  King's  Biench 
Prison,  and  to  a  state  of  dependance  after  his  release :  he  died  at  the  hon&e  of  a 
Iricod,  in  1685^  and  his  funeral  expenees  were  defrayed  jointly  by  Mr.  Sharp, 
Hector  of  St.  Giles's,  and  Dr.  Busby.  Dr.  Pell  published  a  number  of  mathe- 
matical books,  and  left  behind  him  a  large  collection  of  papers  and  letters  on 
mathematical  and  other  subjects,  which  are  in  the  hands  of  the  Royal  Society  ; 
others  he  left  at  the  seat  of  Lord  Breretoo,  at  Btereton,  in  Cheshire. 

'  Isaac  Barrow  was  bom  at  London  in  1630.  He  first  went  to  the  Charier 
House,  where  his  behaviour  was  so  bad,  that  little  hopes  of  him  were  enter* 
tained  by  his  friends ;  and  his  father  has  been  heard  to  say,  that,  « if  it  pleased 
God  to  take  either  of  his  children,  he  bopoi  it  would  be  Isaac."  He  was 
entered  at  Trinity  College,  Cambridge,  in  1645,  and  now  began  to  apply 
himself  in  earnest  to  learning.  Mathematics,  Natural  Philosophy,  Chronology, 
Phytic,  Anatomy,  Chemistry,  Botany,  and  Divinity,  were  the  objects  of  his 
unremitting  attention.  Having  studied  these  with  great  success,  and  meeting 
with  a  disappointment  at  the  University,  he  quitted  it,  and  in  1655  set  out  on 
his  travels  on  the  Continent ;  he  returned  about  four  years  after,  and  having 
been  ordained,  was  chosen  in  1660  Greek  Professor  at  Cambridge ;  two  years 
after  he  was  made  Professor  of  Geometry  at  Gresham  College,  where  he  dis- 
ch^irged  the  duties  boti>  pf  the  geometrical  ^d  astronomical  departments. 
The  Roy^l  jSociety  elected  him  a  Fellow  in  1663,  and  the  same  year  he  was 
appointed  the  first  Lucasian  Professor  of  Mathematics  at  Cambridge.  At 
length,  being  determined  to  direct  his  studies  wholly  to  divinity,  he  resigned 
the  mathematical  chair  (which  he  had  filled  with  much  credit)  to  his  friend, 
Mr.  Isaac  Newton.  In  1670  he  was  created  D.  D.  by  Mandate,  and  in  1672 
King  Charles  I.  appointed  him  Master  of  Trinity  College  by  patent,  observing, 
that  **  he  had  given  it  to  the  best  scholar  in  England."  Dr.  Barrow  jlied  in 
16779  and  was  buried  in  Westminster  Abbey :  his  numerous  writings  on  a 
great  variety  of  sub^jeots,  do  ao  honour  to  his  country.  **  He  was  unrivalled," 
says  Mr.  Grainger,  **  in  mathematical  learning,  especially  in  the  sublime 
Geometry,  in  which  he  has  been  excelled  only  by  his  successor,  Newton ;  he  at 
length  gave  himself  up  entirely  to  divinity,  and  particularly  to  the  most  use^ 
part  of  ity  that  which  has  a  tendency  to  make  men  wiser  and  bett^." 
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16SQ;  and  about  1677  Leibnitz  *  discovered  his  Methodu^ 
D^irentiaiis,  being  either  a  variation  of  Newton's  Fluxi- 
onsy  or  else  an  extension  of  Barrow*s  Method  of  Tangents' 
above-mentioned. 

In  1693  appeared  M.  Ozanam's'  Course  of  MatJie- 
matics,  in  5  volumes  octavo,  containing  a  treatise  on 
Algebra;  nine  years  after  he  sent  forth  a  work  esclu- 
sively  on  Algebra,  in  which  the  problems  of  Diophantus 
are  skilfully  handled.  He  was  the  author  of  several  other 
mathematical  works,  among  which  may  be  mentioned 
his  Mathematical  and  Philosophical  Recreations^  trans- 
lated and  published  by  Dr.  Button,  which  afford  both 
amusement  and  instruction.  A  book  on  the  same  sub- 
ject had  been  published  many  years  before  by  Bachet 
de  Meziriac,  under  the  title  of  Problimes  plaisans  et  dele* 
ctahles  sur  les  Nombres  '. 

The  invention  of  Fluxions  opened  the  way  for  new 
discoveries  and  improvements.  Mathematicians  in  ewery 

•  Godfrey  WiUiam  Leibnitz  was  born  at  Leipsigc  in  1646,  wbere,  and  at  Jena, 
he  reieeired  his  mathematical  ediieatioD ;  his  wrUiogs,  which  are  numerous  aiid 
▼alnable,  were  published  sepaaMtely,  «r  amea^  the  memoirs  of  different  acadfr- 
mies :  as  a  mathematiciany  be  is  chieOy  reauttlmbte  Ibr  laying  claim  to  the  in- 
▼ention  of  Fluxioos,  in  epposffeioD  to  Sir  Isaac  If ewtoAy  and  for  his  system  of 
Philosophy,  intended  as  an  amendment  of  the  Cartesian,  in  opposition  to  the 
Newtonian  FhBosophy.  In  his  system  are  retained  the  snbtile  matter^  the  vor- 
tices, and  the  universal  plenvm  of  Das  Cartes ;  and  the  universe  is  considered 
as  a  vast  machine,  which  by  the  laws  of  mechaniim  wiU,  by  absolute  necessity^ 
continue  in  motion  for  ever  in  the  most  perfect  state.    He  died  in  17 16. 

'  Jaqotes  Osanam  was  bom  at  Bolignenx  in  France  in  1680 :  be  was  a  respect- 
able teacher  of  the  Mathematics,  first  «t  Lyons,  then  at  Paris,  and  published 
a  great  number  of  very  useful  books  on  various  branches  of  the  Mafthemalics, 
v^th  some  pieces  in  the  J&ufual  4e»  Scavtms,  the  Mfmoir*  of  tkt  Academy  9f 
Science;  the  Mhwint  de  Tfev&HSf  ifc,    Osanam  died  in  17 17* 

s  The  JUcriaHoH  MaihhiuiHque  of  H.  ViBn  Etten  is  a  well  known  work,  and 
principally  remarkable  for  its  absurdOfties ;  Mydorgius  undertook  to  correct 
them,  but  was  not  very  successfalj  as  appears  by  the  later  editioos  of  the  book, 
which  aM  of  little  value. 

The  Greek  Anthology  is  tlie  earliest  example  we  have  of  this  kind  of 
composition* 
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part  of  Europe,  aided  by  the  light  which  this  subliaiie:  dis- 
covery had  thrown  od  the  new  Geometry  of  Des  Cartes, 
^ere  intent  on  extending  the  bounds  of  the  science, 
and  their  labours  were  attended  with  astonishing  sue-* 
cess.  The  Method  of  Increments,  which  naturally  arises 
out  of  the  doctrine  of  Fluxions,  was  discovered  by  Dr. 
Brook  Taylor,  who  published^  in  1715,  his  Methodu$ 
Incrementorum ;  this  ingenious  and  learned  work  appear- 
ing too  difficult  for  the  generality  of  readers,  Mr.  Emer- 
son undertook  to  render  the  subject  more  easily  attain- 
able ;  and  succeeded  probably  beyond  his  own  expecta- 
tion, in  a  work  which  appeared  in  1763. 

The  calculation  of  the  probabilities  in  the  theory  of 
games  of  chance,  owes  its  origin  to  M.  Pascal  '*,  result- 
ing from  one  of  the  numerous  applications  of  the  doctrine 
of  his  celebrated  arithmetical  triangle.  Some  of  the 
greatest  mathematicians  of  the  time  directed  their  at- 
tention to  the  subject,  but  Huygens  *  was  the  first  who 
wrote  expressly  on  it,  in  his  treatise  De  Ratiociniis  in 

'.  ^  fUabe  Pascal  was  bom  at  Clermont,  io  Aurei^oe,  in  16S3,  and  was  one  of 
tbe  greatest  and  best  writers  France  has  ever  produced.     He  was  a  very  emi-^ 
nent  mathematiciaa :  '<  hi»  wikings*' '  says  Voltaire,  <<  may  be  considered  a». 
models  of  eloquence  aAdbumoor;"  his  Provincial  Letters,  which  do  eqti^ 
honour  to  his  head  and  heart,  have  been  published  in  every  language  and 
country  in  Europe.    M.  Bayle  says,  that  a  hundred  volumes  of  sermons  are  no^ 
of  so  much  avail  as  the  histoiy  of  this  great  man  ;  he  calls  him  a  paragm^  in  tie 
human  species;  and  adds,^'  when  we  consider  his  character^  we  are  aliBOftt  in-, 
clined  to  doubt  whether  he  was  born-  of  a  woman."     Pascal  died  at  Paris  in 
1662,  and  his  works  were  collected  by  L'Abb^  Bosso,  and  published  both  at 
Paris,  and  at  the  Hague,  in  177:9,.  in  5  "voluaies  octavo. 

>  Christopher  Huygens  was  born  at  the  Hague  in  1629  (  be  discovered  ami 
early  love  for  tbe  Mathematics,  and  studied  them  with  uncornmoa  ardour  nndcr 
the  celebrated  Schooten  at  Leyden :  in  1655  he  went  to  France,  where  be  bad 
the  degree  of  Doctor  of  Laws  conferred  on  him  ;  and  five  yeaT»  after,  visiting 
London,  he  was  made  a  Fellow  of  t^e  Royal  Society.    The  talent»  of  this  great  - 
man  were  employed,  not  merely  in  promoting  tbe  interests*  of  »pecalatifve : 
science,  but  in  reducing  his  knowledge  to  practical  uses  for  the  benefit  of 
man.    He  was  the  first  who  discovered  SatnTn'»  ring,  and  alsy  the  third  sateK 
lite  of  that  planet ;  be  first  applied  the  pendalom  to  clocks,  and  equalised  its 
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Jjudo  Alea,  The  posthumoas  work  of  James  Bernoulli  ^^ 
entitled  De  Arte  Conjectandij  is  well  known;  Nicholas 
Bernoulli,  the  nephew  of  that  excellent  man,  made  an 
important  application  of  the  principles  contained  in  his 
book  to  the  probabilities  of  the  continuance  of  human 
life*  The  Analysis  of  Games  of  Chancej  by  Remond  de 
Montmort,  appeared  in  1711,  is  a  work  of  great  merit, 
and  bus  for  its  object  the  subjecting  of  probabilities  of 
every  kind  to  calculation. 

The  importance  of  the  theory  which  had  employed 
the  talents  of  these  illustrious  foreigners,  soon  appeared 
from  the  useful  applications  made  of  it,  especially  in 
England^  to  the  uses  and  purposes  of  life;  such  as  the 

vibrations  by  means  of  the  cycloid  ;  and  perfected  the  telescope  then  in  use. 
In  1681,  Hnygens  was  admitted  a  member  6f  the  Academy  of  Sciences  at  Pa- 
ris, which  was  the  last  public  mark  of  honour  he  received ;  for  his  intense  ap> 
plication  having  impaired  his  health,  he  retired  as  often  as  he  could  into 
the  country.  He  died  at  the  Hagite  in  1695,  and  his  principal  works  bein^ 
collected^  two  editions  of  them  were  pfublished  in  4to,  under  the  inspection 
of  Professot  S'Grvvegaade,  thfi  first  tit  jLeyden,  1682^  the  other  at  Amster- 
dam, 1728. 

•  ^  James  Bernoulli  was  born  at  Basil  in  1654,  and  died  in  1705 :  he  was  Vm- 
lessor  of  Mathematics  at  Basils  and  member  of  the  Academies  of  Sciences  of 
Faris  and  Berlin.  John  Bernoulli,  brother  of  the  above,  and  equally  famous, 
was  born  at  Basil  in  1667,  where  he  obtained  the  degree  of  Doctor  of  Physic  ; 
be  was  first.  Professor  of  Mathematics  at  Groningen,  but  on  his  brother's  death* 
i*as  appointed  to  succeed  him  in  the  mathematical  chair  at  Basil ;  he  was 
member  of  most  of  the  Academies  of  Europe,  and  both  he  and  his  brother 
cultivated  the  new  analysis  with'  the  greatest  application  and  success.  He  di6d 
in  1748.  Daniel  Bernoulli,  the  son  of  John,  was  born  at  Groningen  in  1700 ; 
he  became  Professor  of  Physic  and  Philosophy  at  Basil,  and  on  his  father's 
death,  succeeded  him  in  the  A<^demy  of  Sciences.  It  is  remarkable  that  this 
Academy,  from  its  first  institution  in  1699,  had  never  been  gvithout  a  Ber- 
noulli; after  a  long,  useful,  and  honourable  life,  Daniel  Bernoulli  died,  much 
lamented,  in  the  year  17j3^  John  Bernoulli,  grandson  of  the  above  John,  is' 
well  known  as  an  industrious  and  skilful  astronomer  at  Berlin.  HKs  brother, 
James  Bernoulli,  was  born  at  Basil  in' 17 59;  he  read  lectures  on  Philosophy 
in  the  Univeiisity  of  Basil  for  his  uncle  Daniel :  afterwards  he  was  secretary 
to  Count  Brenner,  the  Emperor^s  envoy'  at  Venice,  and  in  1786  became  a 
member  of  the  Academy  of  Sciences  at  J^tersbnrg,  where  he  died  in  1789. 
Of  Nicholas  Bernoulli  I  have  not  been  able  to  obtain  any  satisfactory  acconni 
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valuation  of  annuiii^,  assurances,  reirersiotis,  &c.  Mr« 
Abralmin  Demoivre '  appears  to  have  been  the  first  ia  thisi 
country,  who  di&tinctly  explained  the  doctrine  and  mode 
of  application,,  in  bis  Doctrine  of  Chances,  S^c.  17 18,  and 
bis  Annukies  on  Lives,  1724:  indeed  he  was  particularly 
famous  for  calculations  of  this  kind,  spending  most  of 
bis  time  upon  them.  Mr.  Demoivre  was  ably  followed 
l^  Mr.  Thomas  Simpson  ",  whose  two  treatises  On  the 

'  Abrebam  Demoirre  was  bora  at  Vitri  in  Champa^e,  in  1667  ;  be  was  an 
eminent  teacbep^of  the  Matbematics  at  London,  where  be  (being  a  Prctfestant) 
bald  been  driven  by  the  rerocation  of  the  edict  of  Nantz  ;  be  was  a  Fellow  of 
the  Royal  Society,  and  member  ol  tha  Academies  of  Scicnees  at  Vkm  and 
Berlin,  and  was,  in  conseqoence  of  his  oonsummaU  abilities  as  a  mathema- 
tician, appointed  by  the  Royal  Society  to  determine  the  dispute  between  New- 
ton  and  Leibnitz,  concerning  their  respective  rights  to  the  invention  of  Flo- 
xions.   He  died  at  London  in  1754. 

■»  Thomas  Simpfon  was  bora  at  Market  Botvavth  in  I^icesteishtreyMi  1710 : 
he  was  bred  a  weaver,  but  gave  early  iodications  of  a  thirst  for  knowledge  of  a 
superior  kind ;  this  not  being  agreeably  to  the  views  of  his  fiitber,  a  separation 
soon  took  plaoe,  and  yonng  Simpsmi  went  to  nside  at  Nnacaitaik.  Herey  by 
means  of  the  instructions  given  him  by  an  itiaennt  pedtor  aad  lartnne-^eUer, 
during  bis  periodical  visits,  and  our  author's  own  endeavours,  he  acquired 
considerable  acquaintance  with  the  principles  of  Arithmetic  and  Algebra,  and 
likewias  sniieient  skill  in  the  ait  of  con^vring  to  enaUa  him,  in  the  twihnical 
phrasi^  to  answer  all  fmie  qntastioaa  about  fotority.  We  now  find  him  working 
at  his  trad^  all  day»  teaching  a  school  in  "the  evening,  and  occasionally  telling 
fortunes  \  this  continued  till  a  eariovf  cixonmstance,  the  account  of  which 
is  too  long  tO"  relate,  oUifed  him  to  quit  both  his  homa,  and  the  trade  of 
astrology :  he  then  went  to  Derby,  whcve  he  werked  at  his  tnde,  and  kepi  ais 
evening  scho<d  ;  but  his  emolamentii  being  kMnflicient  for  the  support  of  him- 
self and  family,  he  was  induced  to  repair  te*  London  about  1736 ;  he  settled  in 
Spitalfields,  working  at  his  trade  of  weaving,  and  occasionally  teaching  tha 
Matbematics.  He  now  became  better'  known^aiid  the  nmnber  of  his  pnpib 
increasing,  he  was  encouraged  to  make  propasab  for  poblishing  his  woik  on. 
Fluxions  by  subscription,  which  proved  the  precnrsor  ol  many  other  l^armd. 
%nd  valuable  works ;  and  he  now,  for  the  first  time,  began  to  discover  that 
the.  pretendsd  art  of  astrology  is  nothing  move  than  a  system  of  lEdUcy  and 
deceit.  In  1743,  he  was  appointed  Prafessov  of  Mathematics  at  the  Royal 
MiliUry  Academy,  Woolwich  ;  and  two  years  after  was  elected  fallow  of  tiia 
IU>yal  Society :  he  died  in  1761,  aft  Boeworth.  A  more  complete  aad  cirenm* 
stantial  aceonnt  of  Mr.  Simpson  ia  to  be  foond  at  the  beginning  of  his  Select 
Kicercises. 
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Nature  and  Laws  of  Chance,  1740»  and  The  Doctrine  of 
Annuities  and  Reversions,  1743,  are  held  in  great  esteem. 
Mr.  James  Dodsoa  has  furoisbed  a  nomerous  collectioa 
of  examples,  to  exercise  the  rules  and  theorems  laid  d^yrn 
by  preceding  writers,  in  the  second  and  third  volumes  of 
his  Mathematical  Rq»ository,  published  between  the  years 
1747  and  1756.  The  merits  of  Dr.  Price  *,  as  a  writer 
on  this  subject,  are  well  known  to'  the  public*  His 
Observations  on  Reversionary  PaymefUs,  S^c.  appeared  in 
1770,  as  did  Mr.  Morgan*s  Doctrine  of'  Annuities  and 
Insurances,  i^c.  in  1779;  the  latter  work  being  furnished 
with  an  Introduction,  and  an  Essay  on  the  present  state  ' 
of  population  in  England  and  Wales,  both  by  Dr.  Price. 

In  17179  Mr.  James  Sterling  published  lAnea  tertii 
ordinis,  and  in  1730,  Methodus  Differentialis ;  both  of 
which  abound  in  improvements  in  the  higher  branches 
of  Algebra. 

In  1740,  Professor  Saunderson""  published  his  Elements 
-of  Algebra,  which  work  has  been  considered  as  the  most 
complete  and  comprehensive  system  in  the  English  Ian- 


■  The  Rer.  Dr.  Richard  Price,  an  emineiit  Dittcatiof  niaitter,  wae  bora  ia 
17S3 ;  his  distingaished  ftbilities  as  a  calcuUitor  are  well  koiwou  **  He  was," 
.  says  his  biograpbery  <<  the  friend  of  tank,  aad  tbe  most  intrepid  assertor  of 
his  rights ;  and  ^ile  his  genius,  and  his  no  less  abstmse  than  Taluable  labours 
in  calculation,  nnk  him  with  the  first  philosophers  of  ertry  age,  his  political 
eonnseb  and  writings  plaee  him  among  the  most  distinguished  patriots  and 
benciiBctors  of  nations.**    He  died  in  1791. 

•  Niehoics  Saunderson  was  bom  at  Thnrkton  in  Yorkshire,  in  1682,  and 
lost  his  eye-s^fai  by  the  small-pox  jrhen  he  was  but  a  year  old ;  notwithstanding 
which  be  became  a  very  eminent  mathematical  and  classical  scholar.  In  1 707 
he  went  to  Cambridge,  where  he  taught  the  Mathematics,  and  ga^^  lectures  on 
Kewton's  Alncipia ;  four  years  after  he  was  appointed  Lucasian  Professor  of 
the  Mathematics.  In  1736,  King  George  II.  visited  the  Uniyersity,  on  which 
oceaston  our  author  was  created  LL.D.  a  degree  which  perhaps  was  never 
more  worthily  bestowed.  Dr.  Saunderson  wrote  with  great  clearness  on  almost 
tat/ttj  branch  of  the  Mathematics.  He  died  in  1739. 
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guage.  Maclaurin's  ^  Treatise  of  Algebra  appeared  shortly 
after  his  death,  which  happened  in  1748  :  it  is  an  excellent 
work,  and  has  an  Appendix  on  the  appHcation  of  Algebra 
to  Curve  Lines,  in  which  the  subject  is  very  ably  treated; 
The  mathematical  works  of  Mr.  Thomas  Simpson  were 
published  between  the  years  1740  and  1753;  and  are  no 
less  remarkable  for  their  usefulness,  than  for  the  striking 
display  of  originality  which  they  exhibit ;  especially  those 
parts  which  relate  to  our  present  subject.  Mr.  William 
Emerson  <>  published  a  complete  course  of  the  Mathe- 
matics, by  single  volumes,  in  1763,  and  the  succeeding 
years.  Ji\s  Algebra  was  first  printed  in  1764,  and  evinces 
incontestable  marks  of  vigorous  genius,  accompanied 
with  a  rude  and  uncultivated  taste.  In  1764,  came  out 
Mr.   Lauden's'  Residual  Analysis,  a  new  branch  in  the 

P  Colin  Maclaurin  was  born  at  Kilmoddan,  in  Scotland,  in  1698 ;  receiFetl 
bi»  edacation  at  the  University  of  Glasj^ow,  and  took  bis  Master  of  Arts'  degree 
in  his  fifteenth  year  :  in  1717  he  became  Professor  of  the  Matliematics  at  the 
Marischal  College  of  Aberdeen,  and  two  years  after  a  Fellow  of  the  Boyal 
Society.  In  1725  he  was  elected  Professor  of  the  Mathematics  at  the  Univer« 
sity  of  Edinburgh,  principally  through  the  interest  of  Sir  Isaac  Newton>  where 
he  acquitted  himself  to  the  satisfaction  of  all.  He  was  remarkably  well  skilled 
in  the  new  Geometry,  and  in  whatever  was  connected  with  the  ivcent  dis- 
coveries of  Newton,  Leibnitz,  the  Bernoulli's,  Wallis,  Cavalerius,  and  others ; 
and  engaged  successfully  in  the  solution  of  most  of  the  great  problems  of  the 
day :  he  was  a  great  man,  and  as.  good  as  he  was  great.  He  died  in  1746. 

t  William  Emerson  was  born  at  Hurwortfa  in  Purbam,  in  1701,  and  receired 
the  whole  of  his  education  from  his  father,  who  was  a  schoolmaster,  and  the 
Curate  of  Hurworth,  who  lodged  at  his  father's  bouse  ;  be  once  took  pnpils, 
but  want  of  sufficient  patience,  and  of  a  happy  method  of  teaching,  soon 
fkiduced  him  to  relinquish  that  plan.  I  h%ve  been  informed,  that  be  was  a 
great  adept  at  thatching,  that  he  often  hired  himself  out  to  that  employ,  and 
preferred  it  to  teaching.  He  was  a  very  ingenious  mathematici£Ui,  but  excelled 
in  mechanics,  in  which  it  was  his  constant  practice  to  prove  his  conclusions  by 
experiments  made  with  machines  of  his  own  construction.  The  eccentricity 
of  his  character  was  obvious  from  his  complete  disregard  of  dress.  He  died 
at  Hurworth  in  1789. 

'  John  Landen  was  born  at  Peakirk  in  Northamptonshire.  He  was  a  very 
respectable  mathematician,  and  a  contributor  to  the  Ladies'  Diary  :  in  1766  be 
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algebraic  art,  capabfe  of  resolving .  problems  to  which 
Fluxions  are  usually  applied,  and  in  a  more  natural  and 
elegant  manner;  other  mathematical  works  have  since 
been  published  by  this  ingenious  author. 

The  Elements  of  Algebra^  by  the  celebrated  Leonard 
Euler%  were  published  in  1770,  in  the  German  language: 
in  1774  it  was  translated  into  French,  and  a  translation 
of.  it  into  English  has  lately  been  announced  by  the 
booksellers;  this  work,  especially  the  French  translation 
of  it,  has  been  much  commended.  In  1789,  Mr.  James 
Glenie  published  his  Doctrine  of  Universal  Comparison ; 
and  in  1793,  The  Antecedental  Calculm,  or  a  geometrical 
method  of  reasoning,  without  any  consideration  of  mo- 
tion or  velocity,  applicable  to  every  purpose  to  which 
Fluxions  have  been,  or  can  be  applied;  with  the  geo- 
metrical principles  of  Increments,  ^c. 

In  1793,  Professor  Vilant,  of  Edinburgh,  published. 
The  Elements  of  Mathematical  Analysis,  abridged;  with. 
Notes,  dempmtratixie  and  expla/iatQry ;  and  a  Synopsis  of 

^ras  ^eoted  Fellow  of  the  Royal  Society,  and  enriched  its  Transactions  with 
-some  curious  and  valuable  papers.  His  Mathematical  Lucubrotiona  were  pub- 
lished in  1755;  and  in  1781,  and  the  two  following  years,  he  gave  three  small 
tracts  OBL  Infinite  Series.   He  died  at  Miltop  ip  17^« 

*  Leonard  Euler,  one  of  the  greatest  mathematical  geniuses  the  world  ever ' 
produced,  wasb^rn  ^t-jB^sil  i^  1707  ;  9ft  the  University  of  which  he  received 
his  education,  and  where  he  $ittracted  the  particular  regard  of  the  celebrated 
John  B«raovilli,  and  became  the  int^m^  friend  of  his  two  sons,  Nicholas  and  . 
Daniel:  to  this  circumstance  are  justly  attributed  his  vast  acquirements  in 
nkfithematical  and  philosophical  knowledge,.to  dp  jnstJce  to  which  an  ample 
treatise  would  scarcely  be  sufficient. ;  He  toc^  tt^  degree  of  M.  A.  in  1733,  and  ' 
shortly  after  becatme  joint  Frc^essor  with  Herman,  and  Daniel  S^noalli,  at 
Petersburg.    In  1730  he  was  promoted  .to  the  Professorship  of  Natnral  Pbilo-  • 
sophy,  and  three  years  after  succeeded  his  (riend,  Daniel  Bernoalli^  in  the  matbe-  • 
matical  chair:  he  was  a  member  of  the  Academy  of  Sciences  at  Paris,  and 
ei^i^iched  the  memoirs  of  that,  and  of  several  other  Academies,  with  a  vast 
number  of  invaluable  papers  ;  the  catalogue  only  of  his  works  occupies  fifty 
pfig^.    9^is  great  man  dkd  at  Petersburg,  in  the  year  1783»  universally 
lamented. 
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Book  V.  cf  Euciui.  This  work  is  an  abridgment  of 
another  work  noifinhhed^  and  although  very  ne^igently 
printed,  it  is  calculated  to  make  a  useful  text  book  for 
those  who  lecture  oa  the  subject :  the  rules,  solutions, 
and  demonstrations  being  given  with  great  clearness ;  to 
which  are  added  proper  marginal  references. 

Mr.  Wood's  *  Elements  of  Algebra,/or  the  use  of  Stu^ 
dents  in  the  University  of  Cambridge,  forming  a  part  of 
the  system  of  mathematical  instruction,  undertaken 
jointly  by  himself  and  Mr.  Vince,  appeared  about  the 
same  time.  This  excellent  work  would  be  improved 
by  a  greater  number  and  variety  of  examples. 

Dr.  Maskelyne's  "  method  of  resolving  all  the  cases  of 
cubic  equations,  by  the  tables  of  sines,  tangents,  and 
secants,  will  be  found  in  Taylor's  Logarithms:  the  ini* 
provements  and  discoveries  of  Dr.  Waring  *  are  con- 
tained in  his  Meditationes  jilgebraica,  1770;  Proprietates 
Algehraicarum  Cnrvarumy  1772  ;  Meditationes  Analytica^ 
1776,  and  in  the  Philosophical  Transactions:  those  of 
the  Rev.  Mr.  Vince  ^,  in  the  Philosophical  Transactions, 
and  in  his  Fluxions,  and  other  works :  and  those  of  Dr. 


«  The  Rev.  James  Wood,  B.  IX  FeUafW  and  Tator  of  St  Mm*%  CMIeg^, 
Caabridge. 

«  NcviUo  Matkelfne,  D.  D.  F.  R.  S.  late  Astronomer  Royal  at  the  Royal 
Obsenratofy,  Hamsled  Hense,  Oreenwycli:  he  died  in  the  spring  of  181 !» 
aad  was  saoeecded  bj  Mr.  Pond,  a  gentleman  whose  ri»ilities  as  an  astronomer 
are  wcU  known. 

*  Edward  Waring,  M.  D.  the  tate  Lncasian  Professor  «f  Mathematics  at 
GBBbridga»  was  the  most  profonnd  analyst  in  Espope,  as  is  dearly  erinced  in 
his  AtiactUamea  jinafytiem,  pnblished  in  1769;  Proprietmtw  AigOrtAcmrum 
Cwn«rifm»1773;  MuUuaiome»  Atud^Hcef,  1779;  and  in  his  Tnrions  papers 
«nd  .tracts  published  in  the  Phifesephical  Transactions,  and  elsewhere.  The 
profound  skill  and  deep  penetration  disphiyed  in  many  pots  of  the  writings  of 
this  learned  author,  hare  excited  the  admiration  of  mathematicians  in  erery 
part  of  Europe.   H«  died  in  1796. 

r  The  Ber.  Samuel  Vinoe,  M.  A.  F.  R.  S.  the  present  nimrian  Professor  of 
Astronomy  and  Experimental  Philosophy  at  the  University  of  Cambri(%e. 
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Huttob  %  iQ  his  Mathematical  Tracts,  aod  other  parts  of 
his  numerous  and  useful  publications. 

Mr.  Bonnycastle's  improvement  of  the  binomial  theo- 
rem, its  use  in  the  construction  of  logarithms,  and  hi% 
observations  on  the  irreducible  case  of  cubic  equations, 
with  an  improved  solution  by  the  table  of  sines,  are  to 
be  met  with  in  Dr.  Button's  Mathematical  Dictionary. 
We  must  not,  in  this  enumeration,  omit  the  name  of  Mr. 
Baron  Maseres ;  a  gentleman,  whose  extensive  genius  and 
unremitting  industry  have  been  longsuccessfully  employed 
in  cultivating  the  mathematical  sciences;  to  whom  Algebra 
in  particular  owes  much :  and  it  is  in  consequence  of  his 
liberal  encouragement  and  patronage,  that  the  works  of 
the  most  distinguished  female  analyst  the  world  could 
ever  boast,  are  made  our  own  *.  By  the  united  abilities 
of  these,  and  of  a  far  greater  number  of  distinguished 
writers,  whose  names  we  are  obliged  to  omit^  the  sci^ 
ence  of  Algebra  has  attained  to  its  present  state  of  per- 
fection \ 

>  Charles  Hatton,  LL.  D.  F.  R.  S.  the  late  Professor  of  Mathematics  at 
the  Rojral  Military  Collfe^e^  Woolwich:  be  was  succeeded  by  Mr.  Joba 
Bonnycastle. 

•  The  analytical  works  of  Madame  Agncsi,  translated  by  Mr.  Colson,  and 
pablisbcd  under  the  inspection  of  the  Rev.  John  HellingSy  B.  Di  and  F.  R.  S. 

^  Among  the  smaller  elementary  books  on  Algebra,  may  be  mentioned  the 
Introductions  of  Penning,  Bonnyca^tle,  the  Rev.  Mr.  Joyce,  and  ^n  Eaty  /»« 
troduciion  to  Algebray  by  the  author  of  this  work,  published  in  17dd>  Likewise, 
Lectures  <m  the  Element*  of  Algebra,  by  the  Rev.  1^.  Bridge,  B.  D.  Fellow  of 
St.  Peter's  College^  Cambridge,  and  Professor  of  Mathematics  in  the  East  India 
College ;  an  easy  and  useful  wopk. 


^    •» 
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DEFINITIONS  AND  NOTATION. 

•  1 .  Algebra,  as  we  have  observed,  is  tbe  science  which  teaches 
general  methods  of  performing  computations,  by  means  of  let- 
ters, signs,  and  other  general  characters. 

2.  Quantities  are  expressed  by  the'  small  letters  of  the  alpha- 
bet ^,  to  which  the  figures  1,  2,  3,  &c.  are  sometimes  joined  j 
this  will  be  fully  explained  in  its  proper  place. 

3.  The  sign  +  is  the  mark  for  Addition  ^  it  is  named  pliis; 
(more,)  and  is  placed  between  two  quantities,  to  shew  that  the 
quantity  which  'follows  the  sign  is  to  be  added  to  the  quantity 
going  before  it. 

Thus,  a  -h  6  is  read  a  plus  6,  and  signifies  that  the  quantity 
represented  by  6,  is  to  be  added  to  the  quantity  repre- 
sented by  a. 

4.  Quantities  having  the  sign  -)-  prefixed,  are  named  positive 
or  affirmatwe  quantities :  if  a  quantity  has  no  sign  prefixed,  it 
is  affirmative,  +  being  understood 5  and  if  a  positive  (or  affirma- 
tive) quantity  stands  alone,  or  on  the  left  of  all  the  others  con- 
nected with  it,  then  the  sign  -f  is  usually  omitted  3  but  thi^ 
sign  is  never  omitted  in  any  other  case. 

5.  The  sign  —  is  the  mark  for  Subtraction ;  it  is  named  minus, 
(less,)  and  signifies  that  the  quantity  which  follows  the  sign,  is 
to  be  subtracted  from  the  quantity  going  before  it,  or  from  the 
other  quantities  concerned. 

Thus,  a— 6  is  read  a  minus  b,  and  shews  that  the  quantity 
represented  by  6,is  to  be  subtracted  from  that  represented  by  a  j 
also  —  c  -{-  a  +  6  shews  that  c  is  to  be  subtracted  from  the  sum 
of  a  and  6. 

6.  Quantities  having  the  sign  —  prefixed,  are  called  negative 
quantities :  this  sign  is  always  prefixed  to  negative  quantities, 
and  must  not  be  omitted  in  any  case  :  likewise  every  quantity  is 
either  positive  or  negative,  and  consequently  must  have  either 
4- ,  (expressed  or  understood,)  or  —  belonging  to  it. 

7.  Two  or  more  quantities  are  said  to  have  like  signs,  when> 


^  In  addition  to  these,  the  capitals  are  frequently  employed,  as  are  the  Greek 
letters,  the  signs  of  the  ecliptic,  and  in  general,  the  characters  peculiar  to  any 
•ubject  to  which  Algebra  may  be  applied. 
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the  signs  are  either  all  +>  or  all  —  ;  and  they  are  said  to  have 
unlike  signs,  when  some  are  -f  ^  and  others  •*. 

8.  The  sign  jx  is  the  mark  for  Multiplication  -,  it  is  named 
into,  and  signifies  that  the  quantities  between  which  it  stands 
are  to  be  multiplied  together. 

Thu8«  a  X  h,  IB  read  a  into  b,  and  shews  that  the  quan« 
tity  represented  by  a  is  to  be  multiplied  into,  or  by«  the  quantity 
represented  by  6. 

9.  A  point*  is  sometimes  used  instead  of  the  sign  x>  thus 
a  X  b  tnay  be  written  a.b,  also  3  x  x  x  tf  x  z  may  be  written 

IOl  Both  the  sign  and  point  are  frequently  omitted  j  thus 
a  X  6^  or  a.b,  are  frequently  written  thus^  ab-,  also  "i  x  x  x  y 
Is  written  ^xy-,  and  when  several  letters  are  placed  together 
like  the  letters  of  a  word,  their  product  is  always  understood} 
thus  abed  denotes  a  x  b  x  c  x  d:  and  the  same  is  to  be 
understood  when  a  number  is  connected  with  the  letters  3  thus 
3  X  a  X  b  X  c,  18  written  3abc  y  but  when  two  or  more  num* 
bers  are  connected,  either  the  sign  x  must  be  interposed  be- 
tween the  numbers,  (not  the  point>)  or  their  product  must  be 
taken}  thus,  3  x  4  x  a?  x  ^,  must  be  written  3  x  4  d:y,  or  \9>xy, 
and  not  S.4.x.^,  or  34^. 

il.  When  the  product  (or  multiplication)  of  two  or  more 
letters,  is  denoted  by  placing  the  letters  together  like  a  viOfA,  it 
is  indifferent  in  what  order  they  are  placed }  thus  ah  and  ba  are 
the  same ;  also  abc  is  the  same  as  ac6,  or  cba,  or  cab,  or  bca, 
or  ftee  >  bnt  it  is  usual,  for  the  sake  of  method,  to  place  the 
letters  in  alphabetical  order :  likewise  when  a  number  is  con- 
neeted  with  Mters  by  the  sign  x » it  is  indtfilerent  in  what  order 
they  stand  -,  thus,  a  x  3  x  &,  and  a  x  6  x  3,  and  6  x  a  x  3, 
and  ^  X  3  X  A,  and  3  x  a  x  5,  and  3  x  6  x  « >  are  the  same ; 
but  when  the  sign  x  is  not  interposed,  the  number  must 
always  stand  first,  thus,  3ab,  or  3ba,  and  never  a36,  or  b3a, 
or  0^3,  or  baS. 

12.  The  sign  -f-  is  the  mark  for  Division }  it  is  named  by,  and 
algniiies  that  the  quantity  standing  before  the  sign,  is  to  be 
divided  by  the  quantity  which  follows  it. 
*  ' I.  .  ,  ■    ,   .  ■       —         ■  ■  ■, 

*  The  Qse  of  the  point  to  denote  moltiylicatioii  was  introdaced  (as  Dr.  Hat- 
ton  supposes)  by  M.Xieibnit2. 
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Thiu^  a-^hiB  read  ahf^b,  and  denotes  that  the  quaaCiff 
represented  by  a,  is  to  be  divided  by  that  represented  by  b. 

IS.  Division  is  likewise  denoted  by  placing  the  diridend  above 
the  divisor,  with  a  amall  line  between^  tike  a  fraction  5  thcis  a-^6 

is  written  -r-. 
6 

It  may  be  remarked,  that  the  signs  +,  — ^  and  -f-  always  be- 

"  long  to  (or  govern)  the  quantity  which  follows  the  sign ;  thus  in 

the  expression  a  —  6  +  c ...  6  is  the  quantity  to  be  subtracted, 

not  a  5  and  c  is  the  quantity  to  be  added^  not  6  j  also  in  the 

expression  a  -4-  6  ...  6  is  the  divisor>  and  not  a.  But  the  sign  of 

multiplication  x  equally  affects  both  quantities  between  which 

it  stands  -,  thus  a  x  b,  denotes  the  multiplication  of  a  by  b,  or 

of  6  by  a>  either  may  be  considered  as  the  multiplier. 

13.  The  sign  =  is  the  mark  for  equality  3  it  is  named  eqmil  or 
equah,  and  denotes  that  the  quantity  or  quantities  on  one  side 
of  the  sign,  are  equal  to  the  quantity  or  quantities  on  the  other 
side. 

Thus  a  =s  (^  is  read  a  equals  b,  and  denotes  that  the  quan- 
tity represented  by  a,  is  equal  to  that  represented  by  b ;  algo^ 
a  +  b  =s  c-^d,  is  read  a  plus  b  equal  c  minus  d,  and  shews  that 
the  sum  of  a  and  ^^is  equal  to  the  difference  of  c  and  d. 

14.  The  coefficient  of  a  quantity  is  the  number  prefixed  to  it. 
Thus  in  the  quantities  ^a,  Sbd,  and  43^x,  2  is  the  coeficient  of 
a,  3  is  the  coefficient  of  bd,  and  4  is  the  coefficient  of  xyz  y  these 
numbers  are  sometimes  called  numeral  coefficients. 

In  quantities  consisting  of  two  or  more  letters,  placed  together 
like  a  word,  any  one  or  mom  of  the  letters  may  be  conndered 
as  the  coefficient  of  the  rei^  >  thus  in  the  quantity  a&. . .  «  ia  the 
coefficient  of  b,  and  b  of  a-,  in  the  quantity  xyz  . . . « is  the  co» 
efficient  of  yz,  y  of  xz,  and  z  of  ^cy ;  in  lOce  manner  yz  is  the 
coefficient  of  x,  xz  of  y,  and  ;i^  of  z :  these,  in  order  to  disdn- 
guish  them  from  the  numeral  ones^  are  called  Utewal  eoeffS^^ 
dents, 

£very  algebraic  quantity  haa  a  numeral  coefficient,  either  «- 
pressed  or  understood  5  when.  1  is  the  coefficient,  it  is  seMom 
put  down,  and  when  a  quantity  has  no  coefficient,  1  is  alwi^ 
understood  to  be  its  coefficient  3  when  the  coefficient  is  greater 
than  I,  it  is  always  expressed. 

1 5.  A  simple  q^ntity  is  that  which  is  r^resented  by  one 
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ttttmber  or  leUer,  or  by  several  letters  standing  together  like  a 
word,  or  by  a  number  and  letters  so  placed. 

Thus,  7  .  •  •  o^  *  •  •  ^b,  and  —  4xyz,  are  simple  quantities. 
,  16.  A  compound  quantity  is  Ibat  which  .consists  of  two  or 
more  simple  quantities^  called  its  terms,  connected  together  by 
the  sign  4-  or  — . 

Thus  a  +6  is  a  compound  qtiantity,  having  a  and  b  for  its 
terms  ,*  and  Sor  -f  3^  ~«  4  is  a  compound  quantity,  the  terms  of 
which  are  2j:,  Sy,  and  —  4.  ' 

It  is  indifferent  in  what  order  the  terms  of  a  compound  quao* 
tity  standi  provided  every  term  has  its  proper  sign  prefixed; 
thus,  a  4:  ;6  may  be  written  6  +  a,  and'^x  -f-  3y  —  4  may  be  writ^ 
ten  Sy  +  2a?  — 4,  or  —4  -f  2jr  -f  3y,  &c. 

17*  A  binomial  is  a  compound  quantity  consisting  of  twO: 
terms,  as  a  -h  «...  26.  +  4c,  &c.     A  trinomial  of  three  terms, 
as  0?  — 3y  -h  2z,  &c.     A  quadrinooiial  of  four  terms*  as  —2a 
+  6  —  3c  -H  X.     And  a  multinomial,  or  polynomial,  of  many- 
terms,  as  a  —  z  -f  26  —  c  4-  4,  &c. 

18.  A  residual  quantity  is  a  binomial  having  one  of  its  terms 
negative,  as  a—  6,  or  2a?  —  5z,  &c. 

:\  19.  The  powers  of  a  quantity  are  the  products  which  arise  by 
multiplying  the  quantity  continually  into  itself )  they  are- pro- 
duced and  named  as  follows. 

Every  quantity  is  considered  as  being  the  ji^r^^  power  of  itself; 
thus,  a  is  the  Jirst  power  of  a.  i 

If  a  quantity  be  multiplied  once  into  itself,  the  product  m 
called  the  second  power,  or  square  of  that  quantity  j  thus  a  x  a. 
Or  aa,  is  the  second  power  or  square  of  a. 

If  a  quantity  be  multiplied  continually  ^tvice  into  itself,  the 
product  is  called  its  third  power,  or  cube-,  thus  a  x  a  x  a,  or- 
aaa,  is  the  third  power,  or  cube  of  a. 

.  In  like  manner  any  quantity,  as  a,  multiplied  three  times  into, 
itself,  produces  aaaa,  the  biqiuidrate,  or  fourth  power  of  a,  and  so 
on  for  higher  powers. 

.  20.  But  the  powers  of  quantities  slyq  frequently  and  more 
conveniently  represented  by  small  figures,  called  indices  or  ex* 
ponents,  placed  over,  and  a  little  to  the  right  of,  the  quantities. 
Thus.a^  is  the  same  as  aa,  and  denotes  the  second  power  .or 
square  of  a  ...  j;^  is  the  same  as  xxx,  denoting  the  third  powef. 
or  cttfte  of  a? . . ,  yyyy,  or  y*,  equally  express  the /owriA  power  or 
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biquadrate  of  y,  and  so  on,  where  the  small  figures  2y  3,  and  4» 
are  the  indices  or  exponents  of  the  powers,  each  sliewii^  how 
often  the  quantity  under  it  is  repeated. 

21.  The  root  of  a  quantity  is  that  which  being  multiplied 
onee  or  oftener  into  itself^  produces  the  given  quantity. 

Thus^  a  is  the  square  root  of  a^,  because  a  x  a=z{^^ 
X  is  the  cube  root  of  x*,  because  a:  x  a?  x  a?  =  a*. 
y  is  Xhe  fourth  root  of  y"^,  because  y  x  y  x  y  X  yi=^  y*, 

22.  The  root  of  a  quantity  is  denoted  by  the  character  ^, 
called  a  radical  sign,  with  a  small  figure  over  it,  expressing  what  ^ 
root  is  designed  ^ :  or  else,  by  a  fractional  index  or  exponent 
placed  over  the  quantity. 

Thus  j^a,  or  a^,  denotes  the  square  root  of  a, 
^  ^Xy  or  x\,  denotes  the  cuhe  root  of  x. 
*Vy>  ^^  y^»  denotes  the  fourth  root  of  y,  &c. 

23.  Quantities  under  the  radical  sign,  or  having  a  fractional 
index,  are  called  radical  quantities ;  if  the  root  denoted  by  the  ' 
radical  sigh,  or  index,  can  be  found  exactly,  the  quantity  under 
it  is  called  a  rational  quantity ;  but  if  the  exact  root  cannot  be 
found,  it  is  then  called  an  irrational  quantity,  or  surd. 

24.  Like  quantities  are  such  as  differ  only  in  their  numeral 
coefficients 5  thus  3a, . . .  5a,  and  —  \7a,  are  like  quantities;  so  ' 
are  —  4axy, . . ,  3axy,  and  --  7«^y. 

25.  Unlike  quantities  are  such  as  differ  either  in* their  letters, 
or  indices,  or  in  both)  thus  2a,  and  3b,  are  unlike  quantities; 
so  are  .a^x, . . .  ajc*,  and  abx, 

26.  A  vinculum  is  a  straight  line  drawn  over  the  top  of  two . 
or  more  quantities,  to  connect  them  together,  as  a  -{•  x,  gr 
X  —  3y  +  4z,  and  signifies  that  the  quantities  under  it  are  to  be 
taken  collectively,  or  considered  as  one  quantity,  with  respect  to 
the  sign  standing  before  or  after  the  vinculum. 

Thus  a  -fr  6  X  c  signifies  that  both  a  and  b  are  to  be  multi- 
plied into  c; . . .  JT  +  y  +  z  x  a.—  b  shews  that  the  sum  of  x,  y,  . 
and  2,  is  to  be  multiplied  into  the  difference  of  a  and  6. 


^  The  square  root  being  i\i& first  root,  the  ^maU'^gure  2,  denoting  the  root^ 
is  always  omitted,  and  the  root  is  designated  simply  by  the  sign  v  Placed  be- 
fore the  power  J  but  the  figure  denoting  any  higher  root  i,8  never  omitted. 
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9lt.  The  parenthesM  is  frequeatly  \um1  kistead  of  the  Tmca- 
lum$  thus  (a  4-  6)  X  e  is  the  same  as  a  +  6  x  c^  also  (a;  +  y  +  «) 
X  (a  ^  &)  is  the  same  asx  +  ^H-^  xa^6. 

^.  Two  dots  are  sometioies  used  instead  pf  the  vincukiiD^  or 
jparenthesis  3  they  are  sometimes  placed  at  each  end  of  the  com* 
pound  quantity^  as:a?  +  y  —  z:x4;  and  sometimes  at  the  end 
only,  next  the  sign,  as  ar  +  y  —  z  :  x  4,  which  expressions  are 
the  same  asx  +  y  —  zx4. 

29*  When  two  quantities  are  included  in  a  vinculum,  or 
parenthesis,  it  is  usual  in  reading  them  to  pronounce  the  word 
both,  and  the  w<H*d  all  when  there  are  more  than  two :  thus 
a  -f  6  X  c  is  read  a  plus  h  both  into  c ;  the  expression  x  —  y 
-^a  -f  Zy  isTead  x  minus  y  both,  by  a  plus  z  both}  a  —  y  4-  z. 
a;  +  a  is  read  a  minus  y  plus  z  all,  into  x  plus  a  both ;  and 
(5  +  y  —  z)  -^  (a  -f-  6  4-  c)  is  read  5  plus  y  minus  z  all,  by  a 
plus  b  plus  c  all, 

SO.  When  two  quantities  are  compared  together,  the  quan-^ 
tily  compared  is  called  the  antecedent,  and  the  quantity  to  which 
it  is  compared  is  called  the  consequent :  also  the  relation  the  two 
quantities  bear  to  each  other  with  respect  to  magnitude,  is  called 
their  ratio ;  and  the  quotient  of  the  antecedent  divided  by  the 
consequent^  being  the  number  expressing  that  relation,  is  caUed 
the  index  of  the  ratio :  the  ratio  itself  is  expressed  by  placing 
the  antecedent  before  the  consequent,  with  two  dots  placed 

.vertically  between  5  thus  12  :  3  expresses  the  ratio  of  12  to  3^ 

12 
where  12  is  the  antecedent,  3  the  consequent,  and  —  ==  4j    the 

•J 

index  of  the  ratio. 

31.  Proportion  is  the  equality  of  two  ratios  :  thus  when  two 
quantities  have  the  same  ratio  that  two  other  quantities  have, 
this  equality  or  identity  of  ratios  is  called  proportion,  and  Is 
denoted  by  four  dots,  placed  in  the  intenal  between  the  first 
two  and  the  latter  two  quantities  y  thus  3  :  6  :  :  1  :  2,  is  read 
S  is  to  6,  as  I  is  to  2,  and  denotes  that  3  has  the  same  ratio  to 
6,  that  1  has  to  2. 

32.  The  sign  y  is  called  greater  than,  and  the  sign  ^  less 
than ;  thus  a^b  denotes  that  a  is  greater  than  b,  and  b  ^  a 
denotes  that  b  is  less  than  a, 

33.  The  sign  CO  denotes  the  (KflRerence  in  general  of  two 
quantifies  between  which  it  is  placed,  when  it  is  not  known 
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which  is  the  greater  3  thus  acr>  h  signifies  a  —  fe/^wfien  a  is  the 
greater  3  and  b-^  a,  when  h  is  the  greater. 

34.  The  reciprocal  of  an  integral  quantity  is  unityMivided  hy 
it,  and  the  reciprocal  of  a  fraction  is  that  fraction  inverted  5  thui 

the  reciprocal  of  a  is  — ,  the  reciprocal  of  :p  —  y  is ,there- 

a  ,  X  —  y 

ciprocal  of  --  is  --,  and  that  of  -: is  r . 

^  4       3  c+  d      a-^b 

f 

35.  EXAMPLES  IN  NOTATION, 

Wherein  the  signification'i^f  each*  letter,  and  of  the  several 
comhi  nations  and  results,  are  required  to  be  expressed  in 
numbers. 


^•■"■^'■'.« 


Letasz9.  6  =  7.  l^yL  d  i^  3.^e  =  1. 
1.  To  find  the  value^f  a  H^^t^.-^^-  c  +  d  in  numbers  ? 

Here,  instead  of  tk4>ut^Anstead  of  b  put  7>  instead  of  cput  4^ 
and  instead  of  d  p^fi^^Mh  the  proper  signs  between ;  then  proceed 
with  these  numbers  {piz,  add  them)  as  the  signs  import. 

Thus  a  4-  5'+  c  -I-  d  =  9  +  7  +  4  +  3  =  23,  //le  answer. 

9i.  Required  the  value  ofd  —  fe-fc  —  d? 

Thus  a— 6+c— d=:9  —  7  +  4  —  3  =  13  —  10  =  3,  ans. 

Here  I  add  the  numbers  with  the  sign  +  (viz,  9  and  4)  together 
into  one  sum,  and  those  with  the  sign  —  (viz.  7  and  3)  into  another, 
then  subtract  the  latter  from  the  former. 

3.  Reqtiired  the  value  of  a6  +  6c  —  cd  ? 

Thus  ab+  fee -cd  =9x7  +  7x4 -4x3  =  63 +  28 
—  12  =  91  —  12  =  79.  Answer, 

4.  Required  the  value  of -~+  -— ? 

^  7d     4e 

_,      ab      cd      9x7       4x3       «.„       ^     . 

Thus  —-  +  —  s= =3+3  =  6.  Answer, 

7d      4e       7.X3_4XJ_ 

5.  Wh«t  is  the  value  ofa  +  6.c— 6? 

Thus  a-f-  6 . c  — e  =  9  +  7 •  4—  1  =  16  x  3  =  48.  Ans, 

-^  ad 

6.  Required  ^a'^b^J^<^^d'\-  —? 

Thus  ^9-77^  +  415-3  +  ^-^  =  3-49  +  64-3  + 

27  27 

28  28 
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7.  What  is  the  value ofa  —  c  +  fe-— 5?  Am.  7. 

8.  To  find  the  value  of  2a  +  06  —  d  P  Ans.  78. 

9.  Required  8a6  —  Acd  -^  Via  ?  Ans.  33. 

10.  To  find  a-f  c  X  h'^e  x  c  — c?  ^iw.  90. 

1 1 .  What  is  ahc  -5-  hid  +  ccfe  ?    Am.  1 5. 

12.  Required  ^4-  ^  —  2rf  .5^  ^/is.  17-^. 

^  cd       2e 

13.  Required  ^4a  —  y^Sd  +  c^  ?  -^««.  19. 

14.  Required  the  valfte  of  d -f  e]  ^  ^  c  ?  -4««.  4. 

15.  Required  d^  —  2gfe  +  b^P^Ans.  4. 

16.  Find  a  4-  6  -f-  3d] j-  x  a  — 6-f  6cl4-.    Ans.^O. 


ADDITION. 

3G.   7b  add  quantities  which  are  like,  and  have  like  signs. 
.Rule.  Add  all  the  coefficients  together^  and  place  the  com- 
mon sign  before  their  sum>  and  the  common  letter  or  letters 
after  it*. 

Examples. 
1.  Add  together  the  following  algebraic  quantities^  viz. 

-).     2a  SxphntUian, 

«h    3  a         I  add  the  coefficients  2^  3,  5^  aod  4^  together,  and  the  sum 

-)-     5  a  is  1 4 ;  before  this  1  place  the  common  sign  4-  >  ^nd  after.it  the 

I      ^^  common  letter  o,  making  the  sum  -^  14  a.    Bat,  •  because 

when  a  quantity  has  no  sign,  -f*  is  always  understood,  the 

-(-14  a  signs  might  in  this  case  have  been  omitted  without  detriment. 


*  The  reason  of  this  rule  is  so  exceedingly  obvious,  that  he  who  can  add 
numbers  together  will  readily  understand  it ;  in  the  first  example  it  is  evident 
.that  2a,  3a,   5a,  and  4a,  added  together,   will  make  14a,  let  a   represent 
whatever  it  may ;  2,  3,  5,  and  4  times  any  thingy  will  (being  added  together) 
evidently  amount  to  14  times  that  thing:  if  a  represent  a  po0i4»  then  the 
sum  will  be   14   pounds;    if  a  ropreseat  a  yard,  t^ien-Ma  wtU  imply  14 
yards.     With  respect  to  the  signs,  it  is  evident  that  the  sum  will  be  of  the 
s^me  nature  with  the  particulars  which  constitute  it  \  several  mddUive  quan- 
tities being  collected  together,  the  sum  will  clearly  be  an  additive  quantity 
eqnal  to  all  of  them  together;  but  if  several  suhrhuiive  quantities  are  colhicted, 
the  sum  will  as  evidently  be  a  subductive  quantity  equal  to  all  the  latter  taken 
together.    Therefore  the  sum  of  affirmative  quantities  will  be  -|- ,  and  the  sum 
of  negative  ones  — * 
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2. 

3, 

4. 

5. 

6. 

5ax 
2ax 
3  ax 
2ax 

—    4t 

—  22 

—  2 

3a^ 

a* 

4a« 

2a« 

10  a« 

—  abc 

—  abc 

--2  abc 

—  afe  c 

— 5a6c 

r^ 

2  v'^ 

3  v'* 
5  ^J 

a/* 

l^ax 

—  102 

11  ^a? 

7. 

8. 

9. 

10. 

11. 

—     a  z' 

44? 

2.r 
4a? 
3a: 

-2y 
-2y 
-3y 
-4y 

12  a  a? 

lOaj? 
9,ax 
4  aa: 

—  ^abx 
-^9  ^abx 

—  3  ^aiar 

—  2  ^abx 

—  9az' 

37.  7*0  a(2(2  quantities  which  are  alike,  and  have  unlike  signs. 

Rule  I.  Add  all  the  affirmative  coefficients  into  one  sum^  and 
the  negative  ones  into  another. 

II.  Subtract  the  less  of  these  sums  from  the  greater,  to  the 
remainder  prefix  the  sign  of  the  greater,  and  subjoin  the  com- 
mon letter  or  letters,  as  in  the  preceding  rule  ^. 


'  In  order  to  explain  this  rale,  it  wiU  be  necessary  to  suppose  a  case.  A 
trader  in  settling  bis  books  finds  that  several  sums  are  due  to  him,  and  that  be 
is  indebted  in  several  sums  to  otbers ;  to  the  former  of  these,  (thej  being 
additive,  or  tending  to  increase  his  stock,)  he  prefixes  for  the  sake  of  distinction 
the  sign  + ,  and  to  tbe  latter,  (these  being  subductive,  or  tendiqg  to  decrease 
his  stock,)  he  prefixes  tbe  sign  — .  Now  in  adjusting  the  aceeuot,  h^ 
must  add  all  the  sums  owing  io  Mm  into  one  sum,  and  the  suns  he  eioea 
into  luiother ;  he  must  then  subtraet  the  less  of  these  sums  from  the  greater, 
and  the  remainder  will  truly  shew  what  he  is  worth.  If  the  amount  due  t9 
him  be  the  greater,  the  remainder  must  have  the  sign  -f"  f^refixed,  and  shews 
that  he  has  property  to  that  amount ;  if  the  sum  of  his  debts  be  the  greater, 
tlien  the  remainder  will  have  the  sign  — ,  and  shew  that  he  i«  sc  much  in  debt. 
Now  to  apply  thii  doctrine,  (wbieh  is  evident  to  the  meanest  capacity «)  let  us 
take  the  12th  example,  where  if  ^r  be  considered  as  representing  a  pound  ster- 
ling, -h  7jr  will  be  7  pounds,  aiid  -f*  8^?  eight  pcmnds,  both  sums  due  to 
^im;  wherefore  -«3jr  and  — 2jr  will  represent  3  pounds  and  l^pcyunds,  both 
sums  due  by  him  ;  now  the  sum  of  the  two  former,  (-)*  7<ar  and  -f-  8  jr,)  or 
IS^*,  viz.  15  pouTfds,  w»11  be  his  property,  and  the  sum  of  the  two  latter,  (— 3:r 
and  ^  2x,)  or  -«  5  a,  will  be  the  sum  of  his  debts,  vix,  5  pounds ;  he  therefore 
is  worth  1 5  pounds,  but  has  to  pay  5  pounds  out  of  this  sum ;  the  balance  of 
his  account  then  will  be  (15^  •*-  5jr,  or)  10  4:,  or  ten  pounds,  as  in  the  ex- 
ample. 

A  a  2 


\ 
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12^  A^  the  following  algebraic  quantities  together. 

OterATION.  ExploMMHom. 

^  to^etbefy  making  4*  15  jt  ;  I  then  add  the  Degative  quanti- 

^  "^  ties  — •  3  x  and  —  :2  x  together,  making  —  5  jr ;  next  1  sob- 

+     8  J7  tract  5  from  15,  and  to  the  remainder  10  prefix  the  sign  .+ 

—    2  JT  of  the  greater  sum,  and  sobjoin  the  common  letter  Jt,  mak- 

,    -^ —  tog  -f-  lOiV  for  the  sum:  the  sign  +  might  hare  been  omit- 

+  ^^^  ted. 


dS.  Ta  add  unlike  quantities  together  \ 

Rule  1.  Place  like  quantities  under  one  another  in  a  column, 

--       -   —  ■^-■-  — 

That  aigebj^c  addition  should  sometimes  require  addition,  and  sometimes 
subtraction^  appears- at  &vt  sight  an  unaccountable  paradox,  but  on  an  atten- 
tive examination  the  paradox  vaaisbes  ;•  *'  it  urisea  wholly  from  the  scantiness 
of  the  name,  from  employing  an  old  tewnt  in  a  nfew  and  enlai^ed  sense  :*'  if  in- 
stead of  addition  you  call  this  process  incorperaiioHy  striking'  a  batanee, 
union,  or  any  name^  sufficiently  extensive  to  convey  an  adequate  idea  of  the 
two-fold  operation  employed,  the  difficulty  will  be  removed. 

t  In  this  example,  if  3^  be  supposed  to  represent  a  pound  sterling,  and  if  4^ 
be  prefixed^to  the  sums-due  to,  and  —  to  the  sums  due  by  any  person,  then  if  the 
example  be  considered  as  &  true  statement  of  his  accounts,  it  appears  that  he 
b  worth  (— 202^  01)  —20  pounds ;  that  is,  be  is  20  pounds  in  debt. 

^  like  quantities- may  be  incorporated  together,  but  unlike  quantities  can- 
not ;  we  can  add  2  pounds  and  3  pounds  together,  and  the  sum  is  5  pounds  ^ 
but  we  cannot  add  2  pounds  and  3  shillings  together,  that  is,  we  cannot  incor* 
porafte  them,  so  as  to  make  either  5  pounds  or  5  shiUiogs :  all  that  can  be 
done  is<  to  write  thcnv  down  one  after  the  other,  thus,  2  pounds  4*  ^  shillings ; 
or  in  the  usual  way,  SL  3#.  The  same  holds  true  of  algebraic  <|Qantitie8  ;  we 
cannot  add  6  to  a,  so  as  to  make  either  2a  or  2b ;  all  that  can  be  done  is  ta 


13. 

14. 

15  r. 

16. 

ir. 

—  2j« 

ab 

a« 

—     aft  jr 

^a  ^y 

+  Sxz 

—  aft 

-     2  2* 

8abx 

a^y 

—  9xz 

2a& 

--    7z^ 

—  2afta; 

-    8a  ^y 

+  3xz 

-aft 
aft 

19. 

—  12z« 

—  6  aft^r 

—  abx 

21. 

9a  ^y 

—  5^72 

—  20  2* 

4a^y 

18. 

20. 

22. 

2z 

—     xy 

Sax* 

—     xyz 

3  ^z 

-3z 

207^ 

2ax* 

—  2x^2 

-        x^^ 

8z 

Bxy 

7ax* 

—  Sxyz 

-    4^2 

-3z 

—  9xy 

—  4ax* 

bxtfz 

12v^2 
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each  with  its  proper  sign ;  and  there  will  be  as  many  column^ 
as  there  are  different  kinds  of  quantities?. 

II.  Add  each  column  separately,  and  if  the  quantities  iq  any 
column  have  like  signs,  add  it  by  Art.  36.  but  if  unlike,  add  it 
by  Art.  37  :  the  results,  with  their  proper  signs,  placed  in  a  line 
below,  will  be  the  sum  required. 

Note.  It  is  usual  to  begin  at  the  left  hand  column,  and  pror 
ceed  from  then^ccj  in  orcler,  to  the  right. 

23.  Add  the  following  algebi-aic  quantities  together ;  2  a  r}- 

36  —  40  +  5(1  +  26  — 7c  4- 3a  — 26  4-Bc-f2a  + 6  — 7c. 

Operation.  Explanation, 

2a  +  36 4c  ^  place  al]  the  a's.  iq  the  first  column,  and  because 

K  ff  :\    oh IV  p,        they  are  all  + ,  and  likewise  the  leading  quantities, 

Q  o  A        L  ^  *^™^*  *'*^  ^'^"^  '  ^  ihen  place  all  the  b*s  with  their 

^^        ^0  +  oC        proper  signs  in  the  second  colupan,  and  all  the  c's  in 
2  a  +      6  —  7  C        the  third  ;  I  next  add  up  the  first,  or  left  hand  co- 

12  fl  4-  4  6 lO  c     lomn,  by  Art.  36,  and  place  the  sum  13a  below  :  I 

then  add  the  second  and  third  columns  by  Art,  37, 

the  sum  of  the  former  being  +46,  and  that  of  the 
latter  —  10<?;  these  iihree  sums  placed  in  a  lioe,  with  their  proper  signs,  are 
the  answer. 

24.  Add3a?  +  5y  — 6z  — 2*-r-8y  -^9«  +  20a?  +  2y-r32 
+  a:  —  t^  +  z  —  4  together. 

Operation. 

p           ^^           Q  Here  I  place  the  x*s  in  one  column,  the 

•rr  Z  X       oy   .       y  2  y»g  jjj  another,  the  z's  in  another,  and  the 

20a:  +  2y--    3z  -4  in  another  i  then  I  add  by  Art.  37,  and 

X  '—     y  +        z  —  4  place  the  results,  with  their  proper  signs,  in 

22x-2y-172-T-4  ^l»»ie  below,  for  the  sum. 


Add  the  foIlo\^Bg  algebraic  quantities  together,  viz. 

25.                            26.  27. 

2a  — 80?  —    4y  +  5  3  — 2y+     2 

—  3a+     X                   12y— 8  5-^4y-^2z 

—  4a  — 2a:  —    Sy  +  2  2—     y—     « 
.—     a  +  4x                   2^  +  4  —10—     y  +  ^z 


Ga—Bx  7y  +  S  .0 


.         — — ^ 

place  them  one  after  the  other,  each  with  its  proper  sign,  thus  0  +  6.  And 
when  there  are  several  quantities  concerned,  td  collect  all  that  are  of  one  kind 
into  one  sum,  and  all  those  of  another  kind  into  another,  &c.  by  the  former 
fule^,  ai^d  then  write  down  the  several  sums  in  siicccssion^  each  with  its  proper 
^ign. 

A  a^  • 
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28.              -                     29.  30. 

ax  -^     xy  -^    z                 4^— 5c  x  ^z  -h  4 

2ax4-     xy^-^z                 36H-6c  —x'v'z  — 8 

—  4aa?—     a:y  +  3z                  2ft  — 7c  2ar  ^z  +  5 

ax—     xj^       *    —2           46  +  5C  —  J?  >/z  -h  2 


31.  39. 

2-f4aj:  a^  —  2«ar 

3  —  5aa7  a^  +  Sax+S 

2-f     ax  —     a-— 4<ix—  10 

1  —  9ax  3a^  -\-  bax 


». 


33.  Add  4a-h56  +  6a  —  76-|-8a— 96-h2a  —  26  to- 
gether.    5mw  20  a  — 13  6. 

34.  Add  3  a?  —  5y-i-2z  — 2x4-4y  —  8z  +  2x  +  3y  +  r 

—  T  +  2^  —  z  together.     Sum  2x4-3y—  6z. 

35.  Add 2  —  x  +  4y-i-3  +  3x— j^  —  30  —  X— 2y+  1  — 
2x4-3y—  lOz  together.     5mw  24  —  x  +  4  y  —  10  z. 

36.  Add  St  ^ck-^hc  -^2^  ^a-\-  4hc  —  v^a  —  5  6c  +  2  ^a 

—  6c  -I-  d  —  8  together.     Sum  6  v'^  —  3  6c  -f  d  —  8, 

39.    To  add  quantities  under  a  vinculum^. 

Rule.  I.  If  the  quantities  under  the  vinculum  are  alike,  viz.  if 
they  consist  of  the  same  letters,  numbers,  coefficients,  signs^ 
and  indices,  they  are  added  by  taking  the  sum  of  the  coefficients 
without  the  vinculum,  and  subjoining  the  vinculum,  with  the 
quantities  under  it,  to  this  sum. 

II.  But  if  the  quantities  under  the  vinculum  ore  unlike,  (viz. 


*  The  vinculum  connects  all  the  quantities  included  lilnder  it  into  one,  (Art. 
^6.)  they  are  consequently  to  be  managed  collectively  like  a  simple  quantity. 
When  the  quantities  under  the  vinculum  are  in  all  respects  alike,  (namely,  ia 
signsy  letters,  and  indices,)  the  addition  will  be  performed  by  adding  the  coeffi* 
cients,  (or  numbers  connected  with,  but  not  under,  the  vinculum,)  and  subjoin- 
ing the  common  vinculum  to  the  sum,  as  is  shewn  in  Art.  86,  37. 

But  when  the  quantities  under  the  vinculum  are  not  in  all  respects  alike, 
(namely,  if  they  differ  either  in  the  sigrns,  letters,  or  indices^  they  are  evidently 
unlike  quantities,  and  admit  of  no  other  addition  than  merely  connecting  them 
by  the  signs  of  their  coefficients,  as  in  Art.  38. 
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if  they  differ  in  any  of  tliose  particulars,)  they  can  only  be  con- 
nected together  by  their  proper  signs. 


37.  Add  3^x  +  y  +  4  ^x '\- y  +  B  ^x  +  y  ■\'  ^x  +  y  to- 
gether. 

Operation, 


3  ^x  +  y  Explanation. 

4  /x  +  y  '^^  quantities  under  the  vinculum  being  alike  in  all 
^ ~  respects,  I  merely  add  the  coefficients  3,  4,  5,  and  I, 

5  yj^-h  y  (understood,)  together,  by  Art.  36.  and  to  their  sum  1 3 

/X  -^  V  ^^^^^^  *i*c  vinculum  for  the  answer. 

Sum  13  j^x  -\-  y 

38.  Add  -  3.  y^^^  +  2.  y-4li  -  9.  y"^^4-  -f  8.7"^  l 
together. 

Operation. 

—  3  t/ 4»l  *  Explanation. 

Q  y 4)  »  T^®  quantities  under  the  vinculum  being  alike, 

'  y. *"  1  add  the  coefficients  —3  and —9  into  one  sum,  and 

—  9. 2/  —  4/4-  2  and  8  into  another ;  subtract  the  less  from  the 
S  II 4l  I  greater,  and  to  the  remainder  2  prefix  the  sign  — 

'if  T  ■  ^^yt^  gy^^  and  subjoin  the  vinculum. 


Sum  —  2  y  ^^ 


a 


—  z 


39.  Add  ^^y  —  z+S^x  +  Z"  V^!^  -  ^^  -  2  ^y 
together. 

Operation. 

^     /jj        z  Explanation. 

—  The  first  and  last  of  these  quan-> 

a/*^'  "t"  ^  tities  destroy  each  other ;  the  re- 

....  9    /  2  V  ^  <X^  maintng  two  being  unlike,  can  be 

added  only  by  connecting  them  by 

^  's/y       ^  their  proper  signs. 

Sum      3  ^o;  -fz  —  ^^^y—  a;* 


•     40.    Add  2fl -f- 3^a? -f  1  +  2a +4^a;+ 1  —  a+  ^J7 -f  I 
-f3a— ^v'-^+l  together.     Sum  6  a  +  tf  ^a:  +  1. 

41.  Add  cw?  +  26*—  6  +  «  -f  ^Ir  —  3  rtjc  +  fe2  _  4  6  +  H<i:t 
_gft2—  3  6  4-  2.a  _|.  61^  together.  Sum  lOar  — 56«  — 86 
-h  3.a  4-  bji. 

42.  Add  a^6  +  ^x  -\-  y  -\-  z  +  4^x  +  y  —  3  a  v'^  + 
9iyz  —  ^x^  y  -\-z-'%  ^a-^^a  ^b  together.    Sum  4^x  -\r  y 

A  a  4 
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*  43.  Add  a?  -h  y  —  2  —  2  0x^3  — ,  a?  +  12  +  2  +  du? v3  —  10 
—  y  +  aa:  v'S  —  2  together. 

40.  SUBTRACTION^ 

Rule.  I.  Place  those  quantities  from  which  the  subtraction 
is  to  be  inade^  in  one  line^  and  the  quantities  to  be  subti*acted,  in 
a  line  below  them  5  so  that  like  quantities  may  stand  exactly  un« 
der  one  another. 

II.  Change  the  signs  of  all  the  quantities  to  be  subtracted,  or 
conceive  them  to  be  changed  3  then  add  them,  (so  changed,) 
each  to  its  like,  in  the  upper  line,  by  the  rules  in  Addition  5  the 
result  will  be  the  difference  required. 

III.  When  any  quantities  occm*  in  the  upper  line,  which  have 
not  their  like  in  the  lower,  those  quantities  must  be  put  down  to 
the  difference,  with  their  proper  signs :  and  when  any  occur  in 
the  lower  line,  which  have  not  their  like  in  the  upper,  they 
must  be  put  down  with  their  signs  changed, 

^  Subtractioa  ii>eiDg  the  converse  of  addition,  its  method  of  operation  will 
evidently  be  the  converse  of  that  employed  in  addition :  it  proceeds  on  this 
principle,  namely,  to  subtract  an  affirmative  quantity,  is  the  same  as  to 
add  a  negative  one  of  equal  value  ;  and  to  subtract  a  negative  quantity,  is 
the  same  as  to  add  an  equivalent  affirmative  quantity :  thus,  if  the  pounds 
which  increase  my  property  be  called  affirmative,  then  will  those  which  de* 
crease  it,  (namely,  the  pounds  which  constitute  my  debts,)  be  negative.  Now 
to  take  away  (or  pay)  a  debt  of  1  pound,  is  the  same  as  ta  add  1  pound  to  my 
property ;  and  to  take  away  1  pound  from  my  property,  is  just  the  same  as  to 
add  a  debt  of  1  pound  to  my  account :  if  this  be  well  understood,  the  reason 
of  the  rule  will  be  obvious,  from  what  has  been  said  in  the  note  on  the  second 
case  of  addition.  That  this  rule  sometimes  requires  addition  to  be  used,  and 
sometimes  subtraction,  shews  that  the  name  ntbtraction  is  not  sufficiently 
comprehensive  to  express  the  nature  of  the  two-fold  operation  implied  by  the 
rule ;  the  business  of  which  is  to  find  a  quantity,  which  being  algebraically  itf 
corporated  with  either  of  two  giyea  quantities^  thie  result  will  be  equal  to  the 
other  given  quantil^y. 

Mr.  Thomas  Simpson  accounts  for  the  rule  in  this  manner :  let  —3  a+  3  6 
be  subtracted  from  4  a  —  6  6,  as  in  the  first  example.  Now  it  is  plain  that  if  the 
affirmative  part,  namely  2  b,  were  alone  to  be  subtracted,  the  remainder  would 
in  that  case  be  (4  a — 6  b — 2  b,  or)  4  a — 8  b ;  but  since  the  quantity  to  be  sub- 
tracted, namely, -^3  a+  2  b,  is  less  than  S  6  by  the  quantity  3  a,  too  much  has 
been  taken  away  by  the  said  3  a ;  we  must  therefore  add  3  a  to  the  remainder,  to 
make  it  what  it  ought  to  be  ;  that  is,  instead  of  4a — 8  b,  the  remainder,  thus 
corrected,  will  be  (4  a<— 8  (+3  a,  or)  7  a— 8  6,  as  in  the  example. 
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Examples. 
1.  From  4  a  —  6  6  subtract  —  3  a  +  2  6. 

^  JEsplonoHon* 

I  place  the  latter  quantities  under  the  fonner :  then  thji 

4  a  —  6h  quantities  to  be  subtracted  being  —  8  a  •+*  ^  ^>  ^  change 
~  3  <Z  4~ ^  ^  their  signs,  and  they  become  4-  3  a— 2  6;  these  I  add, 
— qT     thus,  +  3  is  to  4-  4  a,  and  the  sum  is  -j-  7  a  to  put 

7  fl  —  ot>     down ;  —  2  6  to  —  6  6,  and  the  sum  is  —  8  5  to  put  down, 


by  Art.  S6. 

2.  From  3  x^^  6  y  subtract  2a?  —  7  y. 
Operation.  Expltmation. 

S  X  —  S  y  Changing  the  signs  of  the  lower  quantities,  they  become 

2jp /r  y  — 2j:Hh7y;  then  —  2  ar  added  to  -f"  3  x,  gives  -|-  jf,  to 

^ —^  put  down,  and  +  7  y  added  to  —  5y  gives  -|-  2y,  to  put 

a?  -h  2y  down,  by  Art.  37. 

^ 

3.  From  a  —  ax  take  —  5  a  —  2. 
Operation.  Explanation, 

Q ax  Here  —  ax  is  not  in  the  lower  line,  and  —  z  i»  not 

—  5  a         *    —  z  ^'^  ''**  upper ;  therefore  I  put  the  former  down,  toith 

'  its  proper  sign,  and  the  latter  with  its  sign  ckang" 

^a-'*  ax  -^  z  erf,  according  to  the  rule. 


Required  the  difiference  of  the  following^  quantities.    - 

4.  5.  6. 

5a:^2y  4&  — 2d  3  ar  +      ^z 

—  4a:  +  3y  26-^     d  3 jt  +  4  yz  —  2 


9  a:— 5y  26—     d  *  —  3  ^2  -f  2 


7.  8.  9. 

aar— 2a«4-3  2y  +  8  — I+82; 

—    aa:+2a:2  y  +  4  2  —  2« 


10.  11. 

«?/  — y*4-7  3d  4-  52' 

ay^-y^  4d  —  6z^  +  h 


12.  From3a?  — 4ztake2a?  — 62.     Bt/.  x -f  2  z. 

13.  From  ax  —  a:  take  —  2  aa?  —  y.     Diff.  3  ax  —  a:  +  y. 

14.  From  3  2-1  take  -  4a  +  ^.     I>if.  Si  -  1  -h  4a  —  k 
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41.  To  subtract  quantities  wider  the  vinculum. 

VivLE  I.  If  the  quantities  under  the  vinculum  are  in  all  re- 
spects alike>  change  the  sign  of  the  coefficient  of  the  lower  vin- 
culum^ then  add  it  to  that  of  the  upper,  and  to  the  result  sub- 
join the  common  vinculum,  &c. 

II.  But  if  they  are  not  alike,  put  all  the  quantities  down  in 
succession,  with  the  sign  of  the  lower  coefficient  changed ». 


15.  From  14  ^a  +  x  take  —  9^a  -f  x. 
Operation. 

.  Explanatifm. 

^^  V^^jt-f  The  quantities  under  the  Tinculam  being  alike,  I 
^—  9  j^/a  -f  X  ^^y  change  the  sign  of  the  lower  coefficient,  (—  9  to 
==  +  9»)  ^hen  add  it  to  the  upper,  and  to  the  sum  subjoin 

23  ^a  -\-  X  the  common  vinculum. 


1(>.  From  12.ax  —  z]^  take  ISior  —  z^. 
Operation. 

. — ~^  J  Explanation, 

\Z.ax       ^p  Tije  quantities  under  the  vinculum  are  alike;  I 

\h,ax  -— ~?^      change  the  s^n  of  the  15  from  -f-  to  — ,  then  adding 

— 15  to  -|-  12,  the  sum  is  —  3,  to  whiclvl  subjoin  the 


•3.a:c  — ^4     vinculum,  &C. 


17.  From  —  3  ^a  —  z  take  2  ^a  -f  x. 

Operation.  _    ,      . 

Explanation. 

—  3  /y/CT.  —  Z  Xhe  quantities  under  the  vinculum 

2     /a4-  X  being  unlike,  I  only  change  the  sign  of  the 

"^    "*  lower  coefficient  from  -j-  to  — ,  and  put 

3     /^ 2 2     /a  -\-  X  ^  *^®  quantities  down  in  succession^ 


18.  From  b  ^x  —  y  take  2  ^x  —  y.     Biff.  3  ^x  —  y. 

19.  From  2  a:  —  ^\  ■\'  x  take  —  or  -f  V'i"+^    ^#-  3ji:  —  2 
^1  +^. 


20.  From  ^^a  -f-  y  take  —  2  ^a  -{•  y  —  ax.  Diff.  6^a-\-y 
+  ax.  , 


21.   From  Az  —  2^0—  2    take  —  3  az  +  a:  --  ^a  —  2. 
Diff.  4az  —  X  ^  ^a  —  2. 


I  Th*  observations  contained  in  the  note  oil  Art.  39.  are  applicable  to  this 
rale,  a|id  therefore  need  not  be  repeated. 
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22.  From    a®  —  2  ax  -f  a;  ^j:  —  2  y  take  3  x  ^x  —  2  y  4-  1. 
Diff,  a^^2ax  -^Si  ^x^9.y  —  1. 


23.  From  36  —  4+  ^a-^rh  take  12  —  jc  +  3.a-f  6?.    Dz/- 
ference  3  6  —  16  -f  j  +  ^a  +  6  —  3.a  +  i]2. 


24.  From  a*  —  3  .ry^  —  y^  take  a;*  -f  3  jyz  —  y*  -h  4  —  a\^ 
Di/.  —  6xyz  —  ys  _|.  y3  _  4  — "ol^ 


MULTIPLICATION. 

To  multiply  simple  quantities  together. 

42.  When  the  factors  have  the  same  letters  in  each; 

Rule  I.  If  the  factors  have  like  signs,  (viz.  both  -f,  or  both 
— ,)  make  the  sign  of  the  product  -f  ;  but  if  they  have  unlike 
signs,  (viz.  one  -f  and  the  other  — ,)  make  the  sign  of  the  prc^- 
duct  — . 

II.  Multiply  both  coefficients  together,  and  the  result  will  be 
the  coefficient  of  the  product. 

III.  Add  the  index  of  each  letter  in  one  factor,  to  the  index 
of  the  same  letter  in  the  other,  and  the  sum  will  be  the  index, 
which  must  be  placed  over  that  letter  in  the  product. 

IV.  Place  the  sign,  coefficient,  and  letters,  as  found  above,  in 
order,  and  it  will  be  the  product  required  *". 


"^  The  mle  fur  the  numeral  coefficieDts  u  plain  £rom  the  nature  of  arithme- 
tical multiplication  ;  that  for  the  indices  follows  from  the  method  of  natation : 
thus,  suppose  03  is  to  be  multiplied  into  a^,  the  product  will  be  a^,  or  a  with 
the  index  5,  which  rises  from  adding  the  indices  3  and  S  together :  for  a'  ^aeta, 
and  a^  —  aa,  (Art.  20.)  therefore  a3  X  a^^aaa  X  aa^  or  aaaaa  (by  Art.  39.) 
hut  this  expression  equals  n^  (Art.  SO.)  therefore  a3  X  a^s^a^;  or  the  muHiplt* 
cation  of  like  algebraic  quantities  is  performed  by  adding  the  indices  of  like  let- 
ters in  both  factors  together,  and  placing  the  sum  as  an  index  over  its  letter  in 
the  product. 

That  like  signs  in  the  factors  give  plus  in  the  product,  and  unlike  signs  in 
the  factors  give  minus  in  the  product,  is  thus  explained. 

i.  When  +  a  is  to  be  multiplied  into  +  6,  it  is  implied,  that  +  a  is  to  be  takei^ 
as  many  times  as  there  are  units  in  b ;  that  is,  as  many  a*s  are  to  be  added  t€^e« 
ther,  as  b  contains  units  ;  ajod  since  the  sum  of  any  namber  of  affirmative  terms 
is  affirmative.  It  follows,  tliat  -)-  a  taken  -f*  b  times  is  affirmative,  or  that  -\-  a 

X  +1=  +  «*. 

'   2.  When  quantities  are  to  be  multiplied  together,  it  is  indifferent  in  wb«( 
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Examples. 
1.  Multiply  4a»  into  Sa\ 

^    -i  JExpUauUion. 

K  fA  The  signs  of  both  foctora  being  +  ,  (nnderstood,)  that 

of  the  product  will  be  +  (andentood ;)  then  4  X  5  =s  30 


20  a^  product      for  the  coefficient,  and  3  -f-  3= 5  for  the  index  ^  wherefore 

20  A  ^  is  the  product  required. 
Or  thus, 

4a^  X  5  a*  =  20  a*  product. 

order  tJiey  are  placed,  for  a  X  &  is  the  same  as  i  X  a ;  therefore  when  — a  is  to 
be  multiplied  into  +bf  or  +b  into  — a,  this  is  the  same  as  taking  —a  as  many 
times  as  there  are  units  in  +  (  ;  and  since  the  sum  of  any  number  of  negatire 
terms  is  evidently  negative,  it  follows  that  —  a  times  +  6,  or  +  a  times  — 6  is 
n^ative,  that  is,  —0  x  +  (y  or  +a  X  — b,  will  each  produce  — ab. 

3.  When  — a  is  to  be  multiplied  into  —  b,  it  is  implied  that  —  a  is  to  be  sub^ 
tracttd  (not  added)  as  often  as  there  are  units  in  6,  because  the  sign  —  denotes 
•rabtraction ;  but  subtracting  a  negative  quantity,  is  the  same  as  adding  an 
affirmative  one  of  equal  value,  (see  the  note  on  Art.  40.)  consequently  — a 
subtracted  b  times,  is  the  same  as  +  a  added  ft  times ;  that  is,  —a  x  — 6  is  the 
same  as  +  a  x  +  ^,  which  produces  +  ab,  as  has  beep  shewn  in  the  former 
part  of  this  note.  Therefore  +  multiplied  by  +>  and  —  multiplied  by  — , 
each  produces  +  ;  also  +  multiplied  by  — ,  or  —  multiplied  by  +  >  pro- 
duces — . 

The  same  may  be  shewn  otherwise ;  thus,  it  is  evident,  that  if  a  compound 
quantity  equal  to  nothing,  be  multiplied  by  any  quantity  whatever,  the  pr<h- 
duct  win  be  nothing.  Now  since  a-c-a— 0,  let  this  be  multiplied  by  +  b,  the 
first  term  of  the  product  will  evidently  be  +  ab,  (by  the  former  part  of  the 
note,)  wherefore  the  secmid  term  of  the  product  must  be  — aby  otherwise  the 
product  of  fl'Tf-asrO  multiplied  by  +b,  (or  0  multiplied  by  b,)  will  not  be 
equal  to  nothing,  which  is  absurd ;  wlierefore  if -fax  +b=  +  ab,  then  will 

Let  now  a-ra»0  be  multiplied  by  -~b^  the  first  term  of  the  product  being 
•— A&,  from  what  has  just  now  been  shewn,  the  second  term  must  of  course  be 
.+  ab,  to  make  the  product  =0 :  therefore  —ax^'h^+ab. 
■    That  these  /conclusions  are  true,  appears  from  their  application  ;  let  8 — 4 
£3  4,  be  multiplied  into  5—3^2. 
8—4 

40—20 
-T-24+  12 


4O--.44+  13  =62— 44=8,  b»t  4  X  2=8  also  5 


Wherefore  8— 4  x  5—3 «4  X  2,  or  the  product  of  the  two  compound  quanr 
titles,  (observing  the  above  rule  for  the  signs,)  equals  the  product  of  their 
equivalent  simple  numbers  found  by  common  multiplication ;  which  was  to  be 
shewn. 
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2.  Multiply  4  aVy  into  —  2  aVy«. 

OpEHATION.  Explanation, 

4a'^x^y  The  signs  being  unlike,  that  of  the  pToduct  is  — , 

—  2  a*  a;^  W*  ^^^^  2  x  4  =  8,  the  coefficient ;  and  2  +  2  =«  4,  the 

•'  index  of  a;  3  +  3  =r  ff,  the  index  of  j: ;  and  2  +  1 

--  b  a   ai^y^  prod,  (understood)  =  3,  the  index  of  y  ;  wherefore  —  8 

'  a*  X6  t^a  is  the  product. 

Or  thus, 

4  aVy  X  -2  aH^y^:=:  -8  ct^x^.     Product. 

3.  Multiply  -^Qab^c  into  Sa^bc. 

Thus,  —  2  a62c  :j<  3  a^c  =  —  6  a*6*c«,  Me  product, 

4.  Multiply  ~  2  ax3  into  —  hax^. 

Thus  —  2  ojc*  X  —  5  ai:3  --  20  a«^*,  product, 
6.  Multiply  3  a;«^  into  8  x^.     Prod.  24  x*^^ 

6.  Multiply  j:y2«  into  —  x^yz.     Prod,  —  ^c^y  v. 

7.  Multiply  —  4  a62  into  —  3  a^-b\     Prod.  12  a^b^, 

43.  i^^«  the  factors  consist  of  different  letters. 

Rule.  Find  the  sign  and  coefficient  of  the  product  as  before, 
and  to  the  coefficient  subjoin  all  the  letters  in  both  fectors  for 
the  product". 

8.  Multiply  Sab  into  —  5  xy. 

Operation.  Explanation, 

Sab  The  signs  being  unlike,  that  of  the  product  will 

.^     ^  XXI  be  ■— ,  then  3X3=  15  the  coefficient;  then  putting 

■           ■  down  the  sign,  coefficient,  and  all  the  letters,  (in  al- 

--^15  abxy,  prod,  phabetical  order,)  we  have  the  product  required. 

9.  Multiply  -^  Sxy  into  —  7  dz. 
Thus  -^  Sxy  X  —  7  a«  ==  21  axyz,Jthe  product. 

10.  Multiply  4  ab'^  into  3  b'^xyz^. 

Thus  4ab^  X  3  b^xyz^  =  12  ab^xyz^.     Product. 

1 1 .  Multiply  abc  into  xyz.     Prod,  ahcxyz, 

12.  Multiply  —  ax  into  ^Oxy.     Prod.  —  20  ax^y. 

13.  Multiply  —  2  6z  into  —  4  a^xz.     Prod,  8  a^bxz^. 

44.  When  one  of  the  factors  is  a  compound  quantity. 

Rule  I.  Place  the  simple  quantity  under  the  left  hand  place 
of  the  compound  one  3  or  place  both  fectors  in  a  line,  with  the 

^  This  rule  is  evident  from  the  nature  of  algebraic  Notation^  Art.  10.  It  is 
most  convenient  to  place  the  letters  alphabetically. 
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sign  X  between  them^  and  a  vincuTnin  over  the  compound 
quantity. 

II.  Multiply  each  of  the  tenns  of  the  compound  quantity  by 
the  simple  one,  by  the  foregoing  rules ;  and  place  the  several 
products^  with  their  proper  signs^  in  a  line  5  these  will  form  the 
product  required  *. 

14.  Multiply  2a^Sxhy  4h. 

Operation.  BatpUmatwiu 

2  a   — -   3  X  2  a  multipUed  by  4  6»  gires  8  oft,  by  Art.  43. 

4  ^  and  —  3  *  multiplied  by  4  A,  gires  —  \^hs: 

therefore  8  a6  —  \2bx   i*  the  product  re- 

Sab  —  12  &r  prodxict.  quired. 

Or  thus. 


2  fl  —  3  X  X  4  A  =  8  06  —  12  6j,  product 

15.  Multiply  3  «a:  —  2  6*  4-  z  iilto  ab. 

Operation.  Explonatum. 

3  ax     -2  6^      ^Z  3«rXfl6  =  3aA6j...-«5=^ 

,                         '  xa6»— 2«63   and«Xa6» 

^    ahz ;  these  products  placed  in  or- 

3  a^bx  —  2  a^  +  abz  product.  der,with  their  proper  signs,  give 

_— yje  product  required.    Art.  43. 

Or  thus. 


3ax— 2  6*-|-z  X  a6  =  3a^6a:— 2a6^-J-  ofcj?,  product. 

Multiply  the  following  quantities  together. 

16.  17. 

Sx  —  2y  2  a      +36        —2 

4x  •         —  2a  J? 


VZx'^—  Sxy  — 4a*:r  —  (5a6ar4-4aa? 


18.  19. 

4  a    —s^y    +xy^  —3  2  a?— 3  y 

—    ay  4z 


— 4  a®y  -I-  ax'^y^ — ajTy^ + 3  ay 


*  This  rule  follows  frimi  the  preceding ;  for  the  product  of  the  whole  molti- 
plicaod  into  the  multiplier,  is  evidently  equal  to  the  sum  of  the  products  of  the 
several  parts  of  the  former,  multiplied  into  the  latter ;  the  truth  of  which  is 
likewise  demonstrated  geometrically,  in  the  first  proposition  of  the  second  booh 
of  Euclid's  Elements. 
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20.  21.  22. 


23 .  Multiply  2  cry  —  ay* + 3  ayS  into  4%.   Prod.  8  a6?/* — 4  abf 

24.  Multiply  — a*+2  a:— 6  by  a:y.     Prod.  ^a^xy+^iaf^y—6xy. 

25.  Multiply  a*— 2  a?2-f-2*  into  —4.     Prod.  — 4jc*+8a:2r~42*. 

26.  Multiply  3-^  a6a?+ 2  a6  into  12.    Prod.  36— 12a6a:-|-24a6. 

45.  JVhen  both  factors  are  compound  quantities. 

Rule  I.  Place  the  multiplier  under  the  multiplicand^  and  let 
them  both  stand  in  the  same  order. 

II.  Multiply  the  first  or  left  hand  term  of  the  multiplier^  into 
every  term  of  the  multiplicand^  and  place  the  products,  with 
their  proper  s^ns,  in  a  line  below,  by  the  preceding  rule. 

III.  Multiply  the  second  term  of  the  multiplier  into  every 
terai  of  the  multiplicand  3  and  place  the  products,  with  their 
proper  signs,  under  the  former  products,  observing  to  set  like 
quantities  (when  they  occur)  under  each  other. 

IV.  Proceed  in  this  manner  with  every  term  of  the  multi- 
plier, then  add  all  the  products  together,  and  the  sum  will  be 
the  product  required  p. 

27.  Multiply  2a+3  b  into  4a+5  6. 

Operation.  Explanation, 

Q  ^  ,  I  first  maltiply  the  upper  line  by  4  a, 

^a  H-    30  andtheproduct8fl»+l2a6isthefimline 

4a  -f    56  of  the  product.     I  then  multiply  the  top 

8  a^ -h  12  ab  ^^^^  ^y  ^ ^>  ^°^  ^^  product  IQ  ab  +  '&^^ 

^lf\nhJ-iKki     is  the  second  line  of  the  product ;  likewise 

Prod.  8  a*H-22  a6-h  15  6*     add  these  two  products  to^etker>  and  Ue 
g^jjj  jg  jijg  jj^gj  jjjjg^  Qf  product  required. > 


P  Her<  the  whole  multiplicand  is  considered  as  multiplied  into  the  whole 
nuilUplier,  when  ev^  member  of  the  on^  is  multipli^  into  every  memb.^  of 
the  other,  and  their  products  collected  together,  (as  far  a»  is  practicable,)  into 
one  sum  :  the  truth  of  this  follows  from  what  has  been  said  in  the  note  on  the 
preceding  rule,  and  it  may  be  illustrated  and  confirmed  by  particular  examples 
in  numbers,  such  as  the  example  given  at  the  end  of  the  note  on  Art.  42. 
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S8.  Multipiy  x+Z  y  into  3  j:-.4  jf. 

Operation.  EspUnation. 


X  +2y 

3j;  — 4y 

3x 

3x«-f6xy 

=x-f-2yx 

— 4xy- 

-8y* =x-f2yx 

-4y 

Prod.3jc«+2xy- 

-By*.  .  .  .=x+2yx 

3x— 4y 

Multiply  the  following  quantities  together. 

29. 

30. 

31. 

a  -\-z 
a^z 

X— y 

x«+xy 

-xy-y^ 

a4— 2a6+6« 
a -6 

a*+    az 

az-^z^ 

a8— 2a*64-    a6« 
—    a*6-h2a6«- 

-fc» 

a«+2az-2« 

x«     *-y« 
33. 

o'— 3a«ii+3a6^- 

-6^ 

32. 

34. 

6x— 4  a 
2x  +2 

X—  8 

X—  4 

y«4-y«+z* 
y  -« 

+  5X2—42* 

x«—  8x 
—  4X+32 

a:2— 12x4-32 
35. 

y'+y*2+yi^ 

— y*2  — ya^- 

-^3 

10X«— 3X2  — 42* 

yS     *       *    . 

-a3 

a  +6  -fc 

^  — y  —2 

ax -fir  4- ex — ay- 

'by—cy—az—bz- 

'CZ 

36.  Multiply  a+x  into  a+x.     Prod,  <i®4-2  ar+x®. 

37.  Multiply  2  X + 3  y  into  3  x — 4  y .     Prod,  da^+xy--  12y«. 

38.  Multiply  x+ 1  into  x—  1 .     Prod,  x^—  1 . 

39.  Multiply  3  +  2  into  4—2.     Prod.  12  +  2— 2*. 

40.  Multiply  2  a«— 3 a— 4  into  3a»— 5  a.     Prod.  6 a'— 9 a*^ 
22a3  +  15a«+20o. 

41.  Multiply  2x*+3xy— 5y»  into  x«— y«.     Prod.  2x*+3x»y 
-7xV-3xy»  +  5y*. 

42.  Multiply  4  x— 5  a— 2  6  into  3  x— 2  a+ 5  6.     Prod.  12  x«— 
23  ax  + 14  6j+  10  0^—21  a6— 10  6^. 
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DIVISION. 

TV  divide  one  single  qtiantity  by  another, 

46.  When  both  terms  cordis t  of  the  same  letters,  and  the  divi- 
dend contains  the  divisor  some  nunU>er  of  times  exactly. 

Rule  J.  Place  the  dividend  above  the  divisor^  with  their 
proper  signs,  and  a  small  line  between  them^  like  a  fraction. 

II.  If  the  terms  have  like  signs,  make  the  sign  of  the  quo- 
tient + ;  but  if  they  have  unlike  signs,  make  that  of  the  quo* 
tient — . 

III.  Divide  the  coefficient  of  the  upper  term  by  that  of  the 
lower,  and  the  result  will  be  the  coefficient  of  the  quotient  \ 


4  The  rale  for  the  coefficient*  is  the  same  as  that  for  limple  division  in 
Arithmetic.  (Art.  37.  Part  I.) 

With  respect  to  the  subtraction  of  the  index  of  the  divisor  from  that  of  the 
dividend,  in  order  to  find  the  index  of  the  quotient,  it  may  be  observed,  that 
division  being  the  commne  of  moltiplicalion,  the  methods  of  operation  in  one 
nvtll  evidently  be  the  convene  of  those  in  the  other.  Wherefore,  since  it  has 
been  shewn,  (Art.  49.  and  note,)  that  addition  of  the  indices  of  like  letters 
produces  multiplication,  it  follows,  that  subtracting  the  indices  (viz.  tliat  of 
the  divisor  from  that  of  the  dividend)  will  prodoce  division  ;  or  in  other  words, 
if  the  index  of  the  divisor  be  subtracted  from  that  of  the  dividend,  the  re- 
mainder will  be  the  indeaLoC  the  quotient. 

If  one  quantity  be  divided  by  another  without  remainder,  it  is  plain  tbak 
the  quotient  will  be  such,  that  being  multiplied  by  the  divisor,  the  resulting 
product  will  equal  the  dividend ;  now  it  is  equally  plain  that  the  sign  of  the 
quotient  must  be  such,  that  when  the  qnotiint  is  multiplied  by  the  divisor,  the 
product  will  (not  only  be  equal  to,  but)  have  the  same  sign  with  the  dividend, 
according  to  the  nde  for  the  signs  in  Art.  49.    Wherefore  it  follows,  that 

},  When  both  terms  (namely  the  divisor  and  dividend)  are  + ,  the  quotient 
must  likewise  be  +  ;  for+  in  the  divisor  must  have-|>  in  the  quotient,  to  pro* 
duce  +  in  the  dividend. 

2.  When  both  terms  are  ->,  the  quotient  must  be  +  ;  for— >in  the  divisor 
must  have  +  in  the  quotient,  to  produce  —  in  the  dividend. 

3.  When  either  of  the  terms  is  -f ,  and  the  other  — ,  the  quotient  must 
be—  ;  for  +  in  the  divisor  must  have—  in  the  quotient^  to  produce  — ^  in  the 
dividend. 

^And  ^  iff^  the  divisor  must  have  >-  in  the  quotient,  to  produpe  +  in  the 
dividend. 

VOL.  I.  B  b 
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IV.  Subtract  the  index  of  each  letter  in  the  lower  term,  firom 
the  index  of  the  same  letter  in  the  upper,  and  place  the  remain- 
der as  an  index  over  that  letter  in  the  quotient. 

V.  Having  proceeded  in  this  tw»t(>"^"'  with  all  the  letters 
concerned,  the  result,  connected  with  the  sign  and  coefficient 
(fiMind  as  above)  will  be  the  quotient  required. 

If  any  letter  has  the  same  index  in  both  terms,  that  letter  is 
cancelled  firom  the  operation,  and  does  not  come  into  the 
quotient. 

Examples. 

1.  Divide  I2(fix^  by  Aal^x*. 

Operation.  ExpUauaum. 

19  cfix^  Having  placed  the  tenns,  I  find  that  they 

s:3  t^X*  quoL    bave  Hke  Hgmg;  wherefore  that  of  the  quotient 

4  a?x^  is  +  understood :  next  I  divide  12  by  4,  and  the 

quotient  3  is  the  coeffident  of  the  quotient: 
then  I  subtract  .1,  the  index  of  a  in  the  lower  term,  from  6,  the  index  of  a  in 
the  upper,  and  the  remainder  3  is  the  index  of  a  in  the  quotient.  I  do  the 
same  by  jr,  subtracting  4  from  8,  and  the  reouii&der  4  is  in  like  manner  the 
index  of  x  in  the  quotient. 

2.  Divide  66j:*y«  by— 7a?y. 

Opbration.  RmflamaHmu 

56  x^y^  Unlike  signs  here  give*-*,  and  56-4-7 

.     ■    J'    =i^Sxhf^qW)t.    sBthecoeiBcient;  also4— 2«2the  index 
""' ^  y  of  jr,and6-2»4theindexofy. 

3.  Divide  28  aV  by  — 7ac*»  and  — 8i»  by  22p. 

28  aV  — Sx* 

4.  Divide  2y^o*  by  2  jfH,  and  —  JtjfV  by  —  «y«. 


The  following  is  a  smamary  of  the  whole  doctrine  brought  into  one  poipt  ofT 
Tiew. 

Divisor,        Dividend,        Quotient, 

1-  +)  +  (  + 

2.  --)  ^  (4n 

Wherefore  in  ^vition  (aa  in  multiplication)  Uke  aignt-  always  pfoduiCt  •(- , 
and  unlike  — . 
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5;  Divide  4  a?*  by  9  *».     QuoL  2  a?«. 

6.  Divide  ^  a«* V  by — ahc.     Qu0t,  —  2  a6c«. 

7.  Divide  —  100  abcx^y^  by  —  6  a6cj:y .     <?wo^  20  xy^. 

47*  /^^^  ^Ae  divi<2^d  contains  more  letters  than  the  divisotM 
and  t«  exactly  divisible  by  it,  .     ; 

Rule.  Proceed  with  the  coefficients,  and  the  letters  that  are 
alike  in  both  terms^  by  thelai^t  rule,  and  place  the  remaining 
letters  of  the  dividend  in  the  <][uotient '. 

8.  Divide  — So^ftc  by  —2  a. 

Operation.  ExphmaOon, 

"^Sa^bc  First,  like  signs  give  +  understood,  and  3>— • 

■  ■        =54  a'^bc,     1  s=3  the  index  of  a  ;  secondly,  I  subjoin  the 

'^'^^  sQjperfluous  letters  be  to  the  part  4<i«,  making 

4  a> ftc  for  the  quotient. 

9.  Divide  2  x*y^z  by  -^^x^y,  and  —  lOfcVx  by  fcj:. 

2x*y^z  — lOfe^JC^z 

-^^=  — xy^z.  quot     ^ =  -  10 bxH.  quot. 

10.  Divide — x*y^z  by  —  a?*,  and  4x!^y^z  by  y^z.  Quot,  x'^y^z 
and  4x'z. 

48.  PHien  the  divisor  will  not  divide  the  dividend  exactly. 

Rule.  In  this  case  the  quotient  will  have  two  terms,  a  nume- 
rator and  a  denominator,  like  a  fraction  •. 

I.  Divide  both  coefficients  by  their  greatest  common  n^asiu*e, 
and  each  quotient  will  be  the  coefficient  of  its  corresponding 
term^  in  the  quotient  required. 

*II.  If  the  dividend  and  divisor  contain  the  same  -letter,  sub- 
tract the  less  index  from  the  greater,  and  place  the  remainder 


'  Since  the  divisor,  multiplied  into  the  quotient,  must  produce  the  dividend, 
it  evidently  follows,  that  the  divisor  and  quotient  must,  either  jointly  or  seve- 
rally, contain  all  the  letters  of  the  dividend ;  wherefore,  if  the  divisor  con- 
tain not  all  those  letters,  it  is  plain  that  the  remaining  ones  must  be  found 
in  the  quotient;  at)ierwise  these  two  terms  multiplied  together  would  not  pro- 
dtice  the  dividend  as  they  ought. 

'^Division  takes  place  only  when  the  dividend  contains  the  divisor;  when 
that  is  not  the  case,  actual  division  is  evidently  impossible,  and  all  tha:t  can  be 
done  is,  to  set  the  dividend  above  a  small  line,  and  the  divisor  below  it,  to  con- 
sider the  whole  as  a  fraction,  and  (by  throwing  out  every  thing  common  to  both 
terms)  reduce  this  fraction  to  its  lowest  terms,  which  will  be  the  most  conve- 
nient expression  possibly  of  the  quotient  repaired. 

B  b^ 
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as  an  index  over  that  letteTj  in  the  tenQ  of  the  quotient^  which 
corresponds  with  the^greater,  whelbn*  it  be  the  upper  term,  or 
loiPer. 

III.  Fttoceed  in  this  manner  with  all  the  letters  that  are  alike 
in  both  terms,  and  if  there  are  unlike  letters,  they  must  he< 
placed  in  the  quotient,  each  in  the  term  corresponding  to  that 
'^m  which  it  was  taken. 

Like  signs  give  -|-  in  the  quotient,  and  unlike  — »  as  before. 

11.  Divide  l^a^x^y  by-15a«d^ 

OpBKATION.  ArpAwMrftbfl. 

19  cfijfiv  4«*¥  Unlike  114^  give  —  ,  then  the  greatest 

^as— il^  quot,    common  measure  of  12  and  15  being  3, 1 

— 15  (i^X  5  cfi  diride  both  by  it,  and  place  the  quotients  4 

and  5  each  in  its  proper  term,  after  the 
sign—;  next  4— '8s*2  for  the  iadex  of  a  in  the  iower  term  of  the  quotient,  and 
3^-Ja>3  for  the  index  of  ir  in  the  upper;  then  y  being  found  alone  in  the 
upper,  I  place  it  in  the  upper  term  of  the  quotient. 

1^.  Divide  — 4  x*jf'z  by  5  afiy^,  and  ahd^  by  afibc. 

13.  Divide— 12  x^yz  by— 4  x'y**,  and  27  a?  by  —54  (^x. 

—  12jr*yx      Zx        ^         97  c?  1         ^ 

14.  Divide  a*y  by  Ayz,  and  — 20  a'z  by  15  az,    Quot  — 

4a 
and  — ---. 
3 

xy 

15.  Divide  lOa^j^  by  — 30a«,  and  2  cr  by  3  oz.     Qttof.— - — 

,  2caf 
and  r — . 
Sax 

16.  Divide  — ox  by— 5cup>  and— 8aM  by  4 aWc.    Quot.-r 

.      26« 

and— . 

ac 

49.  fVhen  the  dividend  is  a  compound  quantity. 
RuLfi.  Divide  every  term  of  the  dividend  by  the  divisor,  and. 
connect  the  quotients  together  by  their  proper  signs  -,  the  result 
will  be  the  quotient  required  ^ 

.  t  The  reason  of  this  rule  will  be  obvious  from  this  consideration,  namelf , 
that  the  whole  quotient  is  made  up  of  all  its  constituent  parts ;  now  these  parts 


ir.  Divide  6 jc«4- 12 xy  —  9 xyz  by  Sx.  ' 

Msplitnatioiiim 

Operation.  First  — ^g* 
^ ^=2x+4y— 3yi.  ^tto^    Secondly -ify-4y 

ThNly  r?^- -3  y#. 

These  three  quotients,  coooected  by  their  jproper  signs^  gtre  3  «•<•  4|f — 3519^ 
lor  the  quotient  required. 

18.  Divide  3  (^b^4ah^  by  box.   . 

OPERATIOSr. 

3a36-4a&3      SaH      4  6*      3a*6— 4K 


5  007  5x        Bx  5x 

MspUuuUum, 


.  ^ttof . 


Sua*     3«a6  — 4iiA*        463      ^  ^.    .  v    • 

First  =— ^ — ^,  secondly  — —a— «-.- —  ;  these  two  quotients  having 

has        hJe  has  5jp 

3a'b^4b» 
a  common  denominator  5  x,  both  numerators  are  placed  over  it,  thus        -^ ». 

for  the  quotient.  ~~^ 

19.  Divide  21  a:yz— 14  a6  by^7^* 

Slawz— 14a6         ^       2a6         . 
-7xy  ^  xy    ^ 

20.  Divide  4  ah+e  of  by  2  a.     <?tto^  2  6-h3  x. 

2 

^I.  Divide9a»— 3ar— 6  by-^3a.    <?tto<.— 3a+J-f-. 

22.  Divide  x»— 2xy+4j/»  by4xy.     <if^^*-47'^2  + J* 

23.  Divide  10xy-20jc-y  by  -5a:.     Quo*.— 8 y +4+^. 

50.  ^Aen  £^  terms  are  both  compound  quantities. 

Rule  I.  Wace  the  divisor  to  the  left  of  the  dividend,  and 
range  the  terms  of  both  in  the  «ame  .order,  so  that  the  highest 
power  of  some  letter  (viz.  the  same  jn  both)  may  stand  first, 
the  next  highest  second,  and  so  on. 


1 11 1     pi     I  i»     I  " 


must  evidently  arise  ffom  the  division  of  each  member  separately  of  the  di- 
vidend, by  the  divisor;  and  all  the  parts  taken  together  (connected  by  their 
proper  signs)  wUl  therefore  constitute  the  quotient,  accordts^  to  thf  Tule, 

BbS 
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II.  Divide  the  firtt  term  of  tlie  dividend  by  tbe  first  term  of 
the  divisor,  by  the  preceding  niles^  and  place  the  result  with  its 
proper  sign  in  the  quotient. 

III.  Multiply  the  whole  ^isor  by  this  result^  and  place  the 
products  under  their  like  in  the  dividend. 

IV.  Subtract  these  products  from  the  quantities  under  which 
they  stand,  and  to  the  remainder  bring  down  one  of  the  terms 
(or  more,  if  necessary)  of  the  dividend  which  has  not  been 
used. 

V^  Divide  the  first  term  of  this  last  line  by  the  first  of  tbe 
divisor,  place  the  result  with  its  proper  sign  in  the  quotient, 
multiply  the  whole  divisor  by  this  result,  place  the  products 
under  their  like  in  the  said  last  line,  subtract,  bring  down, 
&c.  as  before,  until  all  the  terms  of  the  dividend  are  brought 
down,  and  the  work  will  be  finished. 

VI.  If  there  be  any  remainder  at  last,  place  it  over  the  di\isor 
likje  a  fraction,  and  subjoin  this  fraction  with  its  proper  sign  to 
the  quotient  *. 


"  ThU  mle  is  evident  from  what  has  been  said  in  the  preceding  note.  The 
mode  of  operation  is  similar  to  that  employed  in  arithmetical  Long  Division, 
and  win  be  easily  understood  by  those  who  are  expert  in  that  role.  The  exam- 
ples should  be  all  proved,  both  by  multiplication  and  addition.  The  multipli- 
cation proof  consists  in  multiplying  the  quotient  and  divisor  together,  and 
adding  the  remainder  (if  any)  to  the  product,  which  will  be  lilse  the  divi- 
dend, if  the  work  is  right.  The  proof  by  addition  consists  in  adding  all  the 
lower  lines  (tIz.  the  second  line  in  each  compartment)  of  the  operation  and 
the  remainder  together,  and  if  the  operation  be  right,  the  sum  will  be  like  the 
dividend..  .     .       ^  ,    .     .     . 

Proofof  Ex.  24.  *  Proof  <^  Ex.  25. 

Mult,  a   -f   b  the  auoHent,                  Mult.x^'^Sxz  +   x^  fuot, 
Bya  +  b  tMe  di$fisor.  Bys  -^z :..  cCtviior. 


Produces a^  +2s(6  +  6i>  tkedividend.  Producetx*^3x»z+3*z» +  ta  dioidm 
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24.  Divide  a»-j-2a6+6«  by  a^b. 

OPERATIOy.  Explanatum. 

*  a+6)  a»+2ai+6'  (a+6         I  fst  divide  «'  by  fl,aDd  place  th« 

'     ^  '        ,  ^     '  resmt  a  m  the  quotient;  I  tben  multiply 

^     '  •  /Atf  urAo/lr  divitor  by  a,  and  place  the 

ll5  ^  6  '  products  a  '  -I"  ^^  under  their  like.  I  then 

ab-^-b*  subtract  them  from  the  quantities  above 

■  them,  and  to  the  remainder  ab,  bring 

*      *  down '\'b9,  making ab-^b9  1 1  diy'idethv 

first  of  this,  vix.  aby  by  the  first  of  the  divisor,  viie.  a,  place  the  result  b  with 

its  proper  si|j^  -|-in  the  quotient,  and  then  multiply  tbe  wbde  divisor  a-^bhy 

itj  making  a6-|- ft',  which  I  place  under  the  last  line. 

25.  Divide  x^~S  ofz+S  xx^^z^  hy  a?— z. 

Operation.  EapianaUom. 

J— 2)a:*— 3  a:*z-|-3  X2*— z3(j4_2  xz-^z^  ==  quotient. 

^—    ^2 .  .  =  X— «X*«. 

— 2a:*2-|-3x2* =  f  Ae  rem,  with  dxifi  bnmght 

— 2j?«2.f2xe^., =  7^ X -8«.  .     t**^**- 

jZ* — z' =:  <A«  r«»i.  wiih^Jfi  brwght 

arz'^—Z^ =  i^X2«.  [^itnvn, 

*      * 

j^— 3a«zH-3.tz».->z^  Meproof  ay  addition.  ' 

Divide  the  followiDg  quantities. 

26. 

— <■— ^     I  ■         II 
4a*a:-J-4ar* 


27. 

z^— 3z« 

3  z«— 6  « 
3z«— 9z    ' 


3z— 9 
3z— 9 
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88. 


X* 


1— jr)l       (1 4.x+a»+a»  +  -I —  quotient  with  the  remainder, 
1— ar  1— a? 


X 
X— X* 


X* 

X«— X9 


x» 

X* — X* 


X*  renutinder. 


29  «. 

a'— a*x— a«*+x*)a* — x*  (     a+x  ^uofient 

a* — o'x —  a^x^+ox* 


.a'x+  a*x*— ox^ —  x* 
a'x —  a*x* — ox'^-   x* 


2a*x*    ♦    — 2x*  remainder, 

Tifce  quotient,  with  the  remainder  subjoined j,  i$  therefore' a -^-x-^ 
2  a2x«— 2x* 


«' —  a*x  — ox'+x* 


30.  Divide  x«+ «xy +y«  bf  x+y.    <?«*o/.  x+y. 

31.  Divide  a«— 2  o^**  by  o— 6.    Oao#.  a— 6. 

32.  Divide  ac-^-bc-^-ad'^bd  by  a4-6.     Qim»^.  c+^. 

33.  Divide  x*— 10z«+3Sx— 36  byz— 4.     Quot.  z«— 62+9. 

34.  Divide  96— 6a«  by  6— 3a.     Quot.  16+8a+4aH2a^ 
36.  Divide  x»^l  by  r— 1.     Quo*.  ««+«+ 1. 

36.  Divide  x»— 9x«+28x—29  by  x»— 6x+9.     Quot.  x— 3  + 
X  —2 


\ 


*  In  ex.  29.  the  — dr«  U  not  brcMight  down  until  it  it  wanted  in  the  last  step. 
The  following  example  shewi  liow  to  manage  when  there  are  compound  factors 

in  the  work.  

r-^jf)  x»— ar»  +&r— c  (#»+*—«•*  +  «'' "-^  +  * 


-far— a.x»  -|-&r 


-^-ar— tfur»— «'  — orjr 


-f  «»— or  +  6.jr— ZJ  -f  ***""** 
JUmaindar  -f-z*  — az'  4-4z— c 
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FRACTIONS. 

•   ^ 

) 

51.  To  reduce  an  algebraic  fractiony  both  tema  of  which  are 
compound  quantities,  to  its  lowest  terms, 

HuLB  I.  Find  the  greatest  common  measure  of  both  terms  of 
the  fraction^  as  in  arithmetical  fractions^  observing  at  every 
step  before  you  divide,  to  throw  out  from  the  dlvisw  the 
greatest  simple  quantity  which  is  common  to  each  of  its  tentis, 
using  the  remaining  part  instead  of  the  whole :  the  last  divisor 
is  the  j^ieatest  common  measure. 

[  II.  Divide  both  terms  of  the  given  fraction  by  the  greatest 
common  measure,  and  the  quotient  will  be  the  respective  terms 
of  the  new  fraction,  which  will  be  the  given  one  in  its  lowest 
terms  ^ 


iHi  "i    ■■»  II   «  !■  iiiii 


.  y  This  rule  depends  on  the  followiiig  principles,  namely.  First.  If  one  quan- 
tity measure  another,  it  will  measure  any  multiple  of  that 'quantity. 

Secondly.  If  a  quantity  measure  two  others,  it  will  measure  their  sum  and 
difference. 

Thirdly.  If  one  quantity  be  divided  by  another,  and  the  preeading  divisor  by 
the  remainder,  and  so  on  continually,  the  remainder  wiU  at  leo^  be  less  than 
any  given  quantity. 

Wherefore  (example  I.)  since  jr— z  measures  x'— s*,  it  will  likewise  mea* 

surex  Xx*-^r'  +  «*  Xx— z»     . 

But  this  quantity  is  s>j:9— r3,  as  appears  by  actually  multiplying  and  adding 
the  terms,  according  to  the  import  of  the  signs ;  wherefore  x— z  measures  both 
X'  — z'  and  x)»29,  namely,  both  terms  of  the  given  fraction. 

But  X— 2  is  likeinte  the  greatest  quantity  that  will  measure  both  terms  ;  for 
if  not,  let  a  greater  common  measure  be  assumed  ;  then  since  this  greater  mea- 
sures x'— z^  and  x3— 2^,  it  will  likewise  measure  their  difference,  namely, 
xr»— 25. 

Now  all  the  compound  divisors  of  xz^'-^z^  besides  x— sr,  are  xs'  — 2^  and 
X2—Z',  neither  of  which,  as  appears  by  trial,  will  measure  x'-^s',  wherefore 
X — 2  is  the  greatest  common  measure  ;  the  rule  therefofc  is  manifrst. 

The  tl^owing  out  the  j^eatest  simple  quantity  cgmmnn  to  every  term  of  the 
divisor,  while  it  simplifies  the  operation,  docs  not  in  the  least  interiere  with 
the  compound  divisor  we  are  in  search  of. 
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ExAMri.ES. 

1..  JEUduce  -r — 2  to  its  lowest  tenns. 
Operation. 


I . 


Throw  out  ^,  and  ta^^s?  ^    ^^^^ 

■'  ketomes,.  ...X    ^a  )^-Z*(«^«  I  divideX  den^inator  by 

*^"*^^  the  nanMrator,  aod  finom  the 

XZ-^^K^  remainder  xz^^afl  throw  out 

«_ ^^«  a^y  which  is  coipmoo  to  hoth 

1.   '  •  terms,  and  jr— :» is  left :  with 

Wkertforev^z  is  the  greatest  eommm  ••"»»  ^  ^>^><*«  ^«  dirisor  *«— 

ni€a«ir6,  now  dwirfe  both  terms  of  the  ^Vod  as  the  operation  leaves 

*^-  >    ^^■•'      »■   -^"    '     J  /«'   .    ,1            '  no  remainder,  jri— »  «  the 

given  fraction  by  tt:  and  first  the  nu^  greatest  common  m«^sure. 

merator,  thus,  x— z)x»— z*(  j+  z{asbe-  i  next  divide  both*terms  of 

foi^)for  the  nwner^Oor  ;  then  thede^  the  given  Imctiott  by  x— r, 

nominator,  ^^,  and  the  quotients  *+«,. and 

V   ,       ,   /  o               ^   *  jp«+^*+a«,  arc  the  terms  of 

X— zjJF'— ap'  (J;^ 4-^+2^  •(KflOiniliator.  the  answer,  «r  the   lowest 

j^— JE^Z  ienns  repaired. 


JTZ*— Z* 
XZ*— z' 


«f 


•  »■ 


Therefore  -r- --r  u  iAe  given  fraction  in  its  lowest  terms, 

Sr-jrXZ'f-Z*  . 

2.  Reduce  -r -r ,^  ,  .-  to  its  lowest  tenns. 

2%tM,a»-a«6— a6«+ft')a*— 6*         *       *  (a+b 


2a«6*      *  —26* 


a»i<f  letwing  out  26»,  to^rc^  occurs  in  each  term  of  this  reinainder, 
we  have  a*  — 6»  for  the  next  divisor  ;  then, 

a^  '^b')a»  -^a^b^ab*  ^b*  {a^b 
a'       *  — a6« 

a'b      *  —6* 
a*6      *  --6» 
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Whence  a*^h*  is  the  greatest  eammon  measure:  and  dividing^ 
"both  terms  of  the  given  fraction  by  it,  we' shall  Have 

J—,  the  lowest  terms  required, 

a.  —6 


_    -       a*—    az* 

3.  Keduce ~ to  its  lowest  terms.. 

Thus  a«+2a2-^««)a'—   ar« i  (a— 22 

g^-fga^z-*   az' 

-"^a^z-^^az* 

'-'2a'z^4az»-^^z^  "' 

+ 2.aj •  +  2  z * ,  this,  by  dividing  by 
the  common  quantity  2z',  becomes  a+z. 

Thena+z)a'+iaz-^z^{a'{'X 

a»+    az 

. ■     I.I.        —  ...I  I  1 

az'j-z'' 

az-i-z*  Whence  a-^z  is  the  common  measure, 

\    ■■  I     I 

Jind  dividing  both  terms  of  the  given  fraction  by  it, wiU 

he  the  lowest  terms  required, 

4.  Reduce  — to  its  lowest  terms.    Jns, 


6.  Keduce to  its  lowest  teims.    Ans, 


o»-f-2az+r»  a+z 

6.  Reduce      ,  ■  ' ;  to  its  lowest  terms.    Ans,       ,      . 

ab — 6  6 

The  remaining  operations  in  Arithmetical  and  Algebraic  frac- 
tions being  exactly  alike,  it  was  not  judged  necessary  to  repeat 
the  rules,  but  merely  to  give  an  ejuunple  or  two  under  each,  for 
the  learner's  exercise. 

X  a 

7.  Reduce  ax and  zH 7-  to  equivalent  improper  frac- 

tions.    (For  the  rule,  see  Art.  172.  Part  I.) 

X     axy^x    ^  .   ,  a       az-f6z«fa   ^ 

Thus  ax = Ans.    And  z  A r-= ; —  Ans, 

y  y  a-^-b         a+b 

b  z 

8.  Reduce  a+  —  and  x+y  — —  to  improper  ftiactions.   Afi^' 

c  d 

swer and ^ .  ,- 

c  a 
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9.  Reduce  —    ■■    >^  «Qd  v  ■  to  nwea  quantities; 

(See  Art.  173.  Fart  I.) 

Thus  — =3y^ Jm.    And ; =a— 2c 

XX  46 

3ir  .  (    •  • 

46  -        V 

10.  Reduce ^ — ^  and  -r^ ? ^  to  equal  mixed 

3x  jt— y  ^ 

2»»  2«» 

quantities.    Ans.  Sxy+ '-—  and  x— y  -J — ^— . 

x+-      ^y 

11.  Reduce p  and  o  to  simple  fractions.  (Art  177. 

Part  I.) 

— —        zy  Sx—'T    3  6a?— a 

«+-         Sxy-^l^ 

12.  Reduce i  and i  to  simple  fractions.  (Art.  178. 

Part  I.)    Jns.  -^:^±1^  ««d  !!5::i:|!?. 

a      c  d? 

13.  Reduce  ^,  -^^  and  -— >  to  equivalent  fractions,  having 

a^mmon  denpoiinator.  (Art*  1^0.  Fart  I.) 

Thusaxdxy^ady^ 

cxbxy^cby  >  netp  numerators.  ^ 

xxbxd^bdxj 

bxdx y:=sbdy,  common  denommatof, 
•  .    ady     tby  6d» 

bdy  *  hdy  '  bdy  ' 

14.  Reduce  -^,  — i.  and  — r— ,  to  a  common  denominator. 

i]yz«  ^jp»z«        _2ap«y— 16xy 

^«4. • ,  and  — •— . 

-..    ixyz*   %xyz^  9xyz* 

15.  Required  the  sum  and  diflerence  of  —  and  — ?  {Art*  187. 
192.  Fart  I.) 
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Thvt  a  X  i=ad  \ 

I 

hx  d=zbdt  opmmon  denomifuUor, 

__      dd-\^bc  ad-^bc 

Then  — — — ssthe  sum,  — ;-- — sztlte  difference. 

oa   '  bd  ^ 

16.  Required  the  sum  and  difference  of -^  and  -^  ? 
\hxz  '"  \hxz 


17-  Hequired  tbe  sum  and  difference  of  -r-  and  •— -  ?  Sum  — 
^  5  7  35 

18.  Multiply  -^,  4->  *nd  — ,  tpgetber.  (Art.  198.  Part  L) 

o    d        y 

Hex  €LCX 

Thut  --  X  -r  X  — =a-T-r-  '^  product, 
b      d      y       bdf        '^ 

19.  Multiply  — ,  — ,  and  --=--,  together.    Prod.  5  * '. 

20.  Divide  -^  by  2-^.  (Art.  204.  Part  I.) 

a        4cd      2d 
Thus  -r-r-X-T — ^^-XT^  quotient. 
26c      Say      3  6y 


lid  — fr  a+ft 

»  In  like  maimer  the  turn  of r-  ind =-  will  be  -; — r;  +■    «".,'* 

a--6+o  +  5        2rf  It  a — 5 

«»-6»     "?riT«»  '^^^  *^*^  difference,  or  77J— -^U-^^IIUr- 

<«+ &      tf— j^— g— ft  2^  *+y      jr— y 

jr>».y*  *»— y»  JK'--y* 

fiQT  the  difference. 

■  Thut  also  tbe  pfodncT  of X aa-^ — r Tj  *»d  tb«  qno- 

x  +  z  •    X— »«      ar«— «* 
tieat.  or  "X'  '       *■    •      'a'— I* 
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21.  Divide  -7-  by  — -,  and  —  by  -7-.     Qnot.  -7-  and  — . 

b        3a  2         b  b  az 

22.  Divide  ^  by  ^,  and  ^  by  ^.     Qiiof.  —  and  ^. 

3^9  4z^3  8  4z 

«  3a 

23.  Add  the  suro,  difierence,  product,  and  quotient^  of  — 

^2a^        ,  '    '  12<r»»-feo«+75 

and  —  together.    Ans. . 

5   ^  40 


INVOLUTION\ 

52.  To  involve  simple  quumtities  to  any  power^ 

Rule  I.  Involve  the  coefficient  to  the  power  required^  for  a 
coefficient. 

11.  Multiply  the  index  of  each  letter  by  the  index  of  the  re- 
quired power. 

^  Involution  being  nothing  more  than  continued  multiplication,  it  will  be 
sufficient  to  refer  the  reader  to  the  notes  on  multiplication,  where  he  will  ^d 
the  reason  of  this  rule. 

The  Arabians  denominated  the  powers  from  the  consideraition  of  ihe  jrroducts 
of  the  indices,  calling  them  the  gquare,  cubcy  biquadratef  ntrsoUttf  a^e-squared, 
second-^ursolidf  quadratO'quadraio»quadratum^  cube-qf-thercube,  square^/'-4he^ 
surtolid,  tMrd-*ursolid,  &c. 

Diophantnsy  Vieta,  Oughtred,  and  others,  named'  the  powers  according  to 
the  sums  of  the  indices,  as  root,  tytittrcf  cube,  quadrato-quadratum,  quadraiO" 
cubits,  cubo-cubus,  qucudrato-quadratO'eubus,  quadraio^ubO'Cubus,  cubo'Cubo' 
cubus,  Set, 

pes  Cartes,  and  most  of  the  writers  since  his  time,  employ  a  much  simpler 
)nethod  than  either  of  the  ibrmer,  calling  the  powers  respectively,  the  1st,  2nd, 
3rd,  4th,  &c.  according  to  the  index.  And  because  the  side  of  a  square  multi- 
plied into  itself  gives  the  area  of  the  square,  and  the  side  of  a  cube  multiplied 
continually  twice  into  itself  produces  the  solidity  of  the  cube,  the  terms  square 
and  cube  have  been  applied  to  nunibers  arising  from  like  operations.  Hence  it 
is  that  the  product  of  a  number  multiplied  into  itself  is  called  a  square ;  and 
if  tfoe>  number  be  multiplied  twice  into  itself,  the  product  is  called  a  cube. 

It  is  evident  that  all  the  powers  of  an  affirmative  quantity  will  be  affirma- 
tive, for  -^  into  <-|-  always  produces  -|-  ;  likewise  that  all  the  even  powers  of 
a  i^egative  quantity  jyill  be..-}-,  and. the  odd  powers^  ;  for  since  —  into  — 
produces  -|~  >  ^^^  this  into  --  produces  ^,  and  this  into  —  produces  ^ ,  and 
so  on  alternately  -f  and  — ;  it  follows  that' the  even  power»irlll  be  '^^tU0'^ 
the  odd  powers  — . 


ifl:  Place  each  produetpver  Us  respective  lell^F>4ad  prefix 
the  coefficieut  found  above^  the  result  will  be  the  power  re- 
quired. '"^^^ 

IV.  Of  an  affirmative  quantity  all  the  powers  will  be  -f  ; 
and  of  a  negative  quaatity  the  odd  powers  will  be  — ,  and  the 
even  powers  -|- ; 

Examples. 
1.  Involve  S  a'  to  the  third  power. 

ExphoMiitn, 

Operation.  i  fi^st  find  the  coefficieot,  by 

'^sz^X^y^^^zS  the  coefficient,     nmltiplying  2  twice  into    itself; 

av»        «    1.    !•  then  I  multiply  a,  the  index  of  c, 

a    ^    =aP  the  literal  part.  into  3,  the   index  of  the    third 

Wherefore^^^:=iSa^,  answer.  power;  lastly  I  prefix  the  coeffi-. 

cient  8  to  tfi^  making  8  «fi  for  the 
power  required. 

^.  Involve  3  flu?»  to  the  fourth  power. 
Thus  Saa:'l*=81  a^s^,  answer. 


3.  Involve  —3  2  to  the  square,  and  —3  y » to  the  cube.  —2  J  * 
=:42»  the  square^  and— 3yO^=' — 27  y®  the  cube, 

22 

4.  Involve— -r-^tothe  second  and  third  powers.  Ans.  second 

3y»  ^ 

power ,  third  power  - — '■ . 

^  9y*'  ^  27y 

5.  Involve  ay»z»  to  the  third  power.    Ans.  a^y^z^. 

ax'  .  a^jfi 

6.  Involve  — - —  to  the  third  power.    Am.  — ;rr-T« 

3z  ^  27*' 

53.  To  involve  compound  quantities. 

HuLE.  Multiply  the  given  quantity  as  many  times  continuaDy 
into  itself  wanting  one,  as  there  are  units  in  the  index  of  the 
required  poWer>  and  the  last  product  will  be  the  power  re- 
quired'. 


*  This  rule  is  merely  multipUcaUon,  and  depends  on  the  same  principles. 
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7.  Invcrfve  a+s  and  a— «,  each  to  the  cube. 

OpERilTlOK. 

*  +«  first  power, 

a  +x 


a 
a 

—a? 
— a: 

- 

a» 

— • 

ax 
ax-^-x'. 

a 

-2 

— X 

ax-^-x* 

a* 

-2 
—3 

a»x4-2 

ax' 
ax^' 

— X* 

a^ 

a^x-^-S 

ax'- 

— x' 

cr»  +  2  oo:  -h  ar  *      second  power, 
a  -far 

«'-f2a»a:-|-    ax' 

a'x^2ax''{'X^ 

a'-f  3a«a?4-3fl»«+a?»      cttte. 

ExphLnation. 
I  nnltiply  a+«  aod  «— *  each  by  iUelf,  and  the  product  U  the  square  ;  I 
multiply  this  by  a  +  *  in  one,  and  a^r  in  the  other,  and  the  product  in  each 
is  the  cube:  it  will  be  seeo  that  these  operations  differ  only  in  the  signs  of 
their  even  terms. 

8*  Involve  ar+x  to  the  fifth  power. 

Operation.  ExpUmatioh, 

X  +«  first  power.  Th«  ""^^y  **«^**y  *«*  ^'*'»  ~^''^**  ^' 

X  Jf^x  how  to  work  with  the  double  sign  ±  ; 

^'     "■  First,  «Xa:=a?»,  seoondly,  *X  ±^ 

**±   ^       ,  s=-fa?x,whidh  is  the int  line;  then 

±   ^^^^  +zxa?=±aa,tiid±2X±«=  + 

x»4.2a:2+«»  second  power.     ^,^  ^jjjgi,  |,  ^he  second  Une  of  the 

J^   ±    ^  work)  mlto  ±«  added  to  ±a?«,  gives 

X^-^X'z-k^    x«*  ±^^  in  the  next  line,  and  so  on 

•f    jp'2-f-2ar«* +«•  throughout. 

x«±3«:'t-f 3a:«^Hh«*  lWfipaio«r. 


j-   g*84-3a?»g*4:8arz^4-2* 
4;«^4«<2+6a7'z*Hh4a?z«-f  z^/ouW/k  power. 

g  4^   t ^ , 

4ps^4x«jE4-  6r»z»J2  4ap«z*-f    a?z* 
+    af*z-|-  4x32»-f  6a:»z»-f 4xz*+2'' 

g»^5x*z+10a?»x«^IOx'z»-f5a?z*J2^*  ^/^^ potwer. 

9.  Involve  «+l  to  the  cube.    -iiw.  ar'+Sx'+Sr+l. 

10.  Involve  2a?-3y  to  the  cube.    Ans,  8x»— 36a?»y+S4a:y» 

11.  Involve  3*-ap  to  the  fourth  power.  ^«5. 81— 108*+ 54  a?* 
— 12«'-faf». 


Par*  hi.  involution.  885 

12.  Involve  a+fr— c  to  the  square.    Ans,  a*  +2  a6— 2  flc+6» 

SIR  ISAAC  NEWTONS  RULE  FOR  INVOLUTIONS 

Whereby  any  power  of  a  given  compound  quantity  may  be 
obtained  by  an  easy  and  expeditious  mental  operation. 

54.  For  Binomials, 

To  find  the  terms  and  indices. 

Rule  I.  Write  down  the  leading  quantity  successively^  as  manf 
times  as  there  are  units  in  the  index  of  the  required  power. 

II.  Over  the  first  of  these  place  the  index  of  the  power ;  over 
the  second^  the  index  decreased  by  1 3  over  the  thirds  the  index 
decreased  by  2  3  and  so  on^  making  the  index  of  each  term  al- 
ways 1  less  than  that  of  the  preceding  term. 

III.  Subjoin  ih&  following  quantity  to  the  second^  and  every 
succeeding  term,  of  the  above,  and  carry  it  one  place  beyond. 

IV.  Make  1  (understood)  the  index  of  the  first  of  these ;  2 
the  index  of  the  second  -,  3  of  the  tliird,  and  so  on^  constantly 
increasing  by  1  to  the  last  3  the  index  of  which  will  be  that  of 
the  required  power. 

Thus,  if  it  he  required  to  involve  a-^z  to  the  fifth  power,  the 
quantities  and  indices  will  stand  as  follows. 

The  leading  quantity  a,  thus,  «%     a^,     a^,      a',     a. 

The  following  quantity  z z,      z^,      z^,      z^,     «•. 

Both  qiuzntities  connected  ,  ,  ,a^,     a^z,   a'z',  a*i^,  aa^,  z^. 

To  find  the  coefficients  of  the  terms. 

Rule  I.  The  coefficient  of  the  first  term  is  always  1^  (under- 
stood,) and  that  of  the  second  term'  is  always  the  index  of  the 
required  power. 


'  This  rule  is  a  branch  of  the  celebrated  Binomtal  Theorem,  discovered  by 
Sir  Isaac  Newton  in  I669.  llic  author  first  discovered  it  by  induction,  namely, 
by  observing  the  law  which  the  signs,  coefllcient«,  and  indices  invariably  fol- 
low, in  a  Binomial  actually  involved  to  several  different  powers.  It  Will  be  a 
profitable  employ  for  the  learner  to  make  the  same  induction :  let  him  compare 
the  8th  example  with  Newton's  rule,  and  he  will  see  that  the  coefiicients,  indi- 
ces, signs,  &c.  of  the  terms,  in  every  one  of  the  power*,  observe  invariably  the 
law  on  which  the  rule  is  founded. 

VOL.  I.  CC 


886  ALGEBRA.  PABTnL 

II.  Multiply  the  coefficient  and  index  of  the  leading  quantity 
in  the  second  term  together^  divide  the  product  by  2>  and  the 
quotient  will  be  the  coefficient  of  the  third  term. 

J II.  And  in  gieneral^  if  the  coefficient  and  index  of  the  lead- 
ing quantity  in  any  term  be  multiplied  together^  and  the  pro- 
duct divided  by  the  number  denoting  the  place  of  that  term> 
the  quotient  will  be  the  coefficient  of  the  next  succeeding  term. 

Thus,  in  the  above  example. 
The  coefficient  of  the  first  term  will  be\,  understood. 
That  of  the  second  term 5,  or  the  index  of  the  power. 

5x4 

That  of  the  third --^=io. 

lO  V  s 
That  of  the  fourth  ......    =10. 

That  of  the  fifth 1^^=  5. 

5x1 

And  that  of  the  sixth =  1,  understood, 

5 

Thus,  the  terms  connected  with  their  coefficients  in  the  above  ex- 
ample, will  be  x^,  bx*z,  lOx^z",  lOx'z',  Sxx*,  «\ 

To  find  the  s^ns. 

'  When  the  signs  of  both  terms  of  the  Binomial  are  -f- ,  aU 
the  signs  of  the  power  will  be  4- ;  but  when  the  second  term  is 
— ,  all  the  odd  terms  (the  1st,  3rd,  5th,  &c.)  will  be  -f »  and  the 
even  terms  (the  2nd,  4th,  6th^  &c.)  — .  Thus  in  the  example 
above  proposed,  where  it  is  required  to  involve  a — 2  to  the  fifth 
power  >  the  second  term  being  — ,  the  1st,  3rd,  and  5th  terms 
of  the  power  will  be  4-,  and  the  2nd,  4th,  and  6th  terms  — . 

Wherefore  a>*— 5  a^z-|- 10 x^z'  —  lOx^s^  -h 5  xz* — z^  will  be  the 
fifth  power  (signs,  coefficients,  and  indices  complete)  of  the 
given  quantity  x--^z, 

13.  Involve  a+&  to  the  sixth  power,  by  Newton*s  rule. 

The  leading  qitantity  a. .  ,a^,     a*,     a^,      a%      a*,      a. 

The  following  quantity  b b,      b',      6^,      6*,       6*,     6*. 

Both  connected d^,     a%  a*6»,  0^6^^  a«6*,  ab^,  6®. 

a.r         ^.    *   ,    ^   ^X^     15x4     20x3      15x2    6x1 
The  coefficients  I,  6,  -^,  — ^ — ,  — ^ — ,  — g — ,  -^, 

Or,  1,  6,  15,  20^  15,  6,  1. 
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The  signs  of  the  terms  are  all  -f . 

Wherefore  by  connecting  the  signs,  coefficients,  andierms,  a-\-bf 
"=a«-|-6a-'6-|-  l5a*6^-|-20a363-|-15a»6*-f.6a6^  +  6^  =  </ie  power 
required. 

14.  Involve  a— 2  to  the  9th  power. 

Term*, 
a»,  a^z,  aTz\  a^z^,  a^z*,  a*z^,  a^z^,  a'z"^,  as^,  z^. 

Coefficients. 
9xS    36x7     84x6     126x5    126x4    84x3     36x2 


2'       3'       4'        5'       6'       r's' 
9x1 

9    • 

Or,  1,  9;  36,  84,  126,  126,  84,  36,  9,  1. 
Tlie  signs  of  the  odd  terms  are  -j- ,  and  the  even  terms  — '. 
Wherefore  0^9=09—9  a«z+36  a^z*— 84  aV  -h  126  a V—  126a* 
2* + 84  a^z^ — 36  a'^z'^  -f  9  az^ — z^r=zthe  power  required. 

15.  Involve  j:4-3  to  the  fourth  power. 

Terms  x^,  x^xS,  a:»x3S  j:x3^  3^ 
Coefficients  1,  4,  6,  4,  1.     Signs  all  +. 
Wherefore  x*  +  4a^x3  +  6x'  x3» +4^7X33 -|-3S  that  is,  x*-^ 
12ar^4-54a:''4-108a:+81,  is  tlie  power  required. 

16.  Involve  a 4-^  to  the  square.     Ans,  a'  -\'^ab-\'b', 

17.  Find7+^^     Ans.  x^-^3x^y  +  3xy' -^-y^. 

18.  Find m—n]*.     yf/is.  i»^— 4  wi%+6m^»*— 4m»3  4-n*. 

19-  Findo^^**.  -4?w.  a*— 5  a*z+ 10 a^z^-^  10  a » 2^  +  5  az^—z^^ 
20.  Findz^==ll7.    ^n^.z?— 72^+21  z*— 35 z^+35z' -21  z'-j- 

72—1. 

n  w— 1 

'    21.  Required  the  nth  power  of  a-h^?    -^ns.  a     ■j;^na 

n— 1     n— 2    „         n— 1   n— 2     «— 3    ,         n—l  w— 2 

2  —        23  ^23 

«— 3     «— 4  ^        «      « 
a         a?*4-,  &e.  &c. 

4  - 

55.  For  Trinomials*, 
Rule.  Let  two  of  the  terms  of  the  given  trinomial  be  consi* 

•  The  ingentoas  Mr.  Abraham  Demoivre  has  given  a  method;  whereby  any 
power  or  root  of  a  multinomia},  consisting  of  any  number  of  terms  whatever, 
may  be  found,  which  may  be  seen  in  the  Philosophical  Transactions,  No.  230. 

C  C  2 


ALGEBRA.  Past  m. 

dered  as  one  htAxx,  and  the  femainnig  term  aa  die  other,  and 
pitxeed  as  befiore. 

22.  Involve  a'\'h'\'C  to  the  fhiid  power.  

Let  a  be  erne  factor^  and  6-f  c  ike  other;  them  icttfa-|-6+c\» 

=si^-h3a*.  6+c+3a.  6+cl»+  6-ff/»,  ipfticA  Ay  expoMdmg  the 
powers  of  b-^-c  becomes  4^'\'Sa*.  6+c+3a.  6«+26c+c«+^  + 
3fc*c+3fcc*+c». 

7%tf  6y  multiplicaium  becomes  a)+3a'6+3a'c-|-3ii6'-f  6aic 
+3ar*+6»+36'c+3*c»+c*^  1^  pover  required. 

23.  Involve  x-^y—z  to  the  fourth  power. 

Let  X  be  one  factor,  and  y^z  the  other  ;  then  wiU  x+y— 2/* 
=r*+4a^.y — z-^-Cx'  .y — ^ » -f-  4  x.y — zl'  -fy — 2J  *,  wJuch  expanded 
and  multiplied;  becomes  x*+4j:*y— 4x'z4-6jr*y*— 12x»yz+6jc* 

2*+4j:y'— 12xy«z+12xyz«— 4xz»4-y*— 4y*z+6y«z»— 4yz*+ 
z*^  the  fourth  power  requvred. 

Or  thus.  

Let  x-^y  be  one  factor,  and^z  the  other;  then  wilZ  x+y--3* 
=xHKy)  *— 4.x-f  y>.z+6.xHPy) « .z»  — 4j:+y.z' + z*  •  this  expanded 
and  multiplied,  becomes  x*+4x'y-f  6x'y*+4xy'+y* — 4j^z— 
12x»yz— 12xy»z~4y'z+6x»z'  +  12xyz"+6y*2'— 4xz»— 4yz» 
+r*,  the  fourth  power  as  before. 


EVOLUTION. 

56.  To  extract  the  roots  of  simple  quantities. 

Rule  I.  Place  the  fractional  iodex  denoting  the  required  root, 
over  the  given  quantity. 

II.  £xtract  the  root  of  the  coefficient^  and  the  result  will  be 
the  coefficient  of  the  root. 

III.  Multiply  the  index  of  each  letter  by  the  index  of  the 
root,  and  place  the  results  each  over  its  proper  letter  for  the 
literal  part  of  the  root,  to  which  prefix  the  coefficient  ^. 

^  The  nrie,  as  il  respects  the  muneTal  coefficient,  is  soffictently  plaio,  being 
mtzelj  the  cTolutioa  of  the  root  of  a  Dumber,,  which  is  expUioed  m,  the 
Arithmetical  part,  (ptmx  Art  268.  to  Art.  285.)  With  respect  to  the  HUral 
part,  we  nay  ooosidev  erolotion  and  iavolutioD  as  parts  of  the  same  geuenl  mlej 
diferiog  in  obc  particular  only,  namely,  the  indices ;  thoee  employed  in  invQ- 


Part  III.  EVOLUTION.  389 

Note.  If  the  given  quantity  be  affirmative,  all  its  roots  will  be 
+  ;  but  if  negative,  its  odd  roots  will  be  — ,  and  its  even  ones 
impossible '. 

Examples. 

1.  Extract  the  squsffe  root  of  9  o^. 

Operation.  Explanation, 

9  a^lT=r:3  a',  the  root.         Here  4-  is  the  index  of  the  square  root,  and 

is  placed  over  9  a^j  then  the  square  root  (Mf  9  it 
3  for  the  coefficient,  and  4  X  -3-= 2  is  the  index ;  wherefore  3a^  is  the  root,  the 
sign  of  which  is  +  . 

2.  Extract  the  cube  root  of  —  64a;'y^. 
Thus  — 64a:3y9\T=— 4  j:^',  the  root, 

3.  Extract  the  fourth  root  of  sc^yH, 
Thtis  a;^y*zl-r=zx^yzir,  the  root, 

4x' 

4.  Extract  the  square  root  of        .-. 


4j?«]4_  ^x 
25 z* I   ""  Sz'' 


Thus 1  = ,  the  root. 

25 

5.  Extract  the  square  root  of  4 a'x*.    Root  2  ax*. 

6.  Extract  the  cube  root  of  — 8a:^«'.     Root  — 2ac'z. 

7.  Extract  the  fourth  root  of  81  y«a:*z.     Root  Sy'xz^. 

8.  Extract  the  fifth  root  of  ^xY^.    Root  —  jy': 

16a*z         ^      4a'r5- 

9.  Extract  the  square  root  of  ^^   ,     ■     Root  --- — . 

^    ■  49J^y'  7x^y 

10.  Find -Sa^    R^t^'^'^' 


la 


57.  To  extract  the  square  root  of  compound  quimtities. 

Rule  I.  Range  the  quantities  according  to  the  dimensions  of 
some  letter  concerned,  as  in  division.  Art.  50. 

II.  Find  the  root  of  the  left  hand  term,  (Art.  56.)  set  it  in 


Intion  being  integers,  and  those  in  evolution  fractions ;  hence  the  process  in 
both  cases  is  the  same  as  far  as  it  respects  the  letters,  as  may  be  seen  by  com- 
pariog  this  rale  with  the  rule  for  involution. 

K  This  is  evident,  because  no  quantity  multiplied  into  itself  can  possibly  pro- 
duce a  n^ative  product ;  for  -}"  in^  +  produces  -f-  >  ^^^  ~*  iQ^<>  *""  produces 
-f>  ;  and  therefore  a  negative  power  can  have  no  even  root,  or  in  other  words, 
the  even  roots  ofaU  negative  quantities  are  impossibk, 
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the  quotient^  and  its  square  under  the  sadd  left  hand  tenn>  and 
subtract. 

III.  Bring  down  the  two  next  terms  to  the  remainder  for  a 
dividend,  and  set  double  the  root  on  its  left  for  a  divisor. 

IV.  Divide  the  dividend  by  the  divisor,  and  subjoin  the  result 
to  both  the  quotient  and  the  divisor. 

V.  Multiply  the  divisor  (so  increased)  by  the  term  last  put 
in  the  quotient,  subtract  the  product  from  the  dividend,  and 
bring  down  the  two  next  terms  to  the  remainder  for  a  new  di- 
vidend. 

IV.  Bring  down  the  divisor,  with  its  last  term  doubled,  to 
the  left  of  the  new  dividend,  for  a  divisor ;  divide ;  subjoin 
the  result  to  both  quotient  and  divisor ;  multiply ;  subtract ; 
bring  down  two  terms,  &c.  proceeding  in  this  manner  until  all 
the  terms  in  the  dividend  are  brought  down,  and  the  work  is 
finished. 

The  operations  may  be  proved  either  by  addition  or  invo- 
•       lution  ••.  I 


^  Evolution  beiDg  the  conrerse  of  involutiun,  necessarily  requires  a  converse 
operation,  which  as  far  as  it  respects  simple  quantities  is  suiiiciently  plain ;  but 
when  the  roots  of  compound  quantities  are  to  be  extracted,  the  mode  of  operat- 
ing is  not  so  obvious  :  indeed  it  does  not  appear  that  the  rule  here  given  is  ca- 
pable of  an  investigation  a  priori^  but  that  it  owes  its  origin  to  the  mechanical 
process  of  trial  or  experiment.  Thus  it  was  known  by  involution,  that  the 
square  of  a  +  b  \a  a"  +2  ab+b^ ,  but  the  difficulty  was,  how  to  frame  a  rale 
whereby  the  square  being  given  the  root  could  be  obtained  from  it :  the  first 
member  a  of  the  root  evidently  arises  by  taking  the  root  of  a^,  the  first  member 
of  the  square  ;  but  the  next  inquiry  was,  how  the  other  member  b  of  the  root 
could  be  had  from  ^ab+b*  (the  remaining  members  of  the  square)  without 
remainder.  By  trials  it  was  found,  that  the  first  member  a  of  the  root  beingf 
doubled,  and  the  second  member  b  added  to  it,  the  whole  will  form  a  divisor  of 
S  a6+  &',  which  will  exactly  give  b  (without  remainder)  in  the  quotient ;  and 
this  method  (continued  according  to  the  precepts  given  above)  will  give  the 
roots  of  all  other  compound  quantities,  as  is  proved  by  the  converse  process  of 
involution,  from  whence  alone  the  truth  of  the  rule  is  manifest.  In  the  same 
manner  rules  for  finding  the  roots  of  higher  powers  were  discovered,  which,  as 
they  are  not  wanted  in  this  place,  are  reserved  for  the  exercise  of  the  rules  of 
approximation,  given  in  the  following  part  of  the  work. 
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11.  To  extract  the  square  root  of  a?*  +  4 x»  +  6  x'  +  4 a:+ 1. 

Operation. 

a?*4-4a?^+6a:»4-4a?+l(a?»+2ar4-l=  theroot. 

X* =z  the  square  ofx*. 

it'  +2x)  ...  4af*+6x' =:  first  dividend, 

4x»+4a?» =(2a?»+*2a?)x2a?. 

2'a?'  +  4 x+ 1) 2  x'  4-4 a?+ 1    =  second  dividend, 

23r»+4J?+l    =  (2ar»+4J:  +  l) 

[xl. 

4?*+4x*+6a?"+4a:+l  'proqfhy  addition. 

Proof  by  involution, 

x'+2x  +1 root, 

x'+2x  +1 root, 

2a:»+4a?'4-2j: 

j?'-f2^+l 

a:*-f  4x^+60?'+ 4a?-fl  square. 

Explanation, 

The  greatest  sqaare  in  2"*  is  x'*  ;  I  put  its  root  x*  in  the  quotient,  subtract 
the  square,  and  bring  down  4x3+6  r';  I  next  double  the  root  or',  making 
2a:',  which  I  place  on  the  left  for  a  divisor ;  I  divide  Ax^  by2j:',  and  place 
the  result  2x  both  in  the  quotient  and  divisor,  making  the  latter  2x'  +^xi 
this  I  multiply  by  2  j:,  making  4x^  +  4 ir^, which,  subtracted  from  the  quanti- 
ties above,  leaves  2a:'  ;  to  this  I  bring  down  4 a:+  1,  making  3  x' .  +  4  a:+  1  for 
TL  new  dividend ;  to  the  left  of  this  I  bring  down  the  divisor,  after  doubling  its 
last  term,  by  which  it  becomes  2x'  +  4  a: ;  I  divide  the  new  dividend  by  this, 
placing  the  quotient  figure  1  both  in  the  quotient  and  divisor :  then  I  multiply 
the  divisor  by  it,  place  the  product  below  the  dividend,  and  the  work  is  finished. 
The  proof  by  addition,  as  well  as  that  by  involution,  will  be  suflScientlyobviojus; 
the  former  being  the  sum  of  the  several  products,  or  hwer  lines,  and  the  latter 
ifae  root  involved  to  the  square. 

12.  Required  the  square  root  of  4x*  — 12a:'+25a?*r^24x 
+  16? 

4x*  — 12 X* +25 a?»— 24 x+ 16(2 a?»— 3 a?4- 4  rooi. 
4a?* 

4  a:'  —3  or)...  — 12a?^+25x» 
— 12a:'+  9x' 


4j:»— 6x+4) 16x^— 24X+16 

16  a:*— 24  x+ 16 


4a?*— 12x^ +25X'' +24  j?+ 16  proo/. 
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13.  Extract  the  square  root  of  a'— ay4-~. 

a*  — fltf +^0 — ^  the  root 
a' 


-ay+5L 


14.  Required  the  square  root  of  x^+x^y-^ — — 


3i^y     9  , 

4    ■*"l6' 


a:'y»       Sx*      Sxy      9  ,  ,     ory      3 
^     ^^    4  2  4    ^le'^     ^2       4 


a?' 


2«<9 


x*y-^ 


a:»y» 


•      ,  3,  Sx'      Sxy      9 


4  2  4        16 

—3  a?*       Sxy      9 


16 


15.  Required  the  square  root  ofx*-i-2j?+l?     Root  x+1. 

16.  Extract  the  square  root  of  a?»  —2 xy-j-y'.     Root  x—y. 
17'  Extract  the  square  root  of  16  z'— .40z+25.  Root  4«— 5. 
18.  Find  the  square  root  of  y*— 6y*  +  13y*— 12y+4.    Root 

y*— 3y4-2. 

J 9.  Required  the  square  root  of  x*— 4x*y4-6a:y— 4a?y* 
-i-y^l    Rootx'^2xy+y'. 

20.  Required  the  square  root  of  9a?»— 3x+— *?     Root  3 x 
1 


o  ' 


^  That  this  part  of  the  subject  may  not  appear  imperfect,  the  following  role 
for  extracting  the  roots  of  powers  in  general'  is  here  given,  as  it  may  be  osefdl 
for  finding  the  cube  root ;  but  it  is  too  laborious  lor  roots  of  a  higher  denomi- 
nation. 
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SURDSk. 
58.  A  surd^  or  irrational  quantity,  is  a  quantity  under  a  radi- 

»         "  ■  ■ ■  M      ,      ,     . I  , ,  .        , 

Rui«B  I.  Fiod  the  root  of  the  first  term,  and  place  it  in  the  quotient. 

II.  Subtract  its  power  from  that  term,  and  bring  down  the  seconds  term  for 
a  dividend. 

III.  Involve  the  root  last  found  to  the  next  lower  power,  and  multiply  it  by 
the  indies  of  the  given  power,  for  a  divisor. 

IV.  Divide  the  dividend  by  the  divisor,  and  the  quotient  wiU  be  the  next 
term  of  the  root. 

V.  Involve  the  whole  root,  subtract,  divide,  and  proceed  as  before,  until  the 
whole  is  finished. 

Examples. 

1.  Required  the  cube  root  ofxoJ^  6a:»  -\-  15a:*  -|-  20^:3  -|-  i  5j»«  .^j-  6^4*  I ' 

ar«  4-6ar«  +15a:*  +  20a:3  -f-  15ar»  -f  6dr+K*'  -|-2x+l  theroct, 
x^ ss=€ube  ofx^ . 

Zx^)         6xs , ^^secgnd  term  -^Sx*, 

jrq+fixs -flgj:*-}-   Bxs, ^cubeofx^  +2*. 

34:*)  Sj:*    —remainder -^3 X*. 

■ ^- L  III  III  1-     _     _    I  ■      -         1  ■   T  T     — 1 II 

a:e4-6j:«  4-15a:*-|-20a:3 +  15a:a-|-6a:-jr  1    =CM6tf  ofa?» +2a:+ U 

2.  Extractthe  cube  root  of  «3  ^3fl«5-j-3fl53 +i3.     Root  a '{-b. 

3.  Required  the  cube  root  of  xa  — 15  jr^  -|-  75  j:  —  1 25  ?     JHoot  * ~5. 

4.  Required  the  cube  root  of  j«  +  8  *«  — 40 «3  -|- 36x— 64  ?  Root  x'  -f- 
24r-4. 

5.  What  is  the  fifth  root  of  *«  — 10^:* +40ar» -80x« -f  80*— 32? 
Root  jr— 2. 

The  following  method  is  convenient  for  some  of  the  higher  roots. 

For  the  biquadrate  root,  extract  the  square  root  of  the  sqaare  root. 

For  the  sixth  root, the  square  root  of  the  cube  root. 

For  the  eighth  root, the  sqaare  root,  of  the  square  root,  of  the 

[square  root. 

For  the  ninth  root, the  cube  root  of  the  cube  root,  &c.  &c. 

And,  in  general,  all  powers  whose  indices  are  any  powers  or  products  of  9 
and  3,  may  be  unfolded  by  tbe  rules  for  the  square  and  cube  root;  but  the  5th, 
7tb,  &c.  roots,  must  be  found  directly  by  the  above  rule,  or  by  some  of  the  me*- 
thods  of  approximation.  Another  method  is,  by  finding  the  roots  of  some  of  the 
most  simple  terms,  (Art.  56.)  and  connecting  them  by  the  sign  -f*  or  — :  then 
involve  this  compound  root  to  the  required  power,  which,  if  equal  to  the  given 
power,  the  root  is  found  ;  but  if  it  differ  in  some  of  the  signs,  let  the  signs  of 
one  or  more  terms  of  the  root  be  changed  from  -|-  to  — ,  or  from  —  to  -|-, 
-till  its  power  agrees  in  all  respects  with  the  given  power. 

^  If  the  learner  should  find  what  is  here  given  on  surds  too  difficult,  he  may 
omit  either  the  whole,  or  any  part,  for  the  present ;  he  should  however  resume 
the  subject  as  soon  as  he  has  passed  through  quadratic  equations. 
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cal  sign  or  fractional  index,  the  root  of  which  cannot  be  ex- 
actly obtained. 

Simple  surds  are  such  as  are  expressed  by  one  single  term,  as 
^;2,  ^v'S,  ToIt,  Ac. 

Compound  surds  are  such  as  con^st  of  two  or  more  simple 
surds^  connected  by  the  sign  -|-  or  —  j  thus  .v/S+  ^x,  *^— 
'  >i/^.  'v^Sa-f  ^5,  Ac.  are  compound  surds :  the  latter  is  called 
an  universal  root  *. 

REDUCTION  OF  SURDS-. 

59.  To  reduce  a  rational  quantity  to  the  form  of  a  surd. 

Rule.  Involve  the  g^ven  quantity  to  a  power  equivalent  to 
that  of  the  surd,  over  which  place  the  index  of  the  surd,  and  it 
will  be  the  form  required  ". 

Examples. 

1.  Reduce  3  to  the  form  of  the  square  root. 

Thus,  312=3x3=9.     Wherefore   ,^9    it  the  answer  re- 
quired. 

2.  Reduce  2  to  the  form  of  the  cube  root,  and  3  x  to  the  form 
of  the  fourth  root. 


1  A  turd  is  a  quantity  incommensarate  to  unity,  or  that  is  inexpressible  in 
rational  numbers  by  any  known  method  of  notation,  otherwise  than  by  its  pro- 
per radical  sig^  or  fractional  index ;  hence  these  numbers  are  called  irrational 
or  incommensurable  numbers,  and  sometimes  imperfect  powers. 

When  it  is  proposed  to  extract  any  root  from  a  quantity  which  is  a  complete 
power  of  the  same  name  with  the  root,  such  root  can  be  exactly  obtained ; 
but  if  the  given  quantity  be  not  a  complete  power  of  that  name,  then  the  pro- 
posed root  (which  cannot  be  exactly  found)  is  dettoted  by  placing  the  sign  or 
index  over  the  quantity :  this  expression  (as  we  hare  observed)  is  what  b  pro- 
perly called  a  surd. 

The  fractional  index  is  mostly  to  be  preferred  in  practice  to  the  radical 
sign,  because  all  the  rules  of  fractions  may  be  conveniently  applied  to  fractional 
indices,  whereby  the  operations  are  rendered  extremely  perspicuous  and  easy. 

"■  Reduction  of  surds  does  not  alter  their  value,  it  merely  changes  them  from 
one  form  to  another ;  a  process  which  is  frequently  necessary  to  prepare  them 
for  operations,  and  for  estimating  their  value. 

"  The  reason  of  this  rule  is  extremely  plain,  for  if  any  quantity  be  involved 
to  a  power,  that  quantity  is  (not  only  equal  to,  but  is)  the  root  of  the  power; 

thu8  3=(v'3«»)v'9;  ^^'^V'^i  y="Vy">&C' 
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7%M5,  i]3=9x2x2=8.     ThcnS^,  the  answer. 

And  3^*=3 xx3xx3xx3 x=81 3C*^  and  81  x-^}r,  the  ans. 

3.  Reduce  «)t  to  the  form  of  the  square  root.  ' 

77iz/s,  fl^'=a4=a^.     Then  ^a^ ,  the  answer, 

4.  Reduce  a — x  to  the  form  of  the  square  root. 

Thus,  a — J\  2=a^— 2  ax-Yx*^',  then  ^a^ — 2  ax-\-x^,  the  ans. 

5.  Reduce  7  to  the  form  of  the  square  root,  and  -J-a  to  the 
form  of  the  cube  root.     Ans.  ^^49  and  ^^ia'. 

60.  To  put  the  coefficient  of  a  surd  under  the  radical  sign. 

Rule  1.  Reduce  the  coefficient  to  the  form  of  the  given  surd, 
by  the  preceding  rule. 

II.  Multiply  the  quantities  under  the  radical  sign  by  the  re- 
duced coefficient,  and  the  product  will  be  the  answer  <». 

6.  Given  2  ^x,  in  order  to  put  the  coefficient  under  the  radi- 
cal sign. 

First  reducing  2  to  tlieform  of  the  square  root,  we  have  2^=  ^4, 
then  multiplying  x  by  4,  and  placing  the  common  radical  sign  over 
the  product,  we  have  ^4x  for  the  ansiver. 

7.  Introduce  the  coefficients  of  3^^a  and  S'^^a— x  under 
the  radical  sign. 

Thus,  3=3  X 3  X  3^^=^  v^7>  then  ^  ^27tf,  the  answer. 
And  2=2 X 2 X 2 X 2 x2 3-  =  5^32  5    then  ^^S'Z.a-^x,   or 


*  ^32  a—  32  X,  the  answer, 

8.  Given  5^2,  Sa^^^x,  xy*^3,  and  a*^2-f  a? — z,  to  place 
the  coefficients  under  the  radical  sign.     Ans,  ^50,  '^135a^j?, 


*  V3  ^ir^.  and  *  ^a*  X  2 -f  a;— z. 

61.   To  reduce  dissimilar  surds  to  equivalent  ones,  having  a 

common  index. 

Rule  I.  Reduce  the  indices  to  ti-actions  having  a  common 
denominator,  and  place  each  new  niunerator  over  the  quantity 
to  which  it  belongs,  for  a  new  index. 


**  This  rule  is  equally  obvious  with  the  preceding;  for  it  is  evident  that  2  X 
V^A'ss  /v/4  X  a/^=»  \/4  X9  as  in  the  6th  example.  Let  jrs9,  then  2  ^x=  fj 
4  X  //9=  v^4X9=  v^'JC^e^^S  X  3  ;  whence  2>/x=*  ^4x. 
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II.  Write  1  over  the  common  denominatofj  and  place  this 
fraction  as  an  index  over  the  given  quantities>  with  their  new 
indices  3  if  those  quantities  are  numbers^  involve  them  to  the 
power  denoted  by  the  new  index,  over  which  place  the  said 
fraction  for  an  index  ^ 

9.  Reduce  3]^  and  5|t  to  equivalent  surds,  having  a  common 
index. 

Operation. 

*      q  ^  oZq  f  '^^"^  numerators. 
And  3x4=1^  common  denominator. 
Then  3«)tV=^ x 3  x 3x3x3x3x3x  j|iV=666i1tV  am. 
Also  2»1  rT=2x2x2x2x3x2x  2x^x2]  A-=  512)A,  ans. 

Explanation, 
I  first  reduce  ■§■  and  4.  to  a  common  denominator,  I  place  the  numerator  8 
over  the  quantity  3,  and  the  numerator  9  over  2 ;  then  putting  1  for  a  nnmera* 
tor  over  12, 1  place  this  fraction  over  3i*  and  2',  making 3^-rr  and  §^-rr  » 
I  then  involve  3  to  the  8th  power,  and  3  to  the  9th ;  over  each  of  which  I  put 
the  index  -^  for  the  answers. 

10.  Reduce  rr  and  y^  to  equal  surds^  having  a  common 
index. 

First  I  x3=3  new  index  of  x, 

1x2=2 ofy. 

2  X  3=6  common  denominator, 
Whereforec^^  and^B-  are  the  surds  required, 

11.  Reduce  ¥-hy)^  and  x-^y]^  to  a  conunon  index. 

Thus  1x3=3  index  of  x-i-y, 
1x2=2  ....  ofx—y. 
2x3=6  common  denominator. 
Therefore  Oh^^=^M^3  x^y +Sxy^+ y^i  r,  ans. 
And  {x — yy)  c- = a?*—  2  xy  +  y*l  t,  ans. 


P  The  reason  of  this  rule  will  appear  from  the  9th  example;  for  4.  and  4  re- 
-duced  to  a  common  denominator,  become  respectively  ^  and  -^;  wherefore  3t 
becomes  B-rr  and  ^  becomes  2tV:  but  3-rr  implies  the  12th  root  of  3  in  the 
eth  power,orinrr=656D-rV;  and  2rr  implies  in  like  manner  2^TtV= 
SISWtt*  as  in  tbe  example,  and  the  like  of  other  quantities ;  wherefore  the  ml* 
is  manifest. 
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Ig.  Reduce  7^  and  8t  to  a  common  index.     Jn$,  117649l» 
and  4096  -s-. 

13.  Reduce  ri;,  y^  and  r^  to  a  common  index.    Ans.  i^"""^ 
^^tV,  and  ?)A. 

14.  Reduce  a»  and  &■»  to  a  common  index.     Ans.  a'^tn'  and 

15.  Reduce  a+aTfT  and  2"»"  to  a  common  index. 
Am.  a*-h4a*a:4-6a*x'-f4ax^4-j:*|i-  awd^i-. 

62.  To  reduce  surds  to  equivalent  ones  having  a  given  index. 
Rule  1.  Divide  the  indices  of  the  surds  by  the  given  index^ 

and  place  the  quotients  each  over  its  proper  quantity^  for  a  new 

index. 

11.  Over  the  given  quantities  with  their  new  indices^  write 

the  given  index^  the  results  will  be  the  surds  required  *>. 

16.  Reduce  2t  and  3'*'  to  equal  surds>  having  the  commoD 

index  4* 

Operation. 


First 


J       1       1       4       4      ^    -    .  ^       ^^ 
--—!—--=--- x-r-=-r-=2  the  index  of  2, 
2      4       2       12  "^ 


«,.        1       1       1       4       4     ,    .    ,       ,^ 

Then \ =-—  X  — -= —  the  index  ofS. 

3       4       3       13  "^ 

Wherefore '^T=z^^  ond^irsSTp^*  «^e  i^  qwmtities  re^ 

quired. 

Explanation,  ^ 

I  first  divide  4-  and  -3-  each  by  \y  and  the  quotients  are  3  and  4  \  these  1 
place  as  new  indices  respectively  over  2  and  3)  and  over  these  the  given  index 
^.  I  then  involve  2  to  the  square,  and  3  to  the  4th  power,  by  which  the  new 
index  of  the  former  is  taken  away,  and  that  of  the  latter  reduced  to  4- »  ov6r 
the  results  I  place  the  given  index  ^  for  the  answer. 

17.  Reduce  am  and  z  q  to  equal  surds,  having  —  for  a  common 
index. 

■= — X — = — =ztndexofa. 


j^>- 


m      s      m      r      mr 


4  Dividing  the  indices  is  equivalent  to  extracting  the  root  denoted  by  the 
divisor ;  and  placing  the  divisor  as  an  index  over  the  result  is  equivalent  to  in- 
volving the  result  to  the  power  denoted  by  the  divisor :  wherefore  since  equal 
evolution  and  involution  take  place,  the  value  of  the  given  quantity  is  not  al- 
tered by  the  transformation  effected  under  this  rule ;  this  is  evident  from  £z, 
16,  where  9r  is  evidently  equal  to  <•  /v/€^*  =  *V'2"5^=*V2'  =1)^,  and  3-t 
it  in  like  manner  evidently  equal  to  4  ^3^1*  »  4  ^stsss*  ^aDTaaBI^^"** 
•U  which  is  sufficiently  plain  from  Art.  60. 
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I       r       I       s       s 

— 5 = — X — = — ^tndex  ofz. 

n       s       n       r      nr 

•        T  ST 


Wherefore  (0^)7  and  (2r„7)T>  ^^  answer. 

18.  Reduce  2?^  and  3  c-  to  equal  surds^  having  the  common 

index  — .     Ans,  "^-r  and  3^  4- 
3 

19.  Reduce  x-{-y  and  3^  to  equal  surds,  having  —  fcNracom- 

^ 

mon  index.     Jns,  x^  -{-'2xy-\-y''\i  and  sTit- 

20.  Reduce  x^,  y^  and  zr  to  equivalent  quantities,  having  s 
for  a  common  index.     Ans.  xH ,  yTi'l ,  and  z^l . 

63.  To  reduce  surds  to  their  simplest  terms, 

RuLB  I.  Divide  the  given  surd  by  the  greatest  power  (of  the 
same  name  with  it)  that  will  divide  it  without  remainder,  and 
place  the  said  power  and  the  quotient,  with  the  sign  x  between 
them,  under  the  radical  sign. 

II.  Extract  the  root  of  the  fore-mentioned  power,  and  place 
its  root  before  the  said  quotient,  with  the  proper  radical  sign 
between  them  ^ 

21.  Reduce  ^32  to  its  simplest  terms. 

Operation. 


^32=  v/ 16  X  2=4^2,  the  answer. 

Explanation. 

^e  greatest  square  that  will  divide  32  is  16,  and  the  quotient  is  2 ;  the  root 
of  16  is  4,  therefore  4  >^2  is  the  answer. 


'  In  this  rule  the  given  surd  is  resolved  into  two  factors,  one  of  which  is  a 
power  of  the  same  name  with  the  surd. 

Now  it  is  evidently  the  same  thing  to  multiply  the  remaining  factor  by  this 
power,  both  being  under  the  radical  sign,  or  to  multiply  the  factor  under  the 
sign  by  the  root  of  the  power  not  under  the  sign;  thus,  Ex.  21.  ^32  la. 
evidently  equal  to  ;/i(?  x2=  Vl^x  ^2,  but  V'16=4,  wherefore  ^/l6X 
^2=4  X  >v/2=4>v/2,  as  in  the  example;  wherefore,  the  trans/ormatioa 
which  takes  place  under  this  rule  does  not  alter  the  value  of  the  given  surd, 
which  was  to  be  shewn. 
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22.  Reduce  '  ^108  T*y*  to  its  simplest  terms.  ^ 

23.  Reduce  ^8x^—12  x^'y  to  its  simplest  terms. 


V;8a?3— 12j?»y=^4a?'  x2a:— 3y=2j7v'2a?-3y.  Arts. 
24.  Reduce  ^50  to  its  simplest  terms.  Am,  5^2. 
?5.  Reduce  ^24  to  its  simplest  terms.  Am,  2^6. 

26.  Reduce  ^ ^^^a^xy^  and  ^^ ^\6x^  to  their  simplest  terms. 
Ans,  ay^  ^4  a:y  fl/<rf  12  x*  ^x. 

27.  Reduce  3jp*--j:^y+32r*?l^  and  —  ^lOOOx?  to  their 

5 


shaaplest  terms.     Ans,  x^  ^3.x — y + 32  z ^  and  6  j?"  ^  ^x. 

64.  To  reduce  a  fractional  surd  to  its  equivalent  integral  one. 

Rule  1.  Multiply  the  numerator  under  the  radical  sign  by 
that  power  of  its  denominator^  whose  index  is  1  less  than  the 
index  of  the  surd. 

II.  Take  the  denominator  away  from  under  the  radical  sign^ 
and  divide  the  coefficient  by  it^  and  the  surd  part  will  be  an 
integral  quantity^  which  must  be  reduced  to  its  simplest  terms 
by  the  foregoing  rule  *. 


'  To  prove  the  truth  of  this  rule^  let  a  '    /_  be  a  given  surely  of  which  it  it 

^  c 

h 
required  to  reduce  the  radical  part  *  a/ —  to  aa  integer^  without  altering  the 

value  of  the  given  quantity.  Now  it  is  evident,  that  if  both  terms  of  a  fraction 
be  multiplied  by  the  same  quantity,  (let  that  quantity  be  whatever  it  may,)  the 
value  of  the  fraction  is  not  altered ;  wherefore  let  both  terms  of  the  given  surd 

be  multiplied  by  c',  and  it  will  become  a^  ^ — -  ;  now  the  denominator  c^  is 

a  complete  power  of  the  same  denomination  with  the  surd,  and  therefore 
(Art.  63.)  it  may  be  taken  away,  provided  its  root  c  be  made  the  divisor  of  the 
coefficient  a ;  (for  dividing  by  c  is  the  same  as  dividing  by  s  ^cs  ;  and  divid- 
ing either  one  factor,  the  other  factor,  or  the  product,  by  the  same  or  equal 
quantities,  produces  in  each  case  the  same  result ;)  wherefore  the  given  surd 

a  3  yy/ — '  becomes  successively  o^  V"T7  ^^"^  — *  /Jhc'^  ;  in  the  latter  of  which 

a  , 

the  surd  part  is  reduced  to  an  integer,  and  the  whole  —    ^he'i-  is  of  the  same 

h 

value  with  the  given  rard  a*  ^ — ^  which  was  to  be  shewn. 
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9      1 
W.  Reduce  the  radical  part  of — j^—  to  a  whole  number. 

Fvrst,  the  numerator  1  being  multipUed  by  its  dettommatar  S, 

produces  3  for  the  surd ;  then,  dividing  the  coefficient  —  by  S, 

2  2 

fA€  quotient  is  —  j  wherefore —  ^  is  the  answer, 

3      4 

29.  Reduce  the  radical  part  of — ^ —  to  a  whdbe  number. 

Multiplying  the  numerator  4  by  o,  gives  Wfor  the  surd;  then 

3  3 

dividing  the  coefficient  —  also  by  5,  gives  —  for  the  coefficient^ 

3 

whence— ,^/W  is  the  surd,  which  reduced  to  its  simplest  terms 

gives  --,y20=--v'4x5=--v5= — J^for  the  answer. 
*         20^  20^  20^        10^    -^ 

2a 

30.  Reduce  ^  ^ —  to  an  integral  surd. 

^  5a? 

Multiply  2a  by  (the  square  of  5x  or)25x*,  and  the  product 
50  ox'  wUl  be  the  surd  part ;  then  divide  the  coefficient  1  (under" 

stood)  by  Sx,  and  the  quotient  —  is  the  coefficient:  wherefore 

— '^50ai;'  is  the  answer, 
bx 

50  3 

31.  Reduce  ^ and '  ^— to  equivalent  surds,  having  the 

.  5  1 

radical  parts  whole  numbers.    Ans.—^6  and  — '  ^6, 

21  2 

3         12a?         ,         22< 

32.  Reduce  the  radical  parts  of  4^ — ,  ^  a/tt— :*  and  ^^^/:^^ 

"^  ^7      ^13  a*  7y' 

to integera.    Ans.  —  v^l, rr^ ^^028 c^x^and—^ V^BC z 'y , 

32  z  150 

33.  Reduce  the  radical  parts  of '  Votn  «  ^"'^^  '^ITT  ^^  ^^^^ 

2  5 

numbers.    Ans.  —-^ ^2a?z  and  — >x/6. 

0*lr  21 

65.  ADDITION  OF  SURDS. 
RuLX  I.  Reduce  the  quantities  to  a  common  indez^  the 
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fractions  to  a  common  denominator,  (Art.  180.  Part  I.)  and  the 
surds  to  their  simplest  terms.  Art.  63. 

II.  If  the  surd  part  be  alike  in  all  the  quantities,  add  the 
coefficients  together,  and  to  their  sum  subjoin  the  common 
surd. 

^  III.  If  the  surd  parts,  be  unlike,  the  quantities  cannot  be 
added,  otherwise  than  by  connecting  them  together  by  means 
of  their  signs  *. 

Examples. 

1.  Add  ^S  and  ^18  together. 

These  reduced  to  their  simplest  terms,  are, 

V8  =v^4x2=av2 
^18=^9x2=3^2 
And  by  adding  ...  5  ^2  the  sum  required, 

S.  Add  3  ^24  a,  '  ^^192  a,  and  ^  ^/81  a  together. 
Thus  ^^9.4   fl=s^  8x3a=2V3a. 
'  Vl9^  «='  V64x3fl=4^  ^3  a. 
\/  81  a= V27  X  3  a=33  ^S  a. 

Their  sum  9^  ^3  a  the  answer, 

11  8 

3.  Add  V  ~,  ^—,  and  ^—  together. 

These  reduced  first  to  a  common  denominator,  and  then  to  their 
simplest  terms,  become 

JL—      ^"^  —       9x6_  3  1 

^ 3  ""  ^162" ^8iir2-F^^""T'^^' 

l^_      27_       9X3_3      3 
^  6  ""  ^162""  ^81  X  2~  9  ^ T 


S__      48  _      16x3_4       3^ 
^27""  ^162"  ^^81  X  2""  9 '^  2  • 


Their  sum  |-^|-|.i-^3=^^6+ 


3-V3. 


— ♦■ 


*  This  rule  is  sufficiently  plain,  without  any  itiither  illustration  than  what  is 
contained  in  the  notes  on  addition  of  rational  quantiti«s,  Art.  36.  to  40. 

VOL.  I.  B  d 
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4.  Add  ^  and  v^2  together.    Sum  6^. 

5.  Add  ^4a:*zand  ^16 a?' z  together.     Sum6x^z, 

6.  Add  '  v^32,  »  v500,  and  2'  ^4:  together.     iSuiii  9»  v'4. 

7.  Add  '^8 jj'y'  and  »  v'lex'y*  together.    Sum  2x»  ^y"  + 

8.  Add  3V64«*«-32a»z*  and  2  V^  a*«— 32  a»z»  together. 

9.  Add  2* v'^,  3*  v'^S  and  4*^x*  together.  5iiiii  ^x^x^-k- 
3*v^x*+4j:*V^x. 

20  5  7 

10.  Find  the  sum  oi  j^—  and  ^—'   Sum  jxV^^' 

2tJ  XA  AO 

^,  SUBTRACTION  OF  SURDS. 

Rule  I.  Prepare  the  quantities  (if  they  require  it)  as  in 
addition. 

11.  Consider  which  surd  is  to  be  subtracted,  and,  if  both  surd 
parts  are  alike,  subtract  its  coefficient  ti'om  the  coefficient  of 
the  other,  subjoining  the  common  surd  to  the  remainder. 

III.  But  if  after  the  necessary  reduction  the  surd  parts  are 
unlike,  change  the  sign  of  the  quantity  to  be  subtracted,  and 
then  connect  it  with  the  other  quantity  «. 

Examples. 

1.  From  3^28  take  ^63. 

Th£se  reduced  to  their  simplest  terms,  are^ 

3 v^28=:3v^4x7=3x 2^=6^7  . 
and  ^63=   ^9  X  7=3  ^7 

their  difference=^3  ^7  the  Answer, 

2.  From  4' ^128 a*  take  2*  ^Ifio* 


Thus  4»  ^128a*=4*  ^64 a'  x 2 gas  16 a» ^2  a 
^^^16   a*=2*V  8o^x2a=s  4a^^^a 


Diff.  12aV2«  ^ri9. 


2  27 
3.  From  ^  -  subtract  y^—-> 

3  50 


•  Subtraction  of  sarda  evidently  depends  on  the  same  principles  with  sub- 
tractiq^n  of  rational  quantities,  as  will  readily  appear  from  a  bare  contemjilatioa 
•f  |he  Tttle. 
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First  reducing  these  to  a  common  denominatorl 
2  100       ^      27  SJ 


150  ^50      ^  150 

Then  to  their  simplest  terms. 


100_     100xl_10      1  81_     81xl_9       1 

^iso-^-gsTTe^T^T' ''''''  ^l56""^25^~y^T 

Then    by  subtracting  — ^ ^ — = — ./ — ;  which   bn 

making  the  surd  part  a  whole  number,  becomes  ■ ^l  x  6= — 

6x6  30 

^6,  the  answer. 

4.  From  ^50  take  ^^18.     Diff.  ^^2, 

6.  From  3^175  take  2  ^^28.     Diff.  1 1  ^7. 

6.  From  ^  v'SSOa^a:  take  ^^IGa^x.     Diff.Sa^  ^2x. 

7.  From  ^8  a  take  ^8  a\     Di/f.  2  v'S  a— 2  a^. 

8.  From  ^  Vj  take  '  ^^.     Di/f.  1- '  ^18. 


9.  From  3^^189x»y4-27x^   take  4' j^bOx^y-^-Sx'.    Diff. 

67.  MULTIPLICATION  OF  SURDS. 

Rule  I.  Reduce  the  surds  to  the  same  index>  (if  they  require 
it^)  by  Art.  61.  then  multiply  the  coefficients  together  for  the 
rational  part  of  the  product. 

II.  Multiply  the  surd  parts  together^  and  having  placed  the 
radical  sign  over  the  product^  subjoin  it  to  the  former  product, 
and  reduce  the  surd  to  its  simplest  terms  \  Art.  63. 

Examples. 
1.  Multiply  4^2  by  5^8. 

Thus  4  X  5=20,  the  coefficient,  and  ^  x  ^=!  ^16,  the 


*  To  shew  that  this  mode  of  operation  agrees  with  known  principles,  let 
example  1  be  proposed,  where  4j^2  is  to  be  multiplied  by  5v^8;  let  the 
coefficients  be  put  under  the  radical  sign,  (Art.  60.)  and  'these  quantities  be  - 
come  V32  and  ^200;  wherefore  >/32  X  v^200=  ^6400=^80,  as  in  the 
example.  Again,  ex.  2,  where  5  v^6  is  to  be  multiplied  by  4  a/3,  proceeding  ai 
before,  we  have  ^150 X  >\/48=  V7200=  ^^JoOX^  (Art. e3.)^60^2, as 
in  the  example,  and  the  like  may  be  shewn  in  all  other  cases. 
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surd  part:  therefore  20^16,  or  310^^4 x4=5«Ox 4=80^  th^ 
answer. 

2.  Multiply  5  v'C  by  4^3. 


Thm    5v'6x4v^3=20v^lS=r20^9x2=20x3v2=6a 
y'S,  the  product, 

2       5  3       1 

3.  Multipty  --\/-—  and  — 'v^'tt  together. 

37  42 

2  3        1 

TOfW  —  X  — = —  the  rational  part, 

3  4       2  ^ 

5  15 

And  j~  X  V^=  >/T7  *^^  ^"''^  l'"''^- 
7  2  14 

5  I 

Then  V —  reduced  to  an  integral  surd  is  — a/70. 
14  14 

Wherefore  -;r-  X  --  >v/70  m  —-  a/70,  ^/ic  product  required^ 
2      14  28 

4.  Multiply  2+  ^/3  a  and  3—  V^  y  together. 

TCi*«2H-^3a 

3~>v/2y 

6-1-3  ^3a— 2  ^2  y  —  ^6  ay,  *Ae  pra(2»c^ 

5.  Multiply  x+y^i  and  J+^-r  together. 

These  reduced  to  a  common  index,  became 

Wherefore  (j:-|-y)'li  X  Or?+y)^^=  (^4^ ^= 
J*  -f  5a?*y+lOx*y*  -}-10j;'y»  -f  5xy*+x^l  ^,  the  product  required, 

6.  Multiply  2  ^8  by  3  ^6.     Prod,  24  v'3^. 

7.  Multiply  ^2,  2  v^3,  and  3^5  together.     Prod,  6^0, 

8.  Multiply  2*  ^a'  and  4^  V^^^  together.     Prod.  8«»  ^a^^ 

9.  Multiply  x^  and  a:^  together.     Prod,  ar*  ^j:. 

2       115  1 

10.  Multiply  —  ^—  and  —  ^—  together.    Prod,  —  ^15. 

11.  Multiply  a+  ;/z  add  a—  ./z  together.    Prod,  a'  — ». 

68.  DIVISION  OF  SURDS. 

Rule.  Reduce  the  surds  to  the  same  index^  (Art.  61.)  if  they 
require  it,  then  divide  the  rational  parts  by  the  rational,  and 
the  surd  l^  the  surd  -,  the  former  quotient  annexed  to  the  latter 
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will  be  the  quotieatj  which  must  be  reduced  to  its  simplest 
terms  as  before  y. 

Examples. 

L  Divide  20^21  by  4  ^3. 

20 
Thus  — =5  t?ie  rational  part  of  the  quotient, 

a/21 

And  •^- —  =  j^7  the  surd  part, 
>/3 

Wherefore  5  ^7  w  the  quotient  required. 
2.  Divide  12^  ^AS  by  6»  ^. 
12V48    «,     «,     « 


^««    ^,     ^  =2'  v'24=2*  V8  X  3=4'  a/3,  *Ae  quotient. 

2         3         i        2 
3.  Divide  yV  4- by -2  V  3-- 

2  12      2       4 

7%t£«  -r-^-r-=^-:r  X  -T-=-:r  *i^  rational  part. 

3  2       3       13  ^ 

4         9         4 


Whence  — *  a/-— = *  a/9  X  8*  = — *  ^4608= — 

3^8      3X8  v^^<'       24  ^  6 


*  V256  X  18=—*  ^^1^=^"^*  V^^i  *^^  quotient  required. 

4.  Divide  J?'— jr'jc^z  by  x— jr^z. 

x-^x^z)  x'  —x^z^z  (x-^-Xj^z-^-xz.    Quotient. 

x^~/z 


j?*z— x'z^-z 


y  Division  being  the  converse  of  maltiplication,  its  method  of  operation, 

which  is  manifestly  the  converse  of  that  of  maltiplication,  must  needs  be  true  ; 

but  it  may  likewise  be  shewn  to  be  so  in  a  similar  manner  to  that  employed  in 

the  preceding  note:  thus  ex.  1.  where  20/v/2I  is  required  to  be  divided  by 

4  /v/3  i  putting  the  coefficients  of  both  under  the  radical  sign,  (Art.  60.)  and 

/v/8400  

dividing   the  former  by  the   latter,   we   have — j^  ^  ^U^^^  j\/^bX7 

(Art.  63.)  =:  5  \/7,  as  in  the  example  referred  to ;  and  the  same  may  be  shewn 
to  bold  true  in  all  other  cases, 

Dd3 
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6.  Divide  12  ./15  by  4^3.     Quot  3^5. 

6.  Divide  30^10  by  b^5,     QuoL  6^2. 

7.  Divide  '  ^^b  a'b'  hy'^7a.     Quot  »  ^bab\ 

8.  Divide  3  v'S  by  2  >/2.     Quot.  3. 

9.  Divide  i^^  by  —  Vy-     Q^ot  —^30. 

1 


10.  Divide  xi  by  x^.     Qmo^ 

11.  Divide  16-  *  v^  by  4-f  ^  ^3.     Q^ot  4- '  v^- 

69.  INVOLUTION  OF  SURDS. 

Rule  I.  Involve  the  coefficient  to  the  power  required,  for  the 
rational  part  of  the  power,  (Art.  265  to  267.  Part  I.) 

II.  Multiply  the  index  of  the  surd  by  the  index  of  the  power 
to  which  it  is  to  be  raised,  and  the  product  will  be  the  surd 
part. 

III.  Annex  the  rational  part  of  the  power  to  the  surd  part, 
and  the  result  will  be  the  power  required  *. 

Examples. 

1.  Involve  2^  ^x  to  the  fourth  power. 

Thits  2l*=2x2x2x  2= 16  the  rational  part. 

yfndi4l*=j:^X*=x^=^^j?'*  =  'ya?*  Xx=j?»^jc  the  surd 
part. 

Whence  16  xx'  ^x=:16a?«  ^x,  the  power  required. 

2 

2.  Involve  —  ^5  to  the  third  power. 


2 
Thus  — 
3 


= —  the  rational  part. 
27 


-^nd  v3'==5TX'=54s=5'>s=125)4.=25x5U==5^5/()r 
the  surd  part. 

^FT^ewce— X5v'5=--v'52=l—  ^B,  the  answer. 

27  27  27 


-r»— r 


*  This  rule  is  founded  on  the  same  principles  with  involution  of  lational 
quantities,  (Art,  52.)  and  multiplication  of  surds.  Art.  67. 
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3.  Involve  3a?  —  4y  ^z  to  the  square* 

ThusSx  •—  4y  ^z 
Sx  —  4y   ^z 

9x'^l2xyj^z 

9 X*  —24 xy^z+l6y'z  the  square  required. 

4.  Involve  2»  ^2  and  3  >/3  a:  each  to  the  square. 
Ans,  4»  ^4  and  ^Jx. 

5.  Involve  —  v' — ^'^^  — *  ^/ —  ^^^  ^®  ^^^  cube.     Answejr 

r;::^  a/2  and  — . 
108  ^  64 

2  4 

6.  Involve  — *  ,^x  and  4«  ^a  to  the  square.    Answer  — *  v';^^ 

3  9 

a»d  16*  j^a. 

7.  Involve  1+ v'S  to  the  cube^  and  -^-^^a*  to  the  fourth 

power.    ^n«.  104-6v'3  and  —  a». 

70.  EVOLUTION  OF  SURDS. 

Rule  I.  Extract  the  required  root  of  the  rational  part  for 
the  coefficient. 

II.  Multiply  the  index  of  the  surd  into  the  (fractional)  index 
of  the  root  to  be  extracted^  for  the  index  of  the  surd  part. 

III.  Annex   the  rational    part   to  the  surd    for    the  roqt 
required '. 

Examples. 

1.  £xti*act  the  square  root  of  16*  ^9, 

Thus  ^16=4  the  rational  part,  and  9"»'Xt=?9v  the  surd 
part ;  whence  4®  ^9  w  the  answer. 

2.  Required  the  fourth  root  of  81  a'y'z. 

Thus  *^8I=3,  and  *  ^a*y'z=a4yT2rt=:a4yfzT. 
Wherefore  3  aiyTzr  is  the  answer. 

.  •  This  rule  depends  on  the  same   foundation  with  erolutioQ  of  rational 
qaantities,  Art.  56. 
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\ 

3.  Required  the  square  root  of  1—2^2+2  ? 

Thus  1— Sv'^+S  (1— >v/2  the  root. 


2->v/2)-2v^-f-2 

—2^2+2 
'i 

1 
4.  Extract  the  square  root  of  9^  ^3  and  of  -^«'.       RooU 

3^  ^3  anda^—, 

27       3 
5:  Required  the  cube  root  of  a*>^3  and  of  --'  ^ — .     Roots 

64       4 

3        3 

fl*  ^a  X  3^  and  -^^  ^ — . 

6.  Required  the  square  root  of  j:  '  —  2  j:  ^y + y  ?    Root  a:—  ^y. 


EQUATIONS. 

71 .  An  algebraic  equation  *  is  an  expression  whereby  two 
quantities  (either  simple  or  compound)  are  declared  eqtuil  to 
each  other^  by  means  of  the  sign  =  of  equality  placed  between 
them. 

72.  In  equations  consisting  of  knoton  and  unknown  quantities, 
when  the  unknown  quantity  is  in  the  first  power  only,  the  ex- 
pression is  called  a  simple  equation  3  when  it  is  in  the  second 
power  only,  it  is  named  a  pure  quadratic )  when  in  the  thir^ 
power  only,  a  pure  cubic,  &c.  But  when  the  unknown  quantity 
consists  of  two  or  more  different  powers  in  the  same  equation^ 
it  is  then  named  an  adjected  equation, 

r 

73.  REDUCTION  OF  SIIMPLE  EQUATIONS,  INVOLV^ 
ING  ONE  UNKNOWN  QUANTITY  ONLY. 

The  business  of  equations  is  to  find  the  value  of  the  unknown 
quantities  concerned  in  the  equation,  by  means  of  those  that  are 
known  5  this  process  is  called  Reductiout  and  its  operations  are 
founded  on  the  following  self-evident  principles:  namely,  if 
equals  be  added  to,  subtracted  from,  multiplied  into,  or  divided 
by  equals,  the  results  will  respectively  be  equal. 

^  The  WQrd  E^tation  is  derived  from  the  Latin  a^uus,  eqaal. 
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The  reduction' of  an  equation  consists  in  managing  its  terms 
so  that  the  unknown  quantity  may^  at  the  end  of  the  process^ 
stand  alone  and  in  its  first  po^ver,  on  one  side  of  the  sign  =,  and 
known  quantities  only  on  the  other:  when  this  is  effected,  the 
business  is  done  -,  for  the  value  of  the  unknown  quantity  is  found, 
it  being  equal  to  the  aggregate  of  the  known  quantities  incor- 
porated together^  according  to  the  import  of  their  signs. 

74.  To  transpose  the  terms  of  an  equation^  that  is^  to  remove 
them  from  one  side  of  the  sign  =  of  equality  to  the  other. 

BuLE.  Make  a  new  equation,  in  which  place  the  quantity  to 
be  transposed  on  the  opposite  side  of  the  sign  =,  to  that  on 
which  it  stood  in  the  preceding  equation,  observing  to  change 
its  sign  from  -|-  to  — ,  Or  from.—  to  -i- ;  and  let  the  rest  of  th© 
quantities  stand  as  in  the  preceding  equation  ^. 

Examples. 

I,  Given  4+5— 2=6-f  3+7— 9,  to  transpose  the  terms. 

Operation. 

1st  step.  To  transpose— 2.  <^«« 4+5=6+3  +  7— 9+2. 

2nd  step.  To  transpo6e+5. . .  .  4=6+3  +  7—9+3—5. 

3rd  step.  To  transpose+6.  . .  .  4—6=3+7—9+2—5. 

4th  step.  To  transpose+3. .  . .  4—6—3=7—9+2—5. 

5th  step.  To  transpose  +7.  . . .  4— 6— 3—7=— 9+2^5. 

6th  step.  To  transpose— 9. .  .  .  4—6—3—7+9=2—5. 

7th  step.  To  transpo8e+2 4— 6—3—7+9—2=— 5. 

8th  step.  To  transpose— 5.  . . .  4—6—3—7+9—2+5=0. 


<c 


^  This  rule  is  founded  oa  the  following  self-evident  principle;   namely. 
If  equals  be  added  to  equals,  the  sums  will  be  equal  ;*'  for  transposition  is 
neither  more  nor  less  than  adding  equals  to  equals :  thus  in  ex.  K  there  is  given 

44.5->2=6  +  3  +  7— 9 
Add  to  both  sides +2= ,.  +2 

the  sum  is 4  +  5=6  +  3  +  7— 9 +  2,  as  in  the  second  step. 

Again,  add  to  both  sides  ..  —b^ ; -^^h 

the  sum  is 4      =6+  3  +  7— 9+  2—5,  as  in  the  third  step. 

Again,  add  to  both  sides      — 6»  — 6 

the  sum  is 4— 6=^3  +  7— 9  +  2—5,  as  in  the  fourth  step. 

And  so  on  throughout  the  operation  :  whence  it  appears,  that  transposition  is 
equivalent  to  adding  the  quantity  to  be  transposed,  with  a  contrary  sign,  to  both 
sides  of  the  equation  ;  and  consequently  that  the  quantities  resulting  from  this 
addition  are  equal. 
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£xpimHmHion, 

In  the  firtt  &tep  mt  obtenre  that  the— 2,  being  tnuuposed,  becomes  4-  2  ;  in 
the  second  step  ^-  5,  being  transposed,  becomes  —  5»  Aec.  it  mast  be  likewise 
observed,  that  transposing  does  not  affect  the  equality ;  the  quantities  on  one 
side  the  «■  being  equal  to  those  on  the  other,  as  well  after  transposing,  as  before : 
thus,  in  the  given  equation,  the  aggr^ate  of  the  numbers  on  each  side  the  » 
is  7  ;  in  the  first  step  it  is  9)  in  the  second  4,  in  the  third— S,  in  the  fourth 
—5,  in  the  fifth— 12,  in  the  sixth  —3,  in  the  seventh —5,  and  in  the  eighth  0 
nothing  ;  in  every  step  the  sum  of  the  numbers  on  one  side  the  ^y  incorporated 
together  according  to  their  signs,  is'  equal  to  that  of  the  numbers  so  incorpo- 
latcd  on  the  other. 

75.  When  several  quantities  are  to  be  transposed,  it  is  not 
necessary  to  take  them  one  at  a  time,  as  in  the  foregoing  opera* 
tion;  they  may  be  transposed  all  together^  observing  to  change 
the  sign  of  each  of  them. 

2.  Given  a+fc— c=d,  to  transpose  6— c  ^. 

Thus  aszd'^b'^c,  tfie  answer. 

3.  Given  arssi-— z+y— 4,  to  transpose  — z+y— 4. 

J%us  x-^-z-^y -^4=^6,  the  answer. 

4.  Given  a^b'^cszS^y,  to  transpose  -f-6— c  and— y. 

Thus,  to  transpose'^ b^c  ....  a=3— y— ft-hc- 
jlnd  to  transpose  '^y  ....  a-f  y=S— 6+c. 

76.  The  unknown  qtiontity  in  an  equation  being  connected  with 
known  ones  by  the  sign  +  or  — ,  to  find  its  value. 

Rule.  Transpose  sdl  the  known  quantities  which  are  con" 
nected  with  the  unknown  one,  and  (Art.  75.)  collect  them  together 
into  one,  at^ording  to  their  signs  j  the  result  will  be  the  value 
of  the  unknown  quantity  *. 


^  >,Tbis  operation  (as  was  observed  in  the  preceding  note)  is  equivalent  ta 
adding  —  ^4"  <^  to  both  sides :  thus  to  the  given  equation 

fl4"^  —  C=srf 

add    — J-4-c=    — ft  +  <? 
the  sum  is  a    =     rf-»6+c»  theans. 

Agun,  in  ex.  3.  to  the  given  equation  x  =  t-^z-^y—4 

add  -]'Z'-y'\-4=-\-z—y  +  4 

the  sum  is  x-^z—y-^-A^b 

and  the  same  of  other  examples. 

«  In  the  foregoing  rules  we  are  taught  how  transposition  is  performed,  here 
we  learn  its  objects  namely,  to  get  the  utiknown  quantity  by  itself  on  one  side  of 
the  equation.  In  the  operation  of  ex.  5.  we  have  j?«4 — 1+2—3;  now 
4.1^2— 3  equals  6—4,  and  6— 4  equals  2,  therefore  x  equals  2,  because 
"  things  that  are  equal  to  the  same  are  evidently  equal  to  one  another." 
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5.  Given  x+ 1—2+3=4,  to  find  the  value  of  a?. 

Operation. 

j:=4— 1+2— 3=6— 4=2.  Answer, 

•% 

Explanation, 

Having  transposed  +  1—2+3,  they  become  on  the  opposite  side-*-1  +  2— 3  ; 
whence  x=4— 1  +  2— S,  where+4  and +  2  added  together  gire  +  69  and— l 
Mid— '3  give '•4 :  whence  6->4>  or  2,  is  the  answer,  or  value  of  x. 

6.  Given  x— 1-^8+2=3,  to  find  the  value  of*. 
Thus,  by  transposing -^1^8+%  we  have 

0^=3+1  +  8—2=10,  the  ansioer  '. 

7.  Given  j:+5=6,  to  find  x,    Ans.  x^\, 

8.  Given  3?— 5=6,  to  find  x.    Ans.  a:=ll. 

9.  Giveira;  + 1—2=3,  to  find  x.    Ans.  a?=4. 

10.  Given  j?«^8+7— 6=5,  to  find  x,     Ans.  a?=12. 

77*  WTien  the  unknown  quantity  is  negative. 

Rule.  Transpose  the  unknown  quantity,  and  proceed  as  be- 
fore 5  or  if,  after  the  known  quantities  are  transposed,  the  un- 
known one  be  negative,  change  the  signs  of  all  the  terms  of  the 
equation  '. 


f  To  prove  that  the  number  found  by  the  operation  is  really  the  value  of 
the  unknown  quantity,  and  that  no  other  number  can  possibly  be  its  value, 
this  is  the  rule. 

Substitute  the  value  found  instead  of  the  unknown  quantity  in  the  equation 
proposed,  and  if  by  the  adding,  subtracting,  &c.  of  the  other  quantities  connect- 
ed, according  to  the  import  of  their  signs,  the  result  come  out  the  same  as  the 
given  one,  the  number  found  is  the  value  of  the  unknown  quantity  :  thus,  ex.  6, 
If  the  number  found,  viz.  10,  be  substituted  instead  of  x  in  the  given  equa- 
tion or— I— 8  +  2=.3,  it  will  become  10—1—8  +  2=3.  Also  ex.  7.  If  I  be 
substituted  for  jr,  the  given  equation  becomes  1+5=6;  and  it  may  be  re- 
marked, that  if  any  number  greater  or  less  than  the  proper  answer  be  sub- 
stituted, it  will  give  a  result  different  from  that  proposed  in  the  equation, 
and  consequently  shew  that  the  number  substituted  is  not  the  true  answer. 
See  note  *  at  the  bottom  of  the  following  page* 

B  It  is  usual  to  retain  the  unknown  quantity  on  the  left  side  of  the  equa- 
tion, and  to  transpose  all  the  known  quantities  to  the  right ;  and  then,  if  the 
unknown  quantity  happen  to  be  n^^tive,  the  sign  of  every  term  of  the  equa- 
tion is  to  be  changed,  in  e^rder  to  make  it  affirmative. 

This  change  of  signs  is  equivalent  to  transposing  all  the  terms  of  the  equa- 
tion, and  therefore  depends  on  the  same  reasons  as  Art.  74.     Otherwise, 
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11.  Given  6=14—*,  to  find  the  value  of  jr. 
ThuSj  by  transposing -^x 64-x=:14. 

And  by  transposing  +6  ....  x=  14—6=^8^  jthe  ans, 
€>r,  by  changing  the  signs  of  all  the  terms  of  the  given  eqtuition, 
we  shall  Aaoe— 6=  —  14+ar;  whence  transposing ^14,  we  have  —6 
4-  14=:x,  or  8=x,  4U  before. 

12.  Given  4=5— t,  to  find  x,    Ans,  x=.l. 

13.  Given  2— a:=3>  to  find  x,    Ans,  t= — 1. 

14.  Given  10— j:=11 — 5,  to  find  x,    Ans,  ar=4. 

78.  When  the  unknown  quantity  has  a  coefficient  or  multiplier. 

Rule  I.  Transpose  all  the  known  quantities  to  the  opposite 
•ide^  and  collect  them  togct;her  as  in  the  former  rules. 

II.  Take  away  the  coefficient  firom  the  unknown  quantity^  and 
divide  the  sum  of  the  known  ones  by  it ;  the  quotient  will  be  the 
^alue  of  the  unknown  quantity  i>. 

15.  Given  3  JT — 6=9,  to  find  the  value  of  j;. 
By  transposing^^  we  have  3a7=(9-h6=)  15. 

^010,  by  taking  away  the  coefficient  3,  and  dividing  \^  by  it, 

15 

we  have  a?=  (— =)  5  i,  the  answer  required. 


■rfM. 


When  the  unknown  quantity  is  found  in  two  tenns,  and  on  opposite  sides  of 
the  equation,  if  you  would  make  the  unknown  quantity  affinnative,  obsenre^ 
that, 

1.  When  both  tenns  eontaining  the  unknown  quantity  are  affirmative,  the 
ieast  must  be  transpased, 

2.  When  both  terms  are  negative,  the  greatest  must  be  transposed. 

3.  When  one  term  is'  affirmative,  and  the  other  negative,  the  negative  term 
must  be  transposed. 

^  **  If  equals  be  divided  'by  equals,  the  quotients  will  be  equal  ;*'  this  self- 
evident  truth  is  the  foundation  of  the  rule;  for  taking  away  the  coefficient 
frmn  the  unknown  qoantity,  is  the  same  as  dividing  the  term  which  con- 
tains it,  by  that  coefficient ;  wherefore,  taking  away  the  said  coefficient,  and 
dividing  the  rest  of  the  equation  by  jt,  is  dividing  equals  by  the  same;  conse- 
quently the  results  will  be  equid. 

>  Proqf  of  ex,  15.     It  is  affirmed,  that  x—^ 

for  then  S  j:=3  X  5=s  15 

and  8  x-^^^  1 5—  6  =  9»  as  in  the  example.    If  any  num- 
ber less  than  5  be  put  for  Xy  suppose  A,  then  the  result  will  be  3  x  4—6^=113 
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16.  Given4y+5— 6=7,  tofindy. 

By  transposing -j-S— 6,  we  have  4y=  (7—5+6=)  8. 

8 
By  dividing  by  4,  we  have  y=( — =)  2  \  the  answer, 

17.  Given  2  X+ 10=  12,  to  find  x.    Am.  a?=  1. 

18.  Given  4x+9=21,  to  find  x.    Am.  07=3. 

11 

19.  Given  12  z— 3=8,  to  find  z.    Ans,  «=t^« 

3 

20.  Given  5  y— 6+4  =  11,  to  find  y.    Ans,  y=s2— . 

21.  Given  21  a:+22=50,  to  find  x,    Ans.  ar=l— . 

79*  When  the  unknown  quantity  has  a  divisor. 

Rule  J.  Transpose  all  the  known  quantities  to  the  opposite 
fide,  and  collect  them  together  as  before. 

II.  Take  away  the  divisor^  and  multiply  the  sum  of  the 
known  quantities  by  it ;  the  product  will  be  the  vsdue  of  the 
unknown  quantity  ^ 

X 

22.  Given  —+4—5=7,  to  find  the  value  of  x. 

X 

By  transposing '\' 4^ S,  we  get  —  =  (7—4  +  5=)  8. 

Then  taking  away  the  divisor  3,  and  multiplying  8  by  it^  we 
shall  have  x=  (3  x  8=::)  24,  the  answer  ". 


— 6=6,  too  little.  Let  a  ^eater  number,  as  6,  be  proposed ;  then  3  X  6— 6  s 
18— 6=  12,  too  mnch :  for  the  result  proposed  is  9  ;  wherefore  neither  4  nor 
6  can  equal  x,  since  one  gives  a  result  too  little,  and  the  other  too  much. 

^  Proof  of  ex,  16,  If  2  be  substituted  for  y,  the  given  equation  becomes 
(2  X  4  +  5—6,  or  8  +  5—6,  or)  13— 6==?,  as  was  proposed. 

^  This  rule  depends  on  a  well  known  self-evident  principle,  namely, "  If 
equals  be  multiplied  by  equals,  the  products  will  be  equal."  Now  taking 
away  the  divisor  froip  the  unknown  quantity,  is  the  same  as  multiplying  the 
term  containing  it,  by  that  divisor  ;  then,  if  the  divisor  be  taken  away,  and  aU 
the  rest  of  the  equation  be  multiplied  by  it,  equals  will  be  multiplied  by  /Ae 
tamtf  and  consequently  the  results  will  be  equal. 

"  Proof  of  ex,  22.  By  substituting  24  for  « in  the  given  equation,  it  beoomes 

24 
( j+4— 5«r8  +  4-5=»)  12-5=7.    Ex.  23.  By  substituting  — 12  foiy,  the 

-12 

equation  becomes  (— r-  +  2»)— l  +  2«l,a»  required. 
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34.  Given  V^+5=9,  to  find  the  value  of  ir. 

By  transposition  >/x=  (9 — 5 = ) 4 . 

By  involution  jc=(4*=)  16  ',  the  answer, 

35.  Given  — ■- 4=5,  to  find  x, 

3 

^^  ^x 
By  transposition  —^-—=(5+4=)  9. 

By  multiplication  2'  ^j:=(3  x  9=)  27- 

27 
By  division  *^t=  (---=)  13,5. 

By  involution  a:=(13,  5|'=)  2460,375  •,  the  answer. 

36.  Given  ^z-f  15=22,  to  find  «.     Ans.  z=49. 
37-  Given  3'^y— 6=3,  to  find  y.    Ans.  y=27. 

38.  Given  —^+2=6,  to  find  x,    Ans.  «=25. 

5 

12*   /z 

39.  Given  — -^- — 20+ 13=5,  to  find  z.     Ans;  z=2S561. 

82.  JVhen  tliere  are  known  quantities  under  the  same  radical 

sigh  with  the  unknown  one. 

Rule  I.  Transpose  all  the  known  quantities  which  are  not 
under  the  radical  sign,  as  before  j  and  if  there  be  a  multiplier 
or  divisor  not  uiider  it,  they  must  be  taken  away. 

II.  Involve  both  sides  to  the  power  implied  by  the  radical 
sign,  whereby  it  will  be  taken  away. 

III.  Transpose,  multiply,  or  divide  afterwards,  as  the  case  may 
require,  and  the  result  will  be  the  answer  '. 


»  Proof  {j^  16+  5s=)  4 +  5=9,  as  required. 

«  X  '  ^/'2460:M  5  2X13.5  27 

•  Proof  (^  •  »  —4= — — 4=~— 4=)9— 4=5,asrequired. 

*  This  rule  is  evidently  a  compound  of  all  the  preceding  ones,  and  is  meant 
to  shew  in  what  order  they  are  to  be  applied  in  disentangling  the  unknown 
quantity.  We  follow  the  same  maxim  here  that  women  do  in  clearing  a 
tangled  skein ;  we  clear  the  outside  tangle  first,  and  proceed  in  order,  always 
taking  the  outside  one,  until  at  last  we  arrive  at  the  unknown  quantity,  after 
having  disengaged  it  from  a  complication  of  multipliers,  divisors,  radical 
signs,  &c.  always  proceeding  in  the  reverse  order  to  that  in  which  the  com- 
plication is  made. 
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40.  Given  ^3  a? + 4— 8  4-  «0=  16,  to  find  the  value  of  x. 

JBy  transposition  >/3j?-|-4=(16+8— 20=)  4. 

By  involution  3a?+4=±(4)«=)  16. 

By  transposition  3  j:=(16— 4=)  19. 

12 
By  division  a:=(— =)  4  %  the  answer. 


41.  Given  — 21- — := — ,  to  find  z. 


3  "^  4      12' 


D    .  •*•      2Vraf-6      26      3     25-9     16    ,4 

By  transposition — ^l-. =(--r =    -,^    =T:;=)-:r- 

^  ^  3  H2      4         12        12    ^  3 


By  f»u/^ipZica^i(m  2*  j^7  z—6=:  ( —  x  3 = )  4. 

By  dirmon  3^7a— 6=( — =)  2. 

By  involution  72— 6=(§)^ss)  8. 

By  transposition  7 z=^{S+6sz)  14. 

14 
By  division  2  =(---s=:)^  %  Me  answer. 


42.  Given  ^y— 1=5,  to  find  y.     Ans.  y==13. 

43.  Gh«n  ^Ux+ll  —  lOsx  1 ,  to  find  j?.    ^n*.  a?a:  10. 

44.  Given  4^2  «— 16+5=21,  to  find  z.    Ans.  2=40. 

45.  Given  —     q^ 2=—,  to  find  x.    Ans,  j;=12. 

83.  ^^'A^  lAe  finAmown  quantity  is  in  any  power. 

Rule  1.  Transpose,  multiply,  divide,.  &c.  as  before,  until  the 
power  of  the  unknown  quantity  remains  alone  on  one  side  of 
the  equation. 

11.  Extract  the  root  implied  by  the  index  of  the  unknown 
quantity  firom  both  sides,  and  the  result  will  be  the  answer  '. 


•  />roo/.(V3X4+4-8  +  30=Vl6+12«)4+12=l6. 

SX'VT   X2-6      3      r>CW^    3      3X2     3         4        3 

16  +  9    25 
=— ^«— ,Bi  proposed. 

7  It  lutf  been  shewn,  that  like  powers  of  equal  quantities  are  equal ;  whence 
it  fallows,  that  their  like  roots  will  be  equal :  or  it  may  be  proved  thus ;  let 

VOL.  I.  E  e 
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46.  Ghen -f  5=90,  to  find  the  value  of  x. 

4 

By  trcaupontvon  — =(80—5=)  75. 

4 

JBy  muWplicatum  3  2^=  (4  X  75=)  300. 

300 

^y  dwinon  j*=( =)  100. 

By  evolution  x=(^100=)  10,  ^^  aiuv€r. 

47.  Given  5_t£— 2oo=15,  to  find  x. 

8 

%  transpantian  5^1t^=(l5+200=)  215. 

o 

JBy  multiplication  5  x»+5=(8  x  215=)  1720. 
By  tramposition  5x»=(1720— 5=)  1715. 

By  division  x' =(—-—=)  343. 

5 

By  evolution  x=('^343=)  7>  the  answer, 

48.  Given  3  y«— 40=68,  to  find  y.    Ant.  y=6. 

49.  Given  12z'+32=800,  to  find  z.    Ans.  2=4. 

50.  Given  --|—h  100— 24=130,  to  find  x.    Jns.  x=3. 

51.  Given  — h7=8>  to  find  x.    -4/w.  x=  1.6583,  &c. 


U4.  When  the  unknown,  quantity  is  in  the  form  of  a  fraction,  in 

two  or  more  terms  of  the  equation. 

Rule  I.  Multiply  each  tenn  of  the  equation  successively  by 
every  denominator  except  its  own^  whereby  all  the  denominators 
will  be  taken  away  5  this  is  called  clearing  the  equation  of 
fractions. 


c  =  6;  then,  if  V^a  be  not  equal  to  >/ft,oneof  them  ia  the  greater;  let  this  be 
^a ;  then,  because  j^a  is  greater  than  j^b,  j^-a  %  ^a  (=»«)  is  greater 
than  V^  X  /v/6,  (=6»)  that  is,  a  is  greater  than  h  \  but  they  are  equal  by  hypo- 
thesis, which  is  absurd ;  wherefore  /^a  is  not  greater  than  /\/6 :  and'  in  the  same 
manner  it  may  be  shewn,  that  it  is  not  less  ;  wherefore  they  are  equal :  and  the 
same  may  be  pro?ed  of  any  other  Ulie  roots  of  these,  or  of  any  two  equal 
quantities. 
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JI.  Reduce  the  resulting  equation^  as  the  case  may  require,  by 
the  foregoing  rules,  for  the  answer  ■. 

X         X  X 

52.  Given  — -4-— =7-1 ,  to  find  x. 

2x  X 

By  multiplying  by  2,  toe  have  ^+—=14+---. 

3  2 

_  3x 

By  multiplying  by  3  .^  . . . .  3  JcH-2  J?=42+---. 

By  multiplying  by  2 6a:-f  4a'=84+3r- 

By  transposition  ....  (6a:-f-4  x— 3x=)  7^^=84. 

By  division ^. x=( — =)  12,  the  answer, 

T 

53.  Given  ^f^^x=z37~,  to  find  x. 

35  jc 

Multiplying  by  5,  we  have  2  x + 3 + 5  x=:  185 — . 

o 

Multiplying  by  S 16  J? +24+40  a:=  1480— 35  a:. 

By  transposition  ...*..  (16x+40a?+35  x=)91x=(1480  — 

24=)  1456. 

1456 
And  by  division^  a:=( =)  16,  the  answer. 

85.  This  operation  may  be  more  expeditiously  performed  by 
taking  any  common  multiple  of  all^  the  denominators,  (the  least 
is  the  most  convenient,)  dividing  it  by  each  denominator  sepa- 
rately, multiplying  the  quotient  by  the  numerator,  and  making 
the  result  the  coefficient  of  the  term  from,  which  it  is  deriyed  '• 


•  This  rale  requires  only  the  snccessire  multiplication  of  equals  by  the  same^ 
aod  therefore  the  resulting  products  will  be  equal,  as  is  manifest  from  what  has 
been  shewn  in  the  note  on  Art.  78. 

•  This  rule  depends  on  the  axiom  we  have  frequently  quoted,  viz.  **  if  equals 
be  multiplied  by  the  same,  the  products  will  be  equal ;"  now  here  it  is  proposed 
to  multiply  both  sides  of  the  equation  (or  equals)  by  the  least  common  multiple 
of  all  the  denominators,  and  this  multiplication  is  evidently  performed  by 
dividing  in  each  instance  the  conmion  multiple  by  the  denominator,  and  multi- 
plying the  quotient  by  the  numerator:  for  let  ex.  54.  be  proposed,  where 

XXX 

"5* — 4"~"6"""  ^^ '  'W'lltiply  every  term  of  this  equation  by  the  least  common 

s  e  2 
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54.  Given =-- — 12,  to  find  the  value  of  x. 

3      4      6 

The  least  common  mtdtiple  of  3,  4,  and  6,  is  1^. 

Wherefore  —=4  the  first  coefficient,  — =3  the  second,  -^  =  2 

3  4  o 

12 

the  third,  and  — =12  the  fourth;  wherefore  if  the  several  deno- 
minators he  taken  away,  and  the  first  x  he  multtplied  Iff  A,  the  se- 
cond by  S,  the  third  by  2,  and  the  —12  by  12,  we  shall  have 
4  OP— 3  j:=2  j:—  144.     Jnd  by  transposition, 
144=2x-f  3  X— 4  J,  that  is  x=144,  the  answer, 

55.  Given h4= 1,  to  find  z. 

5  7 

The  least  common  multiple  of  5  and  7  t<  35. 

35  35 

Whence  the  multipliers  are  — =7>  and  -—=5,  and  35. 

5  7 

Therefore  14z4- 140=25  r— 35  >  which  by  transposition  6e- 
comes  11 2=175,  whence  2=(---^=)15----,  the  answer. 

X         X 

56.  Given  —+—-=5,  to  find  x.    Ans,  a:=6. 

57.  Given  4~-|-=2,  required  y  ?    Ans,  tf=24. 

4  o  • 

2z      2      2-^2 

58.  Given --=-5^-1- 1,  to  find  x.    Ans.  «=30. 

3       2        8  ' 

52      108 — 2z 

59.  Given  42+---cs 1-46,  to  find  a.    Ans,  z:si  12. 

6  7 

86.  To  turn  an  analogy  into  an  equation. 

RuL£.  Multiply  the  two  extreme  terms  together,  and  also  the 
two  mean  terms  together,  and  make  the  former  product  equal 
to  the  latter}  then  reduce  the  equation  as  before  ^ 


\2s     I2x     }2s  12         12  12 

uiuUipIe  12,  and  there  arises  -^ —  "Z^'^'F'""^^'  ^"*  '3~^'T~^*'6" 

12 
^2,  and  -7-^12;  therefore  our  equation  becomes  4x— 3xs2dr— 144^  As  in  the 

example ;  whence  the  rule  is  evident. 
^  If  fonr  numbers  are  proportionaU,  the  product  of  the  extremes  is  equal  to 
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60.  If  a: :  12  ;  :  2  :  3^  required  the  value  of  x  ? 

Thus  (j:x3=r2x2,  or)  3x5=24^  whenoe  by  dwmon  x= 

24 
(---=s)8>  the  answer^ 

61.  If  «— 2  :  20  :  :  2  :  5,  required  z  ? 

Tkus  (2—2x5=20x2,  or)  5  z— 10=40,  whence  5z=50, 
and  z=10,  the  answer, 

62.  Given  — - —  :  5  :  :  -— :  — ,  to  find  y. 

5  5      2  * 

Thw  (?^x-i-=5x4-*  0^)  ~^=1>  whence  y+3=10, 
5         2  5  10 

and  y=7f  the  answer, 

63.  Given  2 1  :  3  ;  :  3  :  2,  to  find  z.     Ans.  z=2i. 

64.  Given  2-f  y  ;  16 :  «  7  :  8,  to  find  y,    Ans.  y=12. 

65.  Given  —  :  —  : :  —  :  — ^,  to  find  x,   Ans.  xxx  I 


3      4        7'  9' 112 

66.  Given  -^-f  —  :  x— 2  :  :  10  :  11,  to  find  x.    Ans.  a?=s24. 

2       3 

87.  When  the  same  quantity,  with  the  same  sign,  is  on  both 
sides  of  the  equation,  it  may  be  taken  away  firom  both  i  aqd  if 
every  tempi  of  an  equation  be  multiplied  by  any  J[the  $aroe) 
quantity,  or  divided  by  any. (the  same)  quantity, such  multiplier* 
or  divisor,  may  be  takeflr  away  from  them  all*". 

2x     7     2x 

67.  Given  4x — — = ,  to  find  the  value  of  j, 

3       8      3 

2a? 
Leaving  out  the  common  qtumtity'^—,  we  shall  have  4x= 

o 

7  7  7 

— ,  whence  by  division  J=!(---H-4=)-r»  the  answer, 

8  '  8  '32 

ab 

68.  Given  3  az-|---=2  abSa,  to  find  z. 


the  product  of  the  means ;  this  will  be  obvious  from  any  exUBple  of  four 
numbers,  which  are  known  to  be  proportionals : 
Thus  if  2:4::  3  :  6,  then  will  2x6=b4  X3. 
And  if  12:4::21  :  7,  then  wiU  13  X7»4X21. 
And  the  same  wBl  appear  in  every  instance. 

*  This  b  merely  taking  equals  from  equals,  dividing  equals  by  equals,  or 
multiplying  equals  by  equals  ;  wherefore  in  each  case  the  result*  will  be  equal. 

£63 
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b 


Leaving  out  the  common  multiplier  a,  we  shall  have  Sz+ 


=26—3,  which  by  transposition  becomes  3  2=2  6—3 ,  and 

by  divmon  «=(-x — 1 — —)  =— — 1,  the  answer. 

^^    ^.        2j:      3      ir»      4      x« 

69.  Given  -- — _+—=_-|-_,  to  find  x. 

o       o       a      b       a 

X'  2r     3      4 

Leaving  out  — ,  we  have = — ,  and  leaving  out  the 

a  5       5       5 

common  divisor^  5,  we  have  2  a?— 3=4,  whence  by  transposition 

7 
2x=7,  and  by  division  a?=(— =)34.,  the  answer. 

At 

70.  Given  2a:-f3y=x+3y+8,  to  find  0?.    ^fn*.  jr=8. 

3 

71.  Given3y+3=3y-|-5a;,  tofindx.   Ans.x^—, 

5 

72.  Given  — -=- -,  to  find  x.    Ans.  x=l. 

5         4       5       4 

88.  Promiscuous  Examples  for  Practice, 

1.  Given6ar— 5=3a?-h4,tofinda?. 
By  Art,  7^.    3a:=9. 

By  Art,  78.      a:=3,  the  answer. 

2.  Given  21—2  x=2  a;— 21,  to  find  x. 
By  Art.  7b.     4a:=42. 

By  Art.  78.       a:=  10^,  the  answer. 

22 

3.  Given  -— r=2,  to  find  x. 

a?+3 

By  Art.  79.    22=2a?+6. 

By  Art.  7b.     2j?=16, 

By  Art.  78.      a:=8,  ^/le  answer. 
3^        

4.  Given  v'y  :  V^— 1  : :  3  :  1,  to  find  x. 

3^  

By  -4r^.  86.     V^?r=3  v"^—  1 . 

3^ 


By  ^r«.  81.  — =(9xa?-l=)9x— 9. 

.  2 

By  -^r^.  79.  3a?=18a?— 18. 

By  Art.  7b.  15a?=18. 

By  Art,  78.         a?=  1^,  t/ie  answer. 
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z^'^S      z  2—5 

5.  Given  — — |-— =10 — ,  to  find  z. 

By  Art  85.     62— 18+4  z=120— 3  z+ 15. 
By  Art.7o.     lSz=)53. 
ByArt7B.    z=:ll^,  the  answer. 

6.  Given ~=- -,  to  find  x. 

2a;-|-3      4x— 5 

ByArt.79.     180j;— 225=114  x+ 171. 

By  Art.  7^-    66x=396. 

By  Art.  78.    jr=6,  the  answer, 

8      ^ 

7.  Given  y+  V4+y*=  ^>  to  find  y, 

ByArt.79.    y>/4+2^*+4+y«=8. 

ByArt.7S.  yv'^T?=4— y«. 

By^ri.  81.  4y*-|-y*=16-8y«+y*. 

By  Art.  87.  4y«=16— 8y*. 

ByArt.7B.  12y*=16. 

By  Art.  7S.    V^^^-^' 

2 
By  ^rt  83.     y=^— =1.1547,  M  *^  answer, 

8.  Given  13—  ^^  a:=  ^13+3  a:,  to  find  j;. 

By  ^r*.  81 169— 26  V3a?-h3a:=13+3a:. 

By  Art.  87 169— 26^3  a?= 13. 

By  Art.  77 26  ^3  a?=r  156. 

By  Art.  78 ^3  jc=6. 

By  Art.  81 ^ . 3x=36. 

By  Art.  78 a:=12,  the  answer. 

1 

,9.  Given  ^pc+  vfa+t»?='"""'^=^>  to  find  x. 

By  Art.  79 ^aa;+x»  +a+a:=l. 

By  Art.  76 ^or+a^'ssl— a— a?. 

By  Art.  81 aa;+x»  =  l— 2  a-^2x+a'  +2aa?+a?'. 

By  -rfrt.  87 aa;=  1— 2  a— 2 a?+ a*  +2 ojc. 

fiy  Art.  75 2a:— aa:=l— 2a+a». 

1— 2ci-4-(i* 
By-4r<.78 0?= — r-,  the  answer. 


4 
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10.  Given  "T+'T'*^— T->  ^^  fi"**  *•    -^*"'  *=36- 

x4-l     jp+S     x+4  ^    . 

11.  Gkcn  -3L-4.— I-«=_IL.  4- 16,  to  find  or.    -4i«.  x=?41. 

3  4  5 

12.  Given  ^J^— -^^^^J^^    3^,  to  find  y.   -4iw.  y=8. 

4*         7  5  140 

13.  Given  -^t--^+  16=20,  to  find  z.    ^iw.  z=20. 

5 

14.  Given  — ==■— —  ,  to  find  a:,    Ans,  x=14. 

V^x+S     VSX'^7 

16.  Given  ' — = -,  to  find  z,    Ans.  z::k8. 

z — 3     z — 2 

^a^     3x    4a^     2a? 

16.  Given  ---+  — = -r r-*  ^  ^^^  *•   -'^^  «=5:3.259,  «fc. 

3         4        5         3 

z4-2 

17.  Given  3  x 2— 2=—— +2  z,  to  find  z.    Am.  «=xlO. 

^  ,      • ^  ,  1      fc*— a* 

18.  Given  6*+j:^4=sa*4-ja)T,  to  find  x  -4n5.  x^—^^-—-^ 

89.  REDUCTION  OF  SIMPLE  EQUATIONS,  INVOLVING 
TWO  OR  MORE  UNKNOWN  QUANTITIES. 

When  there  are  two  or  more  unknown  quantities,  whose 
values  are  required,  in  order  to  obtain  determinate  ansv^rs,  it 
is  necessary  that  there  should  be  as  many  equations  (independent 
of  each  other)  given,  as  there  are  unknown  quantities  to  be 
found '  i  thus,  when  there  are  two  unknown  quantities,  two 
equations  must  be  proposed  5  fbr  three  unknown  quantities,* 
there  must  be  three  equations  5  for  four,  four  equations,  &c. 


'  If  there  are  more  equations  than  unknown  qaantities,  the  soperfiaous 
equations  will  either  coincide  with  some  of  the  others,  or  contradict  them  ; 
wherefore,  in  the  former  case  they  are  unnecessary,  and  in  the  latter,  detri- 
mental ;  rendering  the  proposed  Solution  impossible. 

If  thtire  are  fewer  eqiMitions  tlAP  unknown  quantities,  the  problem  will 
admit  oV  many  answers  j  thus,  let  j:-f-y=4,  here  is  but  one  equation,  and 
'two  unknown  quantities  to  be  found  ;  now  x  may  equal  3,  then  ^s  1 ;  if  x» 
2,  then  jf— 2;  ifjrsl,  then  y=3  ;  wherefore,  in  this  instance,  both x  and  y 
admit  of  three  interpretations,  using  whole  numbers  on)y;  if  fractions  be 
admitted,  the  values  of  x  and  y  witt  be  innomerable. 
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In  an  these  cases  there  is  one  general  mode  iA  procedure, 
namely^  we  exterminate  all  the  unknown  quantities  from  tkt 
operation,  except  one,  the  value  of  which  is  to  be  found  by  the 
foregoing  methods  3  having  obtained  the  value  of  this,  the  vahie 
of  each  of  the  other  unlmown  quantities  will  be  readily  found 
by  ipeans  of  it^  from  some  of  the  preceding  equations. 

For  two  unknown  quantities, 

90.  First  Method. 

Rule  1.  Find  the  value  of  one  ud^own  (jpiaatity  in  each  of 
the  equations^  by  the  foregoing  rules ;  it  may  be  either  of  the 
two  quantities  at  pleasure,  but  must  be  the  same  unknown 
quantity  in  both  equations. 

II.  Put  the  two  values  thus  found  equal  to  each  other  *;  this 
equation  will  then  contain  but  one  unknown  quantity^  the  value 
of  which  is  to  be  found  by  the  preceding  rules. 

III.  Having  thus  found  the  value  of  one  unknown  quantity, 
substitute  it  for  that  quantity  in  either  of  the  preceding  equa* 
tions,  and  the  value  of  the  other  unknown  quantity  will  be  found. 

EXAUTFLSS. 

1.  Given  a?+yr=13,  and  a?— y=3,  to  find  the  value  of  x  and  y. 

First,  to  find  the  valu6  of  x  in  each  equation. 
From  the  first,  j?=13 — y;  and  from  the  second,  x^zS-^y ; 
these  twovahtes  of  xare  emderUhf  equal  to-  each  other;  wherefore 
13— y=3H-y>  tt'^ce  2y=10,  and  y=5;  now  substitute  this 
value  of  y  in  either  of  the  former  equations,  suppose  in  j:=:34-y, 
and  it  beeomes  xss  (S+yae)  34-5=s8. 
Wherefore  07=8,  and  y=5. 

2.  Given  2j?-f  3y=17,  and  3a?— 2y=6,  to  find x  and  y. 
Froni  the  first  equation,  2jtxil7— 3y, 

And   a?r= — . 

From  the  second  equation,  3r=6+2y, 

jand   x= -, 


-M 


*  These  two  values  bein^  equal  to  the  sttme  unknown  quantity,  are  evidently 
equal  to  one  another :  the  unknown  quantity,  whose  two  values  (or  rather,  two 
different  expressions  of  the  same  value)  are  thus  found,  is  said  to  be  extermi- 
nmted,  because  it -does  mot  appear  in  the  tesultin;  equation* 
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Making  these  two  values  of  x  equal  to  each  other,  we  shall  have 
— - — =  -^—  •  Ih^  equation  cleared  of  fractions^  (Art.  79.) 
becomes  51— 9y:=13+4y. 

J       Whence  13y=:39>  and  y=(??=)  3. 

^     ^13     ^ 

^3         ^3         3 

3.  Given  4x— y=26,  and  ^— X=-2^  to  find  j:  and  y. 

3       3 

,,  26+v  2v 

l^ifi  eg.  1.  x=  ——2..     From  eo.  2.  x=4+-^. 

4  ^  3 

4  ^3 

7%«»78+3y=:48+8y. 
Whence  5  y  s=30»  and  y=6. 

4  4  4 

4.  Given  j?+4y=l8,  and  j?— 3y=4,  to  find  x  and  y.  -rfiw. 
x=10,  y=2. 

6.  Given  4ar-|-3y=25^  and  5ar— 4y=8,  to  find  x  and  y. 
^jw.  x=4,  y=3. 

6.  Given  ^i^=  10,  and  ?fi^= 12,  to  find  a?  and  y.    -4im. 

2  4  ^ 

a:=12,y=8. 

X      2i/  3x      ♦/ 

7.  Given  —-+-^=20,  and r=^^>  ^°  ^^  *  ^°^  y-  -^"*' 

j?=20,  y=15. 

a? 

8.  Given  -—4-3  y=217>  and  ^x  :  ^/y  : :  5  :  4,  to  find  x  and  y. 

4 

Ans.  a:=100,  y=64. 

91.  Second  Method, 

Rule  I.  Find  the  value  of  either  of  the  unknown  quantities 
in  one  of  the  given  equations,  and  substitute  this  value  for  that 
quantity  in  the  other  given  equation ;  this  equation  will  then 
contain  only  one  unknown  quantity,  which  may  be  found  as 
before  ^ 


'  This  rule  is  evident,  for  it  is  plain  that  in  any  expression  whatever,  we 
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II.  Find  the  value  of  the  other  unknown  quantity^  as  directed 
in  the  preceding  rule. 

9.  Given  a;-}-y=20>  and  x-^y^8,  to  find  x  and  y. 

From  eq.  2.  x=8+y ;  this  valiie  being  substituted  for  x  in  the 
first  equation,  (x+yz=^0,)  gives  8  +  y  +  y=20,  or  2  y +  8=20, 
whence  ^y:=zl2  and  yi=6}  this  value  of  y  being  substituted  for  y 
in  the  equation,  a:=8+y,  gives  a:=84-6=14. 

10.  Given  2a:+3y=7,  and  3  x— 2 y==4,  to  find  x  and  y. 

From  eq,  1.  a?= -,  whence  3  a?= — — ^  5  this  value  sub^ 

21— 9y 
stitutedfor  3x  in  the  second  equation,  it  becomes  — - — — 2  y=4, 

which  by  multiplication  and  transposition,    becomes  13^  =  13, 
whence  y=^  1  ^  this  value  being  substituted  for  y  in  the  equation 

xmz — 'm^   it  becomes  — — = — =2.  for  the  value  ofx. 
2  2         2'' 

11.  Given  ^—^+^SZl=:  59  and  v  :  35: : :  1 1 :  5,  to  find  y  and  z. 

34' 

33 1 
From  the  analogy  5y^S3z,andy=—-",    this  value  of  y 

332           332 
being  substituted  in  the  given  equation,  we  have,  -r- +2     -r * 

— -f-^ 

3  4 

■       332+52     332—52     ^^         382,72     _ 
=59;  whence 1 ~ =59,  or  —-+—=59,  or 

592 

=59;  whence  59  2=59  X 15,  or  2=15 ;  this  value  substituted 

15 

.      ,                         332    .    ,  33x15     ^^     „     ^^ 

for  z  m  the  equation  y= ,  it  becomes  y= — - — =33  x  3=99. 

12.  Given  a?+y=10,  and  a?—!/ =2,  to  find  x  and  y.    Ans. 
x=z6,  y=4. 

13.  Given  2a:+32=38,  and  60:+ 5  2=82,  to  find  x  and  2. 
Ans,  a:=7,  2=8. 

14.  Given  y— 2  2=7,  and  2  2^—2=20,  to  find  y  and  2.     Ans. 
y=ll^  2=2. 


can  substitute  their  equals,  instead  of  any  of  the  quantities  which  composs  it^ 
without  altering  the  value  of  that  expression. 


:■;  \ 
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15.  Given  2x+3^=534>  and  x-f  jf :  x-^y  : :  7  :  Ij  to  find  x 
and  y.    Ans.  x=8^  y=6. 

92.  Third  Method. 

Rule  I.  Multiply  the  first  equation  by  the  eoefficient  of  one 
of  the  quantities  in  the  second,  and  the  second  equation  by  the 
coefficient  of  the  same  quantity,  in  the  first ;  the  products  will 
be  two  new  equations,  in  both  which  the  coefficients  of  that 
quantity  will  be  the  same. 

11.  If  the  terms,  with  equal  coefficients^  have  like  signs,  sub« 
tract  one  of  the  new  equations  from  the  other ;  but  if  they  have 
unlike  signs,  add  the  new  equations  together :  the  result  will 
be  an  equation  with  only  one  unknown  quantity,  which  may  be 
found  as  before  '. 

16.  Given2x+5y=s23,  and  7x*-3y=5l9,  to  find  x  and  y. 
To  exterminate  x,  multipbf  the  first  equation  by  7,  ond 

the  second  by  9,  and  the  products  (or  new  equations}  toiU  be 

14x+35tf=16Ll  iLT     ^      .' 
And  14x^  6?=  38.}  ^^  ^^^^ 

Whence  41^=123  by  subtracting  the  lower  from  the 

123 

.upper,  whence  ys=  (-—-=)  3. 

41 

Now  to  exterminate  y,  multiply  the  first  given  equation  by  3, 
and  the  second  by  5,  and  the  new  equations  will  be 

And  35xll5?=95:}  ^«^  equations. 

'  164 

Whence  41  X     =     164  (by  adding)  and  x=(— -=)  4. 

17.  Given  — +y5=24,  and  -^— |-=si  _,  to  find  x  and  y. 

^  5       %  5 


s  We  are  at  liberty  to  employ  any  process,  where  equals  epertUe  in  «  HmUat 
manner  %^n  equah;  under  this  restriction,  we  are  authorised  to  make  use  of 
addition,  subtraction,  multiplication,  division,  involution,  aod  evolntioB, 
according  as  it  suits  our  purpose ;  in  this  rule  equal  multiplication  is  used,  but 
sometimes  equal  division,  when  it  can  be  used,  makes  the  work  shorter. 


Paht  UI.  simple  equations.  42P 

4  2 

Multiply  eq,  1.  by  -j-,  andeq.  2. 6y  —-,  awd  Me  new  equations 

Sx    4y     96 


^/2(2 


S^    l.«./^      A--?-     ^-\i? 


By  subtraction  ^+^=^-^=(_^^=)_. 

7%i9  equation  multiplied  by  {the  least  common  multiple  of  its 

denominators,  viz.)  15,  gives  (12  y +6  y=)  17y=272  3  whence  y= 

272 
(-<;;;-=)  16}  this  vuluc  subsHtutcd  for  y  in  the  first  given  equation, 

we  have  ( |-y=) h  16=24,  or —=83  wherefore  2x=s24, 

and  j:=12. 

18.  Given  a:-|-y=l,  and  j:— y= — ,  to  find  x  and  y. 

Here  multiplication  is  unnecessary ;  therefore  by  adding  both 

14  2 

equations  together,  we  get  2x=(l — =)  — ,  whence  x=---;  and  by 

1         2 

subtracting  the  second  from  the  first,  2y=(l — T"^)  ir*  whence 

_  1 

19.  Given  2ar+3ys:]3,  and  5x— 2y=4,  to  find  x  and  y. 
-rfw*.  x^%  y=3. 

20.  Given  x+y=5,  and  :r— -yrsl^  to  find  x  and  y.  Answer 
T=3,  t/=2. 

21.  Given7y+92=169,and8r-9y=— 2,  tofind  y  and  r. 
^n5.  y=10,  2=11.' 

1 

22.  Given  2a?+9=:5  2-f8,  and  3  «— x=:xH ,  to  find  a:  and ;:. 

5 

2  5 

For  three  unknown  quantities, . 
93.  First  Method. 

Rule  I.  Let  x,  y,  and  z,  be  the  three  unknown  quaatities, 
ivhose  values  are  sought  3  first  find  the  value  of  or  in  each  of 
the  three  given  equations. 
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ir.  Make  the  valae  of  x  in  the  first  equation  equal  to  the 
Talue  of  J7  in  the  second^  and  a  new  equation  will  be  formed^ 
involving  only  y  and  z,  with  known  quantities. 

III.  Make  the  value  of  x  in  the  fiist  equation  equal  to  the 
value  of  X  in  the  thirds  and  a  second  new  equation  will  be  fonn- 
edy  involving  in  like  manner  ooly  y,  z,  and  known  quantities  ^. 

IV.  Find  the  value  of  y  and  z  in  these  two  new  equations^  by 
cither  of  the  former  methods  3  then^  by  substituting  these  values 
for  y  and  z  respectively,  in  either  of  the  given  equations,  the 
value  of  X  will  be  readily  obtained. 

23.  Given  ar+y+2=9,  x-f-Sy— 32=7,  and  x— 4y+8«=8; 
required  the  values  of  x,  y,  and  z  ? 

Eram  the  first  equation  x=9 — y  — 'Z. 

From  the  second x=7 — 3^+32. 

From  the  third x=S+4y — 82. 

New  equations  ^^''^^'^I'T^J'^l"' 
^  19— 2/— 2=8+4  y— 82. 

From  the  first  new  eq.  2  y=4  2—2,  whence  y=i2  2— 1^ 

72+1 

From  the  second  new  eq.  6y=72-hl,  whence  y= . 

5 

By  makings  these  two  values  of  y  equal,  we  have  22—1= 

7x+l      ^ 

— - — ,  whence  lOz— 6=72+1,  orSz^S,  and  2=2  j  also  y= 
o 

(22—1=)  3,  and  x=z  (g^y^t,  as  above  =)  9—3—2=4. 

24.  Given2a;+3y+42=20,  3a?— 4y+52=10,^nd  4a;+5y 
—2=11^  to  find  X,  y,  and  2. 

1?       ^t    ^    X             20— 3  y— 42 
From  the  first  eq.  d?= ^ — »— . 

From  the  second  j?=  ^ . 

3 

From  the  third  xzs — . 


^  From  an  attentive  consideration  of  the  mle  it  wiU  appear,  that  the  object 
proposed  is  to  exterminate  one  and  the  same  unknown  quantity  firom  two  of 
the  given  eqaations  ;  when  this  is  effected,  we  have  two  new  equations  only, 
involving  two  unknown  quantities  only :  the  subsequent  part  of  the  operation 
Will  therefore  depend  on  the  rules  for  two  unknown  quantities. 
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3 

y+  « 


2  4 

From  the  first  new  eq,  60— 9  y— 12  2=20+8  y—lOz,  or  yss 
40«^22 

"IT"' 

From  the  second,  80— 12  y— 162=52— 10  y+2  a,  or  y= 

29-92. 

40—2  2 

JVherefore =29— 92,  or  40—22=493— 1532,  whence 

17 

20—3  v— 4  2 
2=35  fli*oy=(29— 92=)2,  anda?=( ^^ =)  1. 

25.  Given  — ^ — ^+a:=13,  — p^-|-2=lH,  and  X'\'y^z  :  x 

2  3 

+y— 2  :  :  9  :  1,  to  find  x,  y,  and  2. 

r.        .r    ^    .              26— y— 2 
iroTO  the  first  eq.  a:= ^^ . 

From  <^  second  a:=34 — y— 32. 

J^rom  /^e  analogy  x= ?. 

4 

„„      ^      26— y— 2     „^           ^          ^26— y— 2     52— 4y 
Wherefore ^ =34— y— -3  z,  and —  = =-. 

o  D  4 

These  equations  reduced  as  before,  give  y^=^6, 2=8,  and  J7=s:4. 

26.  Given  j7+y-|-2=15,  x+y— 2=3,  and  x— y+2=5,  to  find 
X,  y,  and  2,     Ans.  a?=4,  y=5,  z^^, 

27.  Given  2  a:— y—2=  10,  3  a;— 2y-h2=23,  and  5a:— 4 y— 
3  z=i9,  to  find  X,  y,  and  2.     Ans.  x=  12,  y=9,  2=5. 

28.  Given-^+-|-+2=13,2a:— 3y+— =4,  and  a:+2y  :  2y 

+  2  ; :  5  :  8,  to  find  x,  y,  and  2.    Ans.  x=:4,  y=3,  2=  10. 

94.  Second  Method, 

Rule.  Find  the  value  of  one  of  the  unknown  quantities  in 
either  of  the  equations,  and  substitute  it  for  that  quantity  in 
both  the  remaining  equations  3  these  two  equations  will  then 
contain  only  two  unknown  quantities,  which  may  be  found  as 
before  *. 


1  The  foregomi^  rule  is  similar  to  the  first  method  for  two  unkaowD  quaa- 
titles,  this  is  similar  to  the  second. 
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29.  Given  x+y+zsslS^  jr+y— zsll,  and  «— y— «=5,  to 
find  X,  y,  and  z. 

From  the Jirtt  equation  xszlS^y-^Z}  this  value  beif^  sub' 
stituied  for  x  in  the  second  and  third  equations,  we  shall  have 
15— y—z-fy— z=  11^  loAcnoe  2  zs4,  and  z  =2;  and  15~jf— z— 
y— 2=5,  whence  2y=10— Szj  and  ^=--5— 2=  (5— 2=) 3,  and 
x=15— y— 2=  (15—3—2=)  10. 

90.  Given  2jr4-3y+z=40,  3x+y— 2=13,  and  4x-h5y=z 
-|-46,  to  find  X,  y,  and  2. 

Front  the  third  equation  2=4  x+5  y — 46 ;  this  value  substi- 
tuted for  2  in  the  first  and  second  equations,  girex  2x+3y+4x-f 
5y— 46=40,  and  3ar4-y— .407— 5y+46=13  J  whencehy  reduc- 

66— 8y    v43— 4y       _,        ^«     ,  .  43— 4y 

twn  ar=  ( 2—) 1,  and  x=33— 4y  j  whence  — - — 

6  3  3 

=33— 4 y,  whence  y^7\  and  «=33— 4y=  (33—28=)  5,  also 

2=4x-h  5 y— 46=  (20+35—46=)  9. 

31.  Given  x+y+2=90,  x— 2y-f  3  2=40,  and  x+4y— 52= 
60,  to  find  X,  y,  and  2.     Ans.  x=40,  y=30,  2=20. 

32.  Given  2x4-3y+4  2=32,  4x-f 3y-h2=23,  and  x— y-f 
2  2=11,  to  find  X,  y,  and  2.    ^/t^.  x=3,  y=2,  2=5. 

95.  PROMISCUOUS  Examples  for  Practice. 

It  frequently  lu^>pens,  that  the  unknown  quantities  may  be 
exteminated  by  methods  more  simple  and  easy  than  any  of  the 
fdcegoing  ^  the  af^fdication  of  these  must  be  left  to  exercise  the 
skill  of  the  operator,  as  no  general  rules  can  be  given  that  will 
apidy  to  every  case. 

1.  Given  x+3y— 4  2=10,  3x+5y+32=66,  and5x-f2y-f 
72=80,  to  find  x>  y,  and  z. 

Fratn  the  sum  of  the  first  and  third  subtract  the  second,  and 
there  remains  3  x=24,  whence  x=8 ;  suhHitute  this  value  for  x  in 
the  first  and  second,  and  8+3y— 4z=10,  also  24+5y+32= 
66 'j  these  two  equations  reduced,  gi»e  y^6,  and  Z2Si4. 

2.  Givenx+2y+^«=144, x+y+jT==3,and -i^+y--3z= 
— ,  to  find  X,  y,  and  z. 

2 

Erom  the  s^fuare  root  of  the  first,  subtract  the  square  of 
the  second,  and  there  arises  y=:3;  subtract  twice  the  third  from 
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the  square  of  the  second,  and  4;e3:^B»  whence  zsbS;  siAtltitute 
theae  values  of  y  and  z  in  the  square  of  the  second,  (o».  x^^-y-i-z 
=:9>)  wid  we  shall  have  xsa:4. 

3.  Given  x+?^=19,  w+^^=15,  and  z+^^=l«,  to 

a  3  4 

find  X,  y,  and  r. 

frow  Mrec  ^imc«  f^  second  take  twice  the  first,  and  2^— a?= 
7,  or  x=:2y— 7.  from  six  times  the  second  take  twice  the  first, 
and  5^+2=52,  or  2^52 — 5^.  In  four  times  the  third,  viz. 
4z-^x-\-yz=4S,  substitute  the  values  of  x  and  z  as  found,  above, 
and  it  becomes  208— 20y4-2y— 7-fy=48  3  whence  y=9>  x= 
(2y-7=)  11,  andz=z  (52-5 y=)  T. 

4.  Given  a:y=6,  and  a:*+y*=97»  to  find  x  and  y. 

Add  twice  the  square  of  the  first  eq.  to,  and  subtract  it  from 
the  second,  then  find  the  square  root  of  the  sum  and  difference^ 
which  will  be  respectively  x'4-y*=13,  and  j:*— y*=5  j  by  adding 
these  two  together,  we  get  2x^=18,  or  x'^=9,  whence  xzszS ;  and 
by  subtracting  the  latter  of  them  from  the  former,  2y*=8,  or  y^ 
ac4,  whence  y=2. 

5.  Given  4?«--y2=7,  and  a;y=12,  to  find  x  and  y. 

To  the  square  of  the  first  add  four  times  the  square  of  the 
second,  the  square  root  of  tJie  sum  .w^  be  a^-^-y^^si^^  |  add  the 
first  equation  to,  and  subtract  it  from  this,  and  2  x^=32j  x^=  IC, 
and  x=4  5  also  2y^=zlH,  y«=9,  and  y=3. 

xu  xu 

6.  Given  ~-^=:a;-50,  and  —^=a:  4-500,  to  find  x  and  y. 

y+s  y— 2 

Multipb/  the  first  by  y+3,  and  the  second  by  y-^2,  and  we 

50y  +  150 
shall  have  jy=iy— SOy-fSa?— 150;  whence  xsz    .  "^   ,   and 

xy  =si xy +200 y—^x-^ 400,  whence  a:=:100y  — 200j    therefore 

50v-hl50 

— 2-1 slOOy— 200,   or    50y+150=300y— 6OO3    whence 

3 

250  y= 750,  and  yssS  5  also  ^^(lOOy— 200=)  100. 


X 


7.  Given =-— ,  and  yxx-f  y=48,  tofindxand  y. 

jr+y     3 

2 
Multiply  boih  equations  together,  and  jyr=(---x48=s)  32j 

a 

but  (yx^  +  y=:)  xy-\'y^sz4B;  subtract  the  preceding  equation 

from  thisrond  y'^ssl6,  whence  y=4  ;  this  value  substituted  for  y 

in  the  equation  xy=:32,  gives  4xss:32,  whence  xssS, 
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8.  Given  i^4-a?y=15.  an4  a:*— s^«=s5,  to  find  a?  and  y . 
Si«6<ract  <Ae  iecandfrom  the  first,  amd  j?jr4-y*==10}  odd  tln^ 

to  thefirst,  and  x* +2  jry+y* =25)  eairact  the  square  root  of  tUt, 
Md  *+y=5 ;  «tt6«*i<u<c  ^*w  v^^me  for  x+y  in  */ie/«*  iquatum 
(x^-^xy=z)  x-f  yxx=15,  a»d  it  becomes  5x^slB,  wheridBJS^S ', 
this  value  substituted  for  x  in  the  equation  x+y=5,  gives  y±z% 

9.  Given  x-i-y  x  —=60,  and  x+y  x—=:^-r,io  find  x and  y. 

y  ^ ^ 

Multiplt/  both  equations  together y  (inda:-f-yl*==T44,  the  square 
foot  of  tbhich  jr+y=12  J  sttfcsfiftt<«  this  for  x'-^y  in  tie  first,  and 

=60,  tD^cnce  12x=60y,  and  J?=5y5  f /li*  «ai«e  «*6«fii«feifr 

/or  X  in  the  equation  a;+y=12,  gives  6y=12,  or  yesS  j  vihence 

i=(5y=)  10.    _^ ^ 

10".  Givenxxx+y'^z:£S6,yxX'\-y'\-z:=:^7,ixndzxx+y^z 

it  18,  tcrfind  x,  f,  and  z. 


*'*  * 


Add  the  three  equations  together^  and  the  smn  is  (or-py-fzx 
x-\-y-^zx)x+y'^z\^^Sl  j  extract  the  square  root  of  tHis,  dndC 
jP-^y -1-2=9.  substitute  this  value  in  the  three  given  equations,  and 
9  x=3(),  or  a?==4  5  9  y =27^,  o*"  y=3  5  «»<<  9  z=18,  drz:=9i. 

11.  Given  a?+y  X  3=540;  and ——=?5>  to  find  ar  and  y.  ^>w. 

a:=100,  y=80. 

12.  Given  x-^y  :  a:— y  :  :  8  :  5,   arid'  ar+y':  2y  :  :  8  :  3,    tx> 
find  X  and  y.    -^^w.  af=:65,  y  =  15. 

13.  Given'4j?+-^^=r645  3aF+-^-— fi:240,  di^d3a?--?^=:; 

A  o  4 

SJ^,  to  find  X,  y,  and  2.    ^s.  xtst  12,  ya=9,  «=S. 

14.  Given2xx-hyH-2=3l8;  2 XJr-hy4-2=16,  and  2a:+y +  2 
«:13,  to  find  X,  y,  and  2.     ^ws.  a:=4,  y=i3,  2=2. 

1:5.  Given  lOO— ar— y=68f  68— y— z=48,  and  48— x— r= 

20,  to  find  X,:  y,  and  z.    Jns.  ar=20,  y=12,  «=8. 

2a?+3v4-4z      .        3jr4-4y-f52      ^^2 
16.  Given     ■    ^  /^      :i=c50,  /         =&g^>    and 

5  a?  "4"  6 1/"^  7  2 

—     ^  r '.    siQs,  to.  find  X,  y,  and  z.    j^jm*  ffa«40,  y=:30, 

8 

23320. 
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REDUCTION  OF  AFFECTED    QUADRA- 

TIC  EQUATIONS. 

.    96.  An  affected  quadratic  ^  equation  is  that  which  contains 

both  the  first  and  second  powers  of  the  unknown  quantity; 

every  equation  of  this  kind  is  comprehended  under  one  of  the 

three  following  forms,  viz. 

First  form,     x*+flrx=     b.'\  Where  x  is  the  unknown 
Second  form,  a®— ojcse     h.  ^quantity  to  be  found,  and  a 
Third  form,    a?«— aa:=s--6.  J  and  b  known  quantities. 
The  value  of  the  unknown  quantity  x,  in  each  of  these  thifee 

forms^  is  found  by  one  general  method,  as  follows. 

97.  To  find  the  roots  of  affected  quadratic  eqiuitions. 
Rule  I.  Range  the  t«rms  of  the  given  equation  according 
to  the  dimensions  of  the  unknown  quantity ;  namely,  let  the 
term  containing  the  square  stand  in  thej^rs^  place,  (to  the  left,) 
and  that  containing  the  first  power  in  the  second,  on  that  side 
of  the  equation  in  which  the  square  will  be  affirmative. 

II.  Transi^ose  all  the  known  quantities  to  the  other  side  of 
the  equation  3  and  if  the  square  of  the  unknown  quantity  have 
a  multiplier  or  a  dividur,  it  must  be  taken  away  by  the  methods 
empk)yed  in  simple  equations. 

III.  Take  half  the  ooefficient  of  the  unknown  quantity  in 
the  second  term,  square  it,  and  add  this  square  to  both  sides  of 
the  equation,  then  will  that  side  which  contains  the  unknown 
quantity  be  a  complete  square  ^ 


^  Quadratic  is  deriired  from  the  Latin  fuadrattUy  squared.  The  term  ad-- 
fttttd^  or  affected^  (ft^om  i^ecto  to  pester  or  troable,)  was  introduced  by  Vieta, 
the  ^eat  improver  of  Algebra,  about  the  fear  1^00  :  it  is  used  to  distinguish 
equations  which  involve,  or  are  affected  with  difl^ent  powers  of  the  unknown 
quantity,  from  those  which  contain  one  jiower  only,  which  are  therefbre  called 
fwrtl'  l>r.  Hutton  sometimes  calls  the  former  compound  equations :  this  term 
the  venerable  and  learned  Banm  Maseres  highly  approves  of,  observing  that 
it  Is  less  obscure,  and  therefore  more  proper,  than  that  of  ^ected  or  a4fected 
equations.  #  ' 

1  Since  the  square  of  every  shnple  quantity  is  a  Hmpti'  qnntity ,  ^nd  the 
square  of  every  binomial  it  a  irinomimi,  it  fallewe  that  no  quantity  in  the  Ibrm 
of  a  Hmomimi  can  be  a  complete  square ;  but  that,  ia  order  t*  make  it  such|^ 
an^t^Mr  term  most  be  added  to  it,  which  term  may  in  every  mn  b«  ^uod,  from 
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IV.  Extract  the  square  root  from  both  aides  of  the  equation, 
prefixing  to  that  of  the  known  side  the  double  sign  4^  ". 

V.  Transpose  the  knovra  port  of  the  root ;  this  incorporated 
(according  to  the  import  of  its  sign)  with  the  root  of  the 
known  side,  will  be  the  value  required. 

Note.  The  root  of  the  unknown  side  is  readily  found  by 
taking  the  roots  of  the  first  and  thiid  terms,  and  connecting 
them  by  the  sign  of  the  second  ». 


the  two  given  ones  :  to  make  this  appear,  let  a+  6  be  any  binomial,  the  square 
of  which  is  a*  +  2ab+b*  $  now  suppose  a'  +2ab  to  be  given,  if  half  the 
coeiBcient  (S6}  of  a  in  the  second  term,  viz.  h,  be  taken,  and  squared,  this 
square,  viz.  &',  will  be  the  remaining  term  ;  in  like  manner  if  h'  +  9ab  h^ 
given,  if  half  the  coefficient  (2  a)  of  6  in  the  second  term  be  squared,  its 
square  a^  will  be  the  remaining  term ;  wherefore,  since  this  quantity  being 
added  to  both  sides  of  the  equation  does  not  affect  their  equality,  this  port  of 
the  mle  H  manifest. 

"*  The  reason  for  the  doable  sign  is  tbis-^eyery  Bq^aate  has  both  aa  affir- 
mative and  a  negative  root  j  thus  a'  may  arise  either  from  the  multiplication 
of  +  «  iiito-f-  a,  or  — «  into  — ^a  i  therefore  a*  has  both+  a  and  —a,  or +a  for 
its  roots,  and  the  same  is  evidently  true  in  general. 

■  Because  the  square  root  of  a'+SSaft^-ft'  isa-f-6,  and  that  of  a*  -^3  aB 
4*^'  is  n-^b,  it  Ibllows,  that  in  erery  complete  square,  the  root  of  the  first 
term  («')  connected  with  the  root  of  the  third  term  (i*)  by  the  sign  of  the 
middle  term  (2  a6),  will  be  the  soot  of  the  square  s  thus  in  the  above  example, 
w^hhiht  root  in  the  first  instance,  and  «—&  is  the  root  in  the  second* 

In  the  first  form  of  quadratics,  where  x^  ^ajresb,  x  will  always  hare  two 
values,  one  affirmative,  and  one  negative,  and  the  negative  value  will  be  the 
greatest ;   for  from  the  solutiou  of  the  above  equation,  we   have  x— -t- 
V^-f*-T^M-*4^;  now  the  former  of  these  values,  namely,  +  ^b-^-^aa — ^-^ 
will  be  affirmative,  since  V^6  -^  ^  aa  is  always  greater  than  -^  aa,  or  its 

equal  -^  a« 

■ » 

The  second  value,  namely,  —  ^64*-J:aa— -J-  a,  being  composed  of  two 
negative  terms,  will  evidently  be  n^ative:  moreover,  since  the  affirmative 
root  is  the  difference  of  the  two  quantities,  {^b  -f  4*  oa  and  -f  a,)  and  the  oe* 
gative  root  their  sum,  it  follows  that  the  negative  root  will  be  the  greatest. 

In  the  second  form,  where  jr^— lursft,  s  will  likewise  have  two  values^^on* 
affirmative,  and  000  negative,  and  the  affirmative  value  will  be  the  greatest ; 
for  from  the  solution  4r»  :jr  tjb + :{-  oa  4-  i- « 1  the  ^st  value  of  jr,  namely,  -f* 
f^/bJ^-^aa-^i  a,  being  composed  of  two  affirmative  tenns»  will  evi- 
dently be  affinnnliie*.  The  eeeoMd  ^ralna  of  jr«  naBicly»  —  V*+t*«+f«» 
will  alfraya'b« vgative,  for  linee  b-^jam  is«fraat«r  tb«»  (i  m,  or  tlian  its 
1h|asl)fa,it.f»Uanr»that^V(4.'^M4-t^witt  benegativt;  and  baOi9a« 
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},  Given  x«+6a?=s40,  to  find  the  values  of  x. 

Half  the  co^cient  of  x  in  thf  second  term,  »  ("^=)  3,  t}^ 

squared  is  (3*=)  9,  tvhich  beimg  added  to  both  sides,  tki  equatuM 
fcecom^*  a?*+6  a: -f  9=  (40+9=)  49. 

The  square  root  of  which  is  x+Sas  (^  ^49ss)  +7. 


the.  former  root  is  tbe  nm,  aod  the  latter  the  dfjfirencet  of  twp  affirnuitlvsi 
quantities,  it  fpUows  that  the  affirfi^atiTe  root  is  the  greatest. 

la  the  first  aad  second  forms ^  tlie  quantity  under  tbe  radical  sign  it  always 
affirmative,  and  therefore  it  can  never  happen  that  either  of  the  roots  in  thes« 
two  forms  is  impossible. 

In  the  third  form,  where  *«— oxss  — 5,  or  *»  +  v^a«— (r-f-'Jif,  there  are 
three  cases ;  6  may  be  either  greater  than  -J- on,  equal  to  "^^aa,  or  less  than 
-^aa;  if  6  be  greater  than -J- oa,  the  qiiairtity  under  tbci  radical  lign  will  be 
negative  y  apd  si^cd  the  square  root  of  a  negative  quantity  is  impossible^  both 
values  of  x  will  evidently  in  this  case  be  impossible. 

If  b  be  equal  to  -^  aa,  the  quantity  under  the  radical  sign  will  be  »  nothing, 
and  X  will  have  but  one  value,  namely,  -J- a.    But  if  h  be  less  than-{-aa>« 
will  have  two  values  bath  affirmative ;  for  the  first  value  of  x,  namely,  4~ 
V;^'  aa—b'\-faf  will  be  the  sum  of  two  affirmative  terms,  and  will  therefore 
be  affirmative. 

Tbe  second  value  of  r,  namely,  » j^/i  aa-'b-\-la,  will  likewise  be  affirma- 
tive ;  for  since  -^aa  is  greater  than  b,  it  is  plain  that  \^iua,  or  its  equal  -^  a, 
is  greater  than  /v^-J-oa— 6,  and  therefore  —  ^:J-aa— 6  +  ^  a  will  always  be 
.affirmative:  therefore,  when  jt^— ajra— 5,  if  4-a  be  greater  than  6,  we  shall 
have  *=r -f-  /v/^tffl— 64-"J"«f  ^d  jr«— y'-Jaa— 6-f"-}-«r,  both  affitmative 
values  of  jr :  hence  this  is  sometimes  called  the  embiguous  form. 

Either  of  these  roots,  whether  affirmative,  negative,  or  impossible,  will 
answer  the  algebraic  conditions  of  the  equatipn  from  whence  it  is  derived ; 
but  in  the  application  of  quadratics  to  tbe  soliitioii  of  problems,  impossibtf 
roots  always  imply  inconsistency  in  the  conditions,  or  that  the  problem,  as-  to 
any  real  use,  is  impossible. 

llie  affirmative  roots,  in  tbe  first  and  second  forms,  are  in  most  cases  the 
answers  to  the  question  proposed;  sometimes  however  the  negative  roots 
are  to  be  taken,  when  the  quadratic  (onus  a  subordinate  part  of  some  mora 
extensive  solution :  in  tbe  application  of  algebra  to  geometry,  both  the  affir- 
mative and  negative  roots  hAve  place,  each  having  a  distinet  and  necessary 
import.  Of  the  two  affirmative  roots  in  the  third  form,  one  onl^  will  ^or^the 
most  part  be  the  answer  to  a  numerical  problem,  the  conditions  of 
which  will  alwavs  point  ont  WhicUt  it  'is ;  in  geometrical  problems  botb 
roots  have  place,  as  we  |i»v4  already  observed. 
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Whence,  hy  transposiium  x=:  (+7^3=)  4>  or— 10»  the 
answer, 

2.  Given  x*— 8x=20,  to  find  x. 

Ha(f  the  coefficient  8  is  4,  thit  squared  is  16,  and  the  square 
added  to  both  sides,  gioes  x»— 8x+16=s  (20+ 16=)  36. 
By  evolution  x— 4=  (+  ^36=s:)  ±6. 
By  transpontion  x=(Hh6+4s)  10,  or  —2^  the  answer. 

3.  Given  x*— 4x= — 3,  to  find  x. 

Hilf  the  coefficient  4  u  2,  thu  squared  is  4,  which  added  to 
both  sides,  we  have  x*— 4x+4s=  (— 3+4=s)  1. 

Whence  by  evolution  x— 2=  (±  >/!=)  ±1. 

And  by  transposition  xs  (2+1—)  3>  or  I,  the  answer. 

4.  Given  2  x»+ 16  x=s^,  to  find  x. 
Divide  by  2,  and  xK+8xs=20. 

Complete  the  square,  and  x>+8x+  16ss  (20+16=)  36. 

Extract  the  root,  and  x+4=  (+  ^"36=)  +6. 

Whence,  by  transposition  x=  (+ 6— 4sr)  2^  or  — 10^  ihe  ans. 

5.  Given  5  x«— 60  x— 12=788,  to  find  x. 

By  transposition  5x>-60x=  (788+12=)  800. 

By  division  x«— 12x=160. 

Complete  the  ^gwarc,  and  x»— 12 x+ 36=  (160+36=)  196, 

Extract  the  root,  and  x— 6=  (+  ^196=)  + 14. 

By  transposition  x=  (6+14=)  20,  or  —8^  the  answer. 

6.  Given  8x*+8x— 4=12,  to  find  x. 

By  transposition  8  x^-\-%x^=-  (12+4=)  16. 

By  division  x^+x=2 :  here  the  coefficient  of  x  is  I,  half  of 

1  1  1*       1 

which  is  ---,  the  square  of  which  (■3-/  )  **  ~t">    therefore,  to  com-^ 

*  *  I  4 

1  19 

pfe^«  /^  square,  x*+x+— -=  (2--=)---. 

4  4         4 

1  9  3 

By  evolution  J?+-^=  (+^--=)  +— , 

!b  ^"4  —  2 

By  transposition  x=    (+^--— =—         =)  1,  or— 2, 

^^  answer. 

X*      X       1        1 

7.  Given  ——- r+-r-=-r>  to  find  x. 

o       4       5        D 

x^      X         11      5—6  1 

By  transposition ='("s p— =) 


3       4       ^6   >    5        30       '      80 
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-^  Sx  3.1 

By  multiplication  x'^ =  (— ^=)  —  t;;* 

„      3        9      /     1    .  9      .   13 

3  13 

By  evolution  ^— g-=  ±  V^^- 

By  trc^nsposition  x=(-|-±  A/^=^*3r5±  v040625=?:.375 

±  .^01 55,  *c.  =)  .57655,  *c.  or  .17344,  ^c  <^  awwer. 

.    ^.  ,01^0?        .6a:+-7  ^     c  J  ^ 

8.  Given =  - ,  to  find  x, 

.34j?— .5       .89j: 

By  multiplication  .O1068a^s=.?O4««-r-.oe2j:— .35. 
By  transposition  .19332a?«— .062a?:^.35. 

By  S^    (..^1^=-^.    or)    .^^.3207x= 


1.81046. 


Completing  tlie  square j  x^— .3207a?+ 


.3207 


2 


=  1.81046+ 


3207 


•■ 


,    .            .3207  *  ^     .3207^ 

By  evolution  x —  =  +  ^1.83.046+ — ^ —  . 

•3207  '         '  ^     .8207"^ 

By  transposition  x=: — ~—  -f  ^1 .61046-1 


2      ~  ^  2 


=. 16035 


±  V''-81<>46  -f  .  160351*  =  .16035  +  ^^1 .81046  +  ,0257121225 
=  .16035  +  V'lQ361721225=n.l6036±1.355055=:1.5154,  or- 
1.1947>  the  answer, 
9.  Given  aa?*— 6j?-|-cx:d,  to  find  x. 
By  tr/ansposition  ax^—rbx=^d'^p. 

By  division  x^ x^=z . 

^  a 

„      6  6*      d-c      6« 

By  comp.  the  sq,  x^- — -a: 4--—-= h-r-^r 

^  -  a       4  a*       a       4  a* 


„         ,    .  ft  d-c       6* 

By  eoolutwn  x— --=s+v +T**"e- 

2a     ^^     a       4a' 


Ff4 
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By  trantposiiton  *=(—-!-  ^ +  r-s«) 

fc-{-^4ad— 4ac+6*     ^ 

■  ■""  '  ,  the  answer, 

10.  Given   8  a?— 3y=5j:+y+^,  and    ««+y«=llx--«y,   to 
find  X  and  y.  *  ' . 

From  theftnt  equation  3?=(   ^J     =)  y+5  j  «fc«ice  ar*= 

(y  +  5l«=e)  f*-hlOy+^:  nihitituie  these  vabief  respectively  for 
X  and  X*  tit  the  second  equation,  and  it  becomes  2y^4-  10y+25= 

By  transposition  3  y * + 4  y s:  Sa 

Bydwiiion  y^+2yssl5. 

By  comp.  thesq.  y«4-2y+l=sl6. 

By  «&o2ti^ion  y  + 1  sr  4?  4 . 

By  transposition  y=  (+4—1=)  3,  or —5.  * 

Whence  x=  (y4.5=34-5,  or— 5  +  5=)  8,  or  O. 

11.  Given  x*+xy=S5,  and  xy— 2  y«=!ij,  to  find  x  and  y. 

Let  t?y=x :  this  value  substituted  for  x  in  both  equations, 

35 
they  become  c«y«+tjy«=35,  whence  y*=-r j   and    iw«— 2w» 

i?*+p  ^ 

^%  whence  y*z=:—--,  therefore  -r-— = -j  whence 

c— 2  "^       t>*+»     c— *2 

By  multiplicaiiom  35  0—70=2  o*+2  o. 

By  transposition  2  o*— 33  c=— 70. 

By  dioision  o^  — 16.5o=— 3& 

By  coiiip.  thesq.  «^— 16.50 +68.0625  s33.0625. 

Byet>o^ttoa  o-8.25=(-f  ^33.0625=)  +5  75. 

By  tran^Hui^n  ©=(8:25-1^5.75=)  14»  or  2,5. 

H^hen€€byUMngv^H,ftehaceyz:z(^^-^:=z)^JL'^  and 

V — 2  o 

*=  (Pf=)  14^— J  and  hy  taking  r=2.5,  wc  skaU  k4we  y= 

2  2 

(^yj^Z:^—  ^T~^  V*=^>  «"^  '=  («ir=)  «.5  x2=5. 

12,  Gifen  x+y+xy=sl9.  and  4ffy+jy«=84,  to  find  x  and  y. 

"^  *=*+3r>  «^  J»=Jcy»  **«  <*«  ff««»  equations  will  ie- 

••^  (*+y+xf=)  <+|i=19i  «<*  **3f+Jir^=(i+7xxf =)  7= 

«4:  from  ike  sqimareof  ike  eq[uation  s^p^l9,  iakefc 
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9/>x=S4,  and  you  will,  have  «^--^9«p+/i^=:^5 ;  whenee  hf  eoolution 
5^ps=^5:  this  equation  added  id  and  subtracted  from  s4'P= 
11),  gives  ^5=  (194:5==)  ^4  or  14,  and  «=1?  or  7;  «»^  likewise 
2p=  (194-5=)  14  or  2i4,  and  p^T  br  12 5  therefore  j:4-y= 
(s=:)  12  or  7>  andxy=  (p=)  7  or  12.  Subtract  four  times  the 
last  from  the  square  of  tJie  last  hat  one,  and  there  remains  jp*— 
2*yH-y®=  (1^*— 28,  or  71^—48=)  116  or  1  j  whence,  by  euolu- 
tion,  a*— y=  4- ^116,  or  4-1;  add  this  to,  and  ^subtract  it  from 
x-^y=l2  or  7,  and  we  shall  ^ai?e2a:=4- ^1164-12^  or  +14- 
7=  (by  taking  the  latter  value  only)  8  or  6,  whence  x=4  or  3 ; 
likewise  2  y=  (7^1=s)  6  or  8,  whence  y=3  or  4 ;  if  we  make  x 
c4,  theny^S ;  if  x=3,  *^w  y=4  •. 

X^       f«ft 

13.  Given  —  +— =i9,  and  4?4-tf=6,  to  find  x  and  v. 

y       a:  ^  • 

Xe^  d7=rz4>  V,  and  y=2— v,  /?2en  fty  adding  these  two  equatioHS 
together,  (x-j-y=z)  ^z=:6,  and  z=3;  whence  jc=34-o,  and  y=: 
3—1;.  Multiply  the  first  given  equation  by  xy,  and  x^-i-y^^Qxy, 
which  by  substituting  3-\-vfor  x,  and  3 — v  for  y,  becomes  3  +  t?l* 


4-3— 1^^=9x3 4-vX 3 — V;  this  by  involution,  multiplication, 
and  addition,  becomes  &4 ^hl^v^^Sl-^ 9  v^,  whence  by  trrnisposi'' 
tion  27t?*;?=27j  therefore  t}^=:l,  and  «js=4-1,  whence  x=r  («4«r 
=34: 1=)  4  «*•  ^5  **'*<^  y==  (a— t'=3  +  l=)  2  or  4;  if  x=t4, 
then  ytr.^;  but  if  j?=:2,  then  y=4. 

14.  Given  j?*+8a:=65,  to  find  x.     -/fn*.  j?=5,  or  —13. 

15.  Given  y^~12  ^=540,  required  the  value  of  ^  ?    Ans.  ysi 
30,  or  — 18. 

16.  Given  2*— 20«=s— 91,  what  is  z  equal  to?     Jns,  z=z 
13,  or  7. 

17.  Given  3^«— 21a?-.450=:«000,  to  find  x.    Ans,  ap=60, 
or— 43. 

18.  Given   2*4-2=2,  required  the  value  of  z?    Ans,  2=1, 
or  —2. 


•  If  the  lonner  values  of  «"— y,  «i»iiiely,  +  v^'*?  or 4: 10.77  be  taken, 
tliea  for  the  affirmative  valnes  9  ^  11.985, ^.  and  y  ».6I5,  &c.  and  for  the 
aegaiite  vbIb^b  ^te..6l5y  &c.  and  y»ll.38S,  &c,  both  of  which  values 
«oswcr  the  conditions  of  the  qaestion  equally  with  those  given  above.  It 
mppoart  ftoM  the  sohition,  that  thi*  ttxampk  (which  was  inserted  by  mis- 
take) is  Dot  an  at^keUd,  but  a  pure  q<iadrtftiey  akid  therefore  is  displaced ; 
the  wuBe  may  be  said  of  the  thitteeiith  aMitfpi«« 


442  ALGEBRA.  Past  m. 

19.  Gkvok  5^— 25  9+40=10,  to  find  f.    Jbu.  9=3,  or  2. 

5        1  -.    ,  ^  11 

20.  Given  x^— --x+— =0,  to  find  x.     Ams.  x^—cr—. 

DO  3         3 

x'      r      1       1 

21.  GiTcn = — ,  to  find  x.    Jns.  x^l.5824,  or 

4       5       6      7 

—7824. 

6       1 

22.  Given    flx*+fcx=c,  to    find   x.      -Au.    '=""^±"o^ 


^4ac+i*. 

'     ^.        2x*— 3     5x+6    8x+»    ^     c  J  ^ 

23.  Given  -— — -f  »g  ,  to  find  x.     A».  x= 

1.205565,  or  — 1.179593. 

24.  Giwn  2x«+x— y=3y*+2y,  and  x+y=r7,  to  find  x 
and*y.     Aru,  x=42  or  4,  y=:  —35  or  3. 

98.  By  this  rule  may  be  solved  all  equations  whatever,  wherein 
there  are  only  two  different  dimensions  of  the  unknown  quantity, 
provided  the  index  of  the  one  beexacQy  double  that  of  the  other. 

RuLB.  Having  completed  the  square  and  extracted  the  root 
as  before,  transpose  the  known  quantities  which  are  on  the 
saote  side  with  the  unknown  one,  and  then  extract  the  root 
implied  by  the.index  of  the  unknown  quantity,  firom  both  ades 
of  the  equation  K 

25.  Given  x*+6x«=72,  to  find  the  values  of  x. 
By  completing  the  square  x^-f  6x^+9  ==81. 
By  evolution  x®+3=Hh9. 
By  transposition  x*=  {Hh9— 3=)6  or — 12. 
By  evolution  x=  (±  ^6=)  +2.4494897428,  or±  ^—12, 
the  latter  of  which  are  impossible. 


P  Every  equation  will  have  as  many  roots  as  the  unknown  quantity  ham 
dimeosioas;  thus,  in  the  S5th  examf^,  s  being  in  the  foortli  power/ the 
equation  will  have  four  roots,  as  appears  fay  the  solution.  In  example  26, 
jr  comes  out  equal  to  4$  or  25,  the  latter  of  which  being  substituted  in  the 
equation,  will  not  answer,  except  --5  be  substitnted  for  the  square  root  in- 
stead of  -|-  5,  the  reason  of  which  is  obvious,  since  the  85  arose  firom  -^hX 
—5.  One  root  only  is  required  in  the  following  examples,  as  finding  the 
rest  would,  in  many  eases,  require  rules  which  have  not  yet  been  given. 
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^6.  Olven  y— 4  v^y=45,  to  find  y. 

By  conip.  ike  sq,  y — 4  ^y 4-4=249. 

By  evolution  ^y— 2=4:7. 

By  transporition  ^y=  (4.74.^=)  9,  or  —5. 

J5y *MM?oZii«on  y=:  (9l«=)  81,  or  (— 5l*=)  «5. 

^7.  Given  oaf— &rr— c=— d,  to  find  x. 

6   ■     c—^d 

By  trans,  and  ditwon  «■ jt's • 

a  a 

bib*        c^d      6*      . 
By  comp.  the  square  *■ ^»*4-t-^=( l"T^=) 

4ac— 4ad4-^* 
4a«  ' 

-,         ,  ,.        ^6             4ac-4ad4-** 
By  evolutum  x  — r-ss  4-  a/ 7-3 • 

^                            A        6          4ac— 4ad-f6*     . 
*       By  transposition  x^=s  (—±  ^ 7-5 — ^—  =) 


'2a- ^  4a^ 


^±A/4ac— 4ad4-fe* 
2"a  " 


By  evolution  xzs  -=-^^ 

^  2a 

28.  Given  a?<+2x®=24,  to  find  one  value  of  x.    Ans,  x=s2. 

29.  Given  y«— 4y«=32,  to  find  y.    Ans.  y=2. 
SO.  Given  z— 2v^z=0,  tofind  z.    ^^w.  z=4. 

31.  Given  2  jp*— x^=496^  to  find  x.    ^im.  x=4. 

32.  Given  x«»-j:"=a,  to  find  x.    Ans,  x-'^^-^^^"^\ 

99.  PROBLEMS  \ 

Every  problem  proposed  to  be  solved  algebraically,  contains  some 
conditions  laid  down,  which  are  called  the  data  ,*  fram  whence 
one  or  more  quantities  are  required  to  be  found,  called  the  qua^- 
$ita.  The  first  thia  (^  necessary  to  be  done  preparatory  to  the  solu- 
tion, is  to  understanu  clearly  the  import  and  signification  of  the 
problem  :  it  must  be  freed  from  every  thing  ambiguous  and  un- 


4  The  word  problem  is  derived  from  the  Greek  w^oCXnfut.  An  algebraic 
problem  is  a  proposition  wherein  some  anktIOwn  troth  is  required  to  be 
l^vestifaled  or  discovered,  and  the  trath  of  the  diKovery  demonstrated. 
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necessaiy;  the  conditioitt,  sod  tlie  ni^nfT  of  tlieir  deprndance 
on  each  other,  most  be  deailf  a9qertaiiied  «ad  stated,  and 
they  must  be  carefully  distingoisbed  from  the  quantities  pro- 
posed to  be  found:  when  this  is  aeemuplislied,  the  eooditioiiB 
of  the  proposed  problem  will  be  ochibited  under  the  form  of 
one  or  more  equations;  namely,  as  many  equatiom  9S  t^iefe  are 
unknown  quantities,  the  solution  of  which  is  the  subject  of 
the  preceding  rules. 

Much  depends  on  a  proper  substitution  for  the  quanti- 
ties required :  no  general  rule  for  this  can  be  given ;  sometimes 
a  letter  must  be  put  for  each ;  frequently,  having  substituted  a 
letter  for  one  of  the  imknown  quantities,  expressions  for  the 
others  may  be  derived  by  n^eans  of  this  and  the  conditions 
proposed,  without  the  aid  of  new  letten;  somettmes  a  sub- 
stitution for  the  sum,  difference,  product,  quotient,  roots, 
powers,  &c.  of  the  unknown  quantiUes,  may  be  conveniently 
made  -,  but  the  proper  application  of  these  must  be  learned  by 
experience  and  practice. 

The  following  modes  of  substitution  will  apply  in  many  cases. 
For  one  unknown  quantity  put  x,  for  two  put  x  and  y,  x  being 
the  greater,  y  the  lesSj  for  their  sum  x-f-y,  for  their  difference 
x—y,  for  the  square  of  the  greater  4?%  for  the  cube  root  of  Che  less 
^  ^y*  for  the  sum  of  (heir  squares  x^-f  y^,  for  the  di&rence  of 
their  squares  x^-^y^,  for  the  square  of  the  sum  x+y)  *>  fqpr  the 
cube  root  of  tlieir  diflSsrenee  ^  jjx-^y^  for  their  product  xy»  liieir 

X 

quotient  — ,  where  the  greater  is  prpposed  to  be  divided  by  the 

less,  or  — ,  where  the  less  is  proposed  to  be  divided  by  the  greater. 

In  general,  the  sum  of  any  two  quantities  is  represented  by 
interposing  the  sign -f-  between  them;  the  difference  by  the 
sign  — ,  the  product  by  the  sign  x,  or  by  placing  them  as 
coefficients  to  each  other,  and  the  quotient  by  placing  the  divi- 
dend above  the  divisor  5  following  in  every  case  the  method 
applicable  to  it,  as  proposed  in  algebmic  notation. 

1.  What  number  is  that,  to  which  9  being  added,  the  sum 
7*'illbe93? 

Let  the  required  number  b0  represented  by  x. 

To  which  adding  9,  the  sum  wUl  hex -^9. 

This,  by  the  problem,  equals  S3,  whence  x-f-'9=r9d. 
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Wherefore  by  transposition  *=  (23—9=)  14,  the  answer 
required '. 

2.  What  number  is  that,  f^om  which  27  being  st^tracted,  the 
resiainder  is  41  ? 

Let  the  number  required  be  called  x. 
From  which  eubtracting  9>T,  the  remainder  will  be  x^-^T- 
This,  by-ihe  problem,  equals  41,  whence  x— 27=41. 
Ther^ore,  by  transposition  a:=  (41+27=«)  ^^>  tJie  ansivef 
required  *. 

3.  What  number  is  that,  which  being  multiplied  bj  4>  and 
5  being  eubtracted  from  the  product,  the  remainder  will  be  6  ^ 

Let  the  required  number  be  x. 

Thi$  multiplied  by  4,  is  4x, 

From  which  nubtracting  5,  the  remainder  is  4jr^5. 

This  remainder  by  the  problem  equals  Siwlierefore  4x^^z:z6* 

By  transposition  4  Jt=  (6  -f  5= )  1 1  • 

11 
And  by  division  j:=  ( — = )  2^,  the  amwer  *. 

4 

4.  What  number  is  that,  which  being  divided  by  7>  with  B 
added  to  the  quc/ttent,  the  sum  will  be  9  ? 

Let  the  required  number  be  called  x. 

X 

This  divided  by  7i  the  quotient  is  -~. 

7   ■ . 

X 

To  this  quotient  adding  8,  it  becomes  -;r+S' 

X 

Hliich  sum,  by  the  problem,  equals  9,  whence  — -}-8=9. 

■  I  ■  II         I  — M^^—    ■!    II ■     ■     I.  II       ■■!  *  ■  >■       ij    ^^  I  .■■'     ■        I   I  ■    ■<       mm^-^ffmrnw       i^      ■■      W^         Ml 

'  Proof  of  prob.l,    Tbe  notDber  required  is  14 

For  by  adding  to  it ... .    9 

The  sum  is 23  as  required. 

*  Proof  rf  yrob.  2.     The  number  required  is 68 

For  by  subtracting  from  it 27 

The  remainder  is .41  ^  wu  required. 

11 

<  Pr^f  ^  jrroh»  3.    The  required  number  is  2-|-,  that  is  -v* 

For  if  it  be  multiplied  by  4,  the  product  is  U. 
From  this  subtracting  5,  th<2  remainder  is  U«»deG, 
according  to  the  probWta. 
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Whence  by  traupoMon  — =  (9—8=)  I. 

And  hf  muUipUcaiwn  jr=7«  the  auwer  *. 

5.  What  number  is  that,  firoai  which  12  beic^  suhtracted, 
one  fourth  of  the  remainder  will  be  22  ? 

Let  the  number  required  be  represented  bff  i. 

From  which  subtracting  12,  the  rewuuMder  is  x— 12. 

«— 12 
One  fourth  of  this  remainder  is 

4 

X— 12 
JTus  bff  the  problem  equals  22,  whence =22. 

4 

Wherrfore  bjf  multiplicatimi  x— 12=88. 

Jnd  by  transposition  x=  (884- 12=)  100»  the  answer  \ 

6.  What  number  is  that,  to  which  7  being  added>  two  thirds 
of  the  sum  will  be  8  ? 

Let  the  number  be  called  x. 

To  which  adding  7,  the  sum  is  x^7. 

Two  thirds  of  this  is  (— xxlT=)  ^I±l^^ 

2x+ 14 

This  equals  S  by  the  problem,  whence =8. 

ByntttZi^/kaium  2x+14=24. 

By  transposition, 2 x^  (24—14=)  10. 

And  by  dixnston  x=5^  the  answer  '. 

7.  What  number  is  that,  which  being  added  to  16,  and  sub* 
tracted  from  20,  the  remainder  will  be  two  sevenths  of  the  sum  > 


•  Proof.    The  number  requited  is  7. 

7 
For  this,  divided  by  7,  vi«.  ~,  i»  1. 

To  which  adding  8,  the  sam  is  I  +  8  »  9,  accoiding  to  the  probkm^ 

«  Proof,    The  number 'required  is  100. 

From  which  subtracting  13,  it  becomes  100— 12=^88. 

88 
One  fourth  of  thb  remainder,  or  —  i«  22,  as  was  proposed. 

y  Proof    The  number  required  is  5. 

To  which  adding  7,  the  sum  is  5  +  7  or  1 2. 

2  2x13       ^^4 

Two  thirds  o|  this  sum  i«  -3-  X  12«  (—3-  «) y'^?.  m  ^» 

propo8ed«r 
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Let  the  number  be  called  x. 

This  added  to  16,  the  sum  is  :t+16. 

Two-sevenths  of  which  is  ( — xx+ 16=) . 

Also  subtracting  xfrom  20^  the  remainder  is  20— x. 

Wherefore  by  the  problem  20-^a:s= . 

This  by  multiplication  becomes  140— 7j:=a2x-f  32. 
And  by  transposition  9  a:  =±108. 
Whence  by  division  ^=;:12>  the  answer  *. 

8.  What  number  is  that>  of  which  its  one-fourth  part  exceeds 
its  one-fifth  part  bjr  4. 

Let  the  number  sought  be  x. 

Then  its  one-fourth  part  will  be  — . 

'  X 

And  its  one-fifth  part  — . 

X         X  '' 

Whence  by  the  problem  — =:----(- 4. 

4       5 

By  multiplication  5  x:si4  x-^ 80. 

Whence  by  transposition  a:=^80^  the  answer  •. 

^.  A  lady  being  asked  her  age^  teplied, '  If  jou  add  \,  ^,  and 

■i-  of  my  age  together,  the  sum  will  be  18 :'  how  old  was  she  ? 

Let  the  lady's  age  be  called  x, 

J        X  1       X  la:" 

Then  will  its—  be — ,  its  — = — ,  and  its  --=—-. 
3        3  4      4  6       6 

^[j  MU  UU  ^ 

Therefore  by  the  problem  - — | -f---s»18. 


*  Proof,    The  required  number  is  12  ;  for  hj  adding  16  to  it,  the  sum  is 

12+  16—38  ;  aUo  subtracting  the  given  number  IS  from  30,  the  remainder  is 

2        28  X  2       56  ' 

20— 13*8 :  now  8  is  two-sevenths  of  28,  for  28  X  -=-*=  ( — T—  — )  -=-«8,  as 

was  proposed. 

80 

•  Proof    The  nnraber  to  be  found  is  80 ;  for  one-fourth  part  of  it  is  —s 

80 
20,  and  one-fifth  part  -r-e  16 :  now  20  exceeds  16  b74,  which  was  to  be  shtwn. 
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Ulience  by  multiplication  by  1*2  (4jr-fS«-h9's=)  9xs=:216. 
And  by  divition  xz=z^Z4  years^  the  antmer  **. 
10.  Divide  \7  shillings  between  two  persons^  so  that  one  may 
have  4  shillings  more  than  the  other. 
Let  the  lea  sltare  be  called  x. 
Then  vill  the  greater  6e  x+4. 
And  both  shares  added  together,  irt72  &e  2x+4. 
Tliis  by  the  problem  equals  17^  or  2x+4=17- 
ff 'hence  by  transposition  2xs  (17 — 4^)  13. 

IS 

And  by  division  x=  ( — =6^=)  6s.  €d.  =  the  least  share; 

*  • 
subtract  this  from  17,  and  (17— C«.  6d.=)  lOt.  6d.=  Uke  greater 


share 


c 


Or  thus. 

Let  the  greater  share  be  x. 

Then  the  less  will  be  x— 4. 

The  sum  of  these  equals  17>  viz.  2a:--4=17. 

Whence  2 x=^2h  x=lOs.  6d.  and  x--4=6«.  6d.  as  before. 
11.  Three  persons.  A,  B,  and  C,  rent  140  acres  of  land  be- 
tween them,  of  which  A  has  twice  as  much  as  B,  and  B  thrice 
as  much  as  C ;  how  many  acres  has  each  ? 

Let  Cs  number  be  called  x. 

Then  Es  mU  be  {^thrice  Cs,  or)  3x, 

And  As  {=: twice  Bs,  or)  6x. 

And  the  sum  of  these,  by  the  problem,  10x=:140. 


k  Proof,    The  lady'g  age  is  24 :    • 

24 

For  iof  it,  or— =8. 

34 
i  of  it,  or  T"*"^- 

24 
t  of  it,  «•  -g-*^ 

Their  sum  s  1 8,  as  required, 

s.     d, 

^  Pronf,    The  share  of  one  is  10     6 

That  of  the  other  . .    6     « 

The  sam  of  both  is  i?     0 


And  the  difference     4     0  agreeably  to  tlie 
conditions  proposed. 
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Whence  a?=14=r(r«  sharB,  Sa?=  (3x  143i;)42=B*«  iTiare, 
cmd  6  jF=  (6  X 14=)  94=xjf8  share  *. 

12.  If  the  half,  third,  and  fourth  parts  of  my  Dumber  of 
shillings  be  added  together,  the  sum  will  be  one  shilling  more 
than  I  have  -,  how  many  shillings  have  I  got  ? 

X  X 

Let  x=:the  number  required,  then  will  ^^:=zthe  half ,  -r-=* 

«  %> 

,  '  x 

the  third  part,  and  — =  the  fourth  part  ^  also  x-\'  l=s  one  more  than 

^_         _  4  ^  mtf  ^V  tiv  ^ 

/  have ;  .whence  by  the  problem [* — I =a:-|-lj  this  equation 

cleared  of  fractions,  becomes  (6x4-4jp+3»s=)  13  «=  12  r-|- 12  j 
wherefore  ^=12^  the  nuinber  required  *. 

13.  A  legacy  of  120^  was  left  between  A  and  B^  in  such  sort, 
that  -^  of  A's  share  was  equal  to  -f  of  B*s ;  what  sum  did  each 
receive  ? 

Let  Sx^jfs  share,  then  will  7x=Bs,  and  their  sum=s 

'  120 

(8a?-f-7-P=)  15a:=120  by  the  problem }  whence  a:=  (—-»=)  8: 

consequent^  8x=z64l.i=z^s  share,  and  7«=56/.=fi'«. 

14.  A  post  is  4  in  the  mud,  ^  in  the  water,  and  11  feet  above 
the  water  -,  required  the  length  of  the  post  ? 

X 

Let  its  length  be  called  x,  then  the  ^  part  will  be  — ,  and  the 

X  XX 

^  part  -— ;  whence  by  the  problem  — -H h  1 1  =x ;  this  equation 

h  4       5 

X 

cleared  of  fractions,  Sfc.  we  shall  haioe  x^^Ofeet ;  — =5  fatt  iti 

X 

the  mud,  and  —  =s4/ee*  in  the  water. 


^  Proof.  A's,  B*8,  and  C*s  shares  addsd  together,  viz.  84  +  42  -f-  14»  1 40, 
which  is  one  cendltioD  of  the  problem. 

Also  A's  share  is  double  uf  B's,  for  84»2  X  42;  and  B's  share  is  triple  of 
C's,  for  42  S3  3  X  14,  which  is  the  other  condition. 

*  Proof,  The  number  obtained  by  the  solution  is  12 ;  the  half  of  which  is 
6»the  third  4,  and  the  ivarth  3:  now  6  +  4«f  SaB]3al2-f-1 ;  that  is,  the 
sum  of  the  half,  third,  and  fourth,  exceeds  the  number  I  have  by  1,  which  was 
tD  be  shewn.  In  like  manner  the  truth  of  the  conclusions  in  all  the  foUowiay 
problems  may  be  demonstrated. 

VOL.  I.  G  g 
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15.  A  fiurmer  turned  152  beasts  into  a  meadov;  to  eveiy 
hone  there  were  3  oowb,  and  to  evay  cam,  5  sfasep;  how 
of  each  sort  were  there  ? 

Stippoae  there werexhonet,  then,  wotdd  there  &e 3x  covSj 
(3xx5=)  \ox  sheep }  whemce  bf  the  proUem  (x+3x-hl5x=) 
19x=152:  ^^eforex^S  hortes,  3x=24  ones,  and  15xx=lW 
iheep. 

16.  A  man  has  six  sons,  whose  soocessiTe  ages  diffisr  hy  4 
years,  and  the  eldest  is  thrice  as  old  as  the  youngest;  required 
their  scYeral  ages  ? 

Let  the  age  of  the  foungeri  he  x. 

TTien  will  that  of  the  secend  pmngeet  he  x-f-4. 

that  of  the  third x+S. 

that  of  thefomrth x-h  12. 

that  of  thej^h x-f  16. 

that  of  the  sixth ^+2a 

Whence  hif  the  problem,  x-^-WszSx,  or  2x^20^  oadxsria  years 
ssthe  age  of  the  youngest;  also  x+4s  (10+4=)^14=:iAe  age  of 
the  second,  x+8^lS=thatof  the  third,  x+12=:22=lfta«  of  the 
fourth,  x-f  I6si26^that  of  theffth,  and  x-f-20=r30=<Ae  agei^ 
the  eldest, 

17.  Two  butchers  bou^t  a  calf  for  40  shillii^,  (tf  which  tte 

part  paid  by  A,  was  to  the  part  paid  by  B,  as  3  to  5;  what  sum 

did  each  pay? 

5x 
Let  xzzzjfs  partj  then  3  :  5  : :  x  :  -rrs=Fs  part;  whence  ly 

5x    3x+5x       Sx 
the  problem  (x+ — sa — - — =)  —=40  -,  therefore  8x=  120>  oad 

3  «S  3 

x=:15  shiUmgspmd  hy  A;  also  —  (= — — «= — =:}95shiUMg$ 

3  3  3 

paid  by  B. 

Or  thus. 

Let  Sx^srAs  part,  then  will  6xz±Rs,  and  their  smn  8xss 
40,  whence  x=^S  -,  therefore  3 x=:  15#.  =sum  paid  by  A,  and  5 x=x 
2bs.scsum  paid  by  B,  the  very  same  as  before, 

18.  A  person  rented  a  house  on  a  lease  of  21  years,  and 

2 
agreed  to  do  the  repain  when  —  of  the  part  of  the  lease  elqps* 

*9 
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g 
cd,  should  equal  —  of  the  part  to  come  3  how  long  will  he  hav« 

been  in  possession  when  the  repairs  are  begun  ? 

Lei  xssthe  time  elapsed,  U»e»  wUl  21  —  a^^t/ic  time  to  come  ; 

2a?  •  8  ■    . 

also -—ss two  thirds  of  the  time  elapsed;  and  ( — x^l—xsn) 

— weight  ninths  of  the  time  to  come;  whence  by  the  pro- 

,2x     168— 8  X 
hlem,—^ ;  this  cleared  of  fractions,  is  18^=504  — 

,24  r^  whence  42  j7=504>  and  J7=12  years,  the  time  required. 

19.  Two  countiy  girls  went  to  a  fair^  A  laid  out  as  much 
above  4  shillings^  as  B  did  under  6  -,  and  the  sum  spent  by  A 
was  to  that  spent  by  B  as  7  to  8  ;  how  much  did  each  lay  out  ? 

Let  4 -{-x  be  the  sum  A  spent,  then  will  6— x  6e  the  sum  B 
spent ;  then  by  the  problem  4H-a? :  6 — x  :  :  7  :  8:  whence  by  muU 

tiplying  extremes  and  means,  (44-x  x  8=6  —a?  x  7>  or)  32  +  8  x= 

10     2 
42 --7 a?;  therefore  lb s^lO,  and  xss  (-^=---  of  a  shUli»g=2)  8 

15      o 

pence;  whence  4 +0:2=45.  Sd.=:sum  spent  by  A^and  6 — a?=  (6*.— 

8(2. =)  5s.  4d,=sum  spent  by  B, 

20.  The  sum  of  the  ages  of  a  *nian  and  his  wife  is  55  years> 
and  his  age  exceeds  her  s  by  7  years  3  required  the  age  of  each  ? 

Let  x^=ithe  marCs  age,  then  BB'^x=:the  woman* s;  subtract 
the  latter  from  the  former,  and  2j:~55=7  by  the  problem; 
whence  2a:=62,  and  jp=31  years=ithe  man's  age,  therefore  55— x 
Ks  (55—31=)  24  years^ssthe  wife's  age. 

Or  thus. 
Let  x^=-the  wife's  age,  then  55— a?=<Ae  man's;  subtract  the 
former  from  the  latter,  and  55— 2a:=7  hy  the  problem;  whence 
2j;=  (55— 7=)  48,  and  a:=24=f/ie  womatCs  age;  also  55— x= 
(55—24=)  31=^^  man's  age,  as  before. 

Or  thug. 
Let  xszthe  man's  age,  then  x-^7=^the  woman's;  add  both 
tifuations  together,  and  2 x— 7=55  by  the  problem;  whence  xzz 
SI,  and  x— 7=24,  as  before. 

Or  thu», 
Let   x=the  woman's    age,    then  x-^-J^the  man's;    add 
both  e^quations  together,  and  2x+7=35  by  theprobimn;  whence. 
4^=24,  and  x+7=31,  as  before. 

a  g2 
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Or  thus^ 
Let  xzszthe  man* 8  age^  y^tlie  woman's;  then  by  the  problem 
07-1-^=55^  and  x — yss7 -,  this  may  be  solved  by  each  of  the  three 
methods  in  Art,  90,  9\,  and  d2»  whence  x  wiH  be  found^zSX,  and 
y=24,  as  before, 

21.  What  two  numbers  are  those,  the  sum  of  whidi  is  140^ 
and  if  four  times  the  less  be  subtracted  from  three  times  the 
greater,  the  remainder  is  70. 

Let  x=ithe  greater,  iben  l40-^x=xthe  less;  3  times  the 
greater:=iS X,  and  4  times  the  2es«=  (4x140— 1:=)  560~4x; 
therefore  by  the  problem  (3  a?— 560— 4jct=s)  7^^—560=70;  whence 
7^=630,  and  x^90=»the  greater,  also  140— a:=  (140—90=) 
50=  the  less. 

22.  A  labourer  received  hb  week's  wages ^  amounting  to 
twenty  shillings^  in  half  crowns  and  sixpences^  and  there  were 
twenty  pieces  in  all  5  how  many  of  each  did  he  receive  ? 

Let  x^a  the  number  of  half  crowns,  then  *iO—x=zthe  number 
of  sixpences,  also  Bxt=:the  number  of  sixpences  in  x  half  crowns^ 
and  40::^ the  number  in  20  shillings;  therefore  {5 X'\-9i0 — x=e) 
4x+20s=40  by  the  problem;  whence  4jr=20»  and  x=t=5=c<A« 
number  of  half  crowns,  and  2Q— xs:  (20— 5=c)  Hizstthe  number 
of  sixpences* 

23.  A  paid  B  20  guineas^  and  then  B  had  twice  as  much 
money  as  A  had  left  $  but  if  B  had  paid  A  20  guineas,  A  would 
have  had  thrice  as  much  as  B  had  left)  what  sum  did  each 
possess  at  first  ? 

Let  x^^As  sum  at  firsts  yszB's,  then  x— 20xe^j  remainu^ 

sum,  and  y'\- Whuffs  sum  after  the  payment  was  made;  also  x-f- 

20z3^«  sum,  and  y— 20  Jffs  remainder^  had  B  paid  A  20  guineas^ 

whence  by  the  problem  y+20aB  (2xx— 20=)  2ar-*40,  and  x-|- 

20=  (3xy— 20=)  3y— 60j  from  the  fanner  y^^^x-^^O^  and 

x+80                                  x+80 
from  the  latter  y=-*^ — -,  whence  2x— 60= ,  or  6x — 180 

=j?+SO,  or  5a?=260,  therefore  jr=52  guineas ^  also  y=2ar— 'CO' 
=  (104—60=)  44  guineas. 

24.  It  is  twelve  o'clock^  and  the  hour  and  minute  hands  of 
my  watch  are  exactly  together;  at  what  o'clock  will  they  be  next 
tqgether^  and  how  often  does  the  mhiute  hand  pass  the  houv 
hand  in  twelve  hour^  ? 
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Let  x=^the  space  the  hour  hand  h»8  paused  (or  its  distance 

from  12)  when  they  come  together :  now  it  is  evident  that  the 

minute  hand  must  go  once  round  tJie  dial  besides  the  space  x,  in 

order  to  overtake  the  hour  hand:  whence  1  +a:=Me  space  through 

which  the  minute  hand  moves  in  the  same  time.    Likewise  the 

minute  hand  moves  12  times  as  fast  as  the  hour  hand,  wherefore 

12  :  1  : :  l-f-a? :  a?j  by  the  problem;  whence  12a:=l+x,  or  llir= 

1  12  1  5 

1,  or  x^n-—  of  12  hours,  = —  of  1  hours=l  —  hour=:lh, 5m. — 
11  -^  11  -^  11  11 

5  12  11 

=5  -—  minutes  past  one  o'clock ;  also  12-j =rl2  x  — =11.  the 

11  '^  '11  12 

.  number  of  times  the  minute  hand  passes  the  other  in  12  hours, 

25.  Two  beggars  went  to  an  alehouse  to  share  their  booty ) 
after  dividing  it  equally^  A  spent  5(2.  and  B  Sd,  they  then  tossed 
up,  and  A  won  20d.  of  B,  after  which  A*s  cash  was  double  of 
B*s  5  what  sum  had  each  at  first  ? 

Let  x=:  the  share  of  each. 

Then  X-- 5= As  sum  1      /..  ,, 

o     n»       ^  f  «/*«'*  spending, 
x^8^Bssumj    ^        ^         o 

And  (x— 5+20=)  x-f  15=-^«  sum  1     /..     .     . 

/       o     o/^     \        rio     D*  r  flf/ ^^  tossing  up, 

(j:-«8^20=)  X— 28=jB«  «um  J    ^  of 

r^rcfore  x+ 15=  (2  X a?— 28=)  2 0^—56  fey  the  problem; 
whence  :f=71  pence =5*.  lld.=^Ae  share  of  each. 

26.  What  fraction  is  that,  which  if  1  be  added  to  its  nume- 
rator, the  value  of  the  fraction  will  be  4  5  but  if  1  be  ^dded  tp 
Us  denominator,  the  value  will  be  \  ] 

X 

Let  x=:the  numerator,  y=^the  denominator,  then  —^^=the 

y 

J,  tF+1        1  X  \ 

fraction;  wherefore  by  the  problem ^-r->  and = — . 

y        3  y  +  1      4 

From  the  first  equation  we  have  a?=-^ — 1,  and  from  the  scr 

o 

y-f-l  y  y+1 

conax=' ,  whence  — — 1= ;  from'  this  by  reduction  we 

4  34 

vH~  1  ^4 

get  y=15,  and  consequently  a?=( =)  4,  whence  — = — = 

the  fraction  required. 

27.  A  Gentleman  left  66L  between  two  persons,  whose  shares 

2        3 
were  respectively  as  ---  to  ---  3  what  sum  did  each  receive  ? 

7         8 

Gg3 
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La  xssihe  ImU  ^are,  then  56 — »=ziie grmier^  and  hy  iJhe 

2      3        .         S*    112— «x 

problem  x  ;  56— x  :  :  —  :  -:-, 


7  '  b'  8  7       ' 

»=(-^=24/.2162=)  24L  4«.  3di.  fl«(i  56-x=  (56— 245162 


/ 


=31.7838=:)  3U.  15*. 

28.  Some  fishermen  having  canght  a  shai1c»  and  cut  it  into 
three  pieces,  the  tail  weighed  60  pounds;  the  head  weighed  as 
much  as  the  tafl  and  \  the  hodj;  and  the  body  weighed  as 
much  as  the  head  and  tail  together;  re^pred  the  weight  of  the 
sharks  and  of  each  of  its  parts  ? 

Let  xz=.the  weight  of  the  body,  then  00 -| =i weight  of  ike 

head;  and  (60+-— +60=)  — h  120=r^  69 /AeproUeai;  vAaice 

4  4 

x=^l€0  pounds=:the  wdght  of  tKe  body;  60+— =(60+40=) 

4 

100  pomds^the  weight  of  the  head;  and  (160+100+60=) 
320  poundsz=:the  weight  of  the  shark. 

29.  A  hare  is  50  of  her  own  leaps  before  a  greyhouBd>  and 
takes  4  leaps  to  the  greyhound's  3  ;  but  2  of  the  greyhound's 
leaps  are  as  much  as  3  of  the  hare's :  how  many  leaps  must  eadi 
take  before  the  hare  is  caught  ? 

Let  x^^the  greyhounds  leaps,  y^tthe  har^s  after  the  dog*s 
starting,  then  y-^bO^the  whole  of  the  hare's  leaps.    But  3  :  4 

4x 
::  X  :y  by  the  problem,  whence  3y=4x^  and  y= — ,  also  y+50 

4«P  4x 

=—+50  J  whence  by  the  problem  2  :  3  :  :  x  : 1-50,  therefore 

o  3 

Sx  4x 

-—  + 100::?3  X i  whence  x^SOO^the  greykound^s  leaps,  and  — + 

50= 450=  <^  hare's  leaps. 

30.  A  market-woman  bought  a  nymber  of  eggs  at  2  a  pemiy, 
and  as  many  at  3  a  penny^  and  sold  them  all  at  5  for  twopence^ 
whereby  she  lost  fburpence  -,  how  many  ^gs  had  she  in  all  ? 

Let  xszthe  number  of  each  sort,  then  ^x:;^  her  whole  stock, 

X  X 

also  —=:the  value  of  those  at  2  a  penny,  and  -^zz^the  value  of 
2  -  3 

4«r 
those  atZa  penny ;  ^m/  5  :  2  :  :  2  Jf :  —  =ithe  value  of  the  whole 

5 


Bast  III.  PJtOBJUEM$.  455 

X      X      Ax 
mt  b  for  twopence ;  whence  hy  the  problem -^-^-^ T^^*  conse' 

quently  x^^l90^tke  number  of  each  sort 

31.  How  fDust  I  divide  the  number  39  into  four  parts^  so 
that  tjife  first  part  being  increased  by  1,  the  second  diminished 
by  2^  the  third  multiplied  by  3,  and  the  fourth  divided  by  4, 
the  sun,  difference,  product,  and  quotient^  may  be  equal  to  each 
other  ? 

X 

Let  x-^\:=zthe  first  part,  then  x-^-^^^the  second,  — ^^the 
thirds  and  A  x^iike  fourth:  then  by  the  problem  (x— 1-f  x+2  + 

X  X 

— f-4a7=)6j7H f-l=:393   this  resolved  gives  xs::6,  whence 

X 

«— 1=5,  x-f  2c=^8,  — =2,  and  4x==24,  the  ptvrts  required. 

32.  A  s^ts  out  from  London,  and  travels  towards  Carlisle,  at 
the  rate  of  24-  miles  an  hour ;  B  sets  out  at  the  same  time  from 
Carlisle,  and  travels  towards  London,  at  the  rate  of  3^-  miles  an 
hour  5  in  how  many  hours,  and  whereabouts  on  the  road  will 
they  meet,  supposing  the  distance  of  the  two  j>laees  rom  each 
other  to  be  301  miles  ? 

X 

^.'        Let  x=the  time  required,  then  (24-xa?r=)  ^x-i =i^»  dis- 

2 

X 

tanee  travelled,  and  (3^xx=)  3x+—==iB's  distance,  v^hence  by 

X  X  S  f 

the  problem  (2a:+-—H-Sj?'f  ■—?=)  .5x-|r— =301;  this  resolved 

g%ve$  ^=52^  Aww,  and  52— x245=(r^>Cy=)130^  m^Us 

20  3 

from  Lwdom,  ar  (301— ISOj-c)!?©^  miles  frmn  Carlisle. 

a&.  Yarjner  Trott  and  his  Wife^  ev*ry  week  of  their  life^ 
Us'd  to  drink  out  a  firkin  of  Ale ; 
How  comes  it  about^  says  Trott,  when  Tm  out. 
That  it  lasts  eighteen  days  without  fail  ? 
But  you're  going  to  Gloster  to  visit  Aunt  Foster^ 
And  then  Tve  a  fancy  to  see. 
If  I  drink  at  the  rate  that  I  have  done  of  late, 
How  long  the  same  quantum  serves  me. 

P  g4 
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Wliife  Uie  rkit  wife  ande,  to  the  Amit 
Hook  and  hrudn^  Tiott  supenntoided. 
If  he  drank  of  his  beer,  as  he'd  done  aD  tke  for. 
In  what  time  would  his  fizkin  be  ended? 


Lei  r=r  fA«  aaai^  of  days  ii  womU  Imti  kiai,  them  x  dmigt :  1 

7 
^Icia  :  :  7  deofs  :  — =:<Ae  qmauiity  drmmk  bff  him  ia  m  week;  amd 

18  6a§9  :  Ifirktm  : :  7  dtofs  :  — =lAe  fvaafi/y  droair  bjf  her  im  a 

to 

7      7  5 

weA:  therefore — f- — ^=1  ftf  the  prMem,  whmee  aasll — dm^M 

X      IS  1 1 

^the  time  U  terete  hiwL, 


34.  In  the  mios  of  tbe  ancient  eity  of  lUmjia,  then 
fiMind  two  cobical  bkxks  of  Granite,  containing  together  728 
cubic  feet,  and  the  side  of  the  lea  was  to  that  of  the  greater,  as 
3  to  4 ;  required  the  side  of  each  ? 

4x 
Let  x=iike  side  of  the  kss  cmbe,  them,  (3  :  4  : :  x  :)  — = 

4x1'      9\J^ 

the  side  of  the  greater ;  whence  (x'-| 1  =)-— -^:728;  aAcace 

3  J  */ 

728x27 
91x5=728x27,  and  x'={^——-^=)   8x27,   therefore    x= 

Cv'Sx27=2x3=)  6  feet=the  side  of  the  less  eube,  and  if 

24 
=  ( —  s)  8  feet=s  the  side  of  the  greater. 

35.  A  Jockqr  has  two  horses,  A  and  B ;  he  has  also  two  sad- 
dles, one  worth  16^  the  other  worth  4L  now  if  he  pats  the  best 
saddle  on  A,  and  tbe  worst  on  B,  A  will  be  worth  twioe  as  nnidt 
as  B :  but  if  he  puts  tbe  best  saddle  on  B,  and  the  worst  on  A, 
then  B  will  be  worth  thrice  as  much  as  A;  required  the  Tahie 
of  each  horse  ? 

Let  x=  the  value  of  A^yz^the  value  of  B. 

2%€iix+16=(2x7T4=)2y  +  8    1    .     ,.    ^--^ 
And  y  +  16=(3x'5?Ti=)  3X+12/  ^  *^1^<^^ 

y+4 

'    From  the  first  x=2  y— 8,  and  from  the  second  x=? ,  con^ 
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w-l-4 
sequently  2y— 8='-— ,  whence  y=(54=)  ol.  l^.^szthe  price  of 

*j 

B,  mnd  x=  (34-=)  31.  4s.= tAc  price  of  A. 

36.  A  privateer  having  taken  a  prize,  its  value  was  divided 
equally  among  the  crew^  each  man  receiving  12.  and  tw  P^^  of 
the  remainder;  now  if  the  number  of  men  be  added  to  the  num- 
ber  of  pounds  each  received^  the  square  of  the  sum  equals  four 
times  the  value  of  the  prize  -,  required  its  value^  the  number  of 
men^  and  the  share  of  each  ? 

Lei  x^rzthe  number  of  men,  y^^the  share  of  each,  then  wilt 

xy=ithe  value  of  the  prize,  whence  by  the  problem  (a?-|-y]*=)  x*-f 

2xy-|-y*=4a;y,  subtract  4xyfrom  both  sides,  end  x*— 2  j:y-|-y* 

=0^  the  square  root  of  this  isx^y:=0,  whence  xs^y,  consequently 

xy^=^x*7=zthe  value  of  the  prize;  therefore  by  the  problem  1-h 

:»*— 1  a:*  — I 

=:x  (or  y)-=:each  man's  share;  whence =j:— 1 :  divide 

100         ^     ^^  100  ' 

this  equation  hy  x—  1  and =1,  whence  x=99=*^  number  of 

men,  y=(x=)  9^  pounds  each,  and  j:ys:(99x99=)  9801 /.=^Ae 
talue  of  the  prize, 

37.  A  learned  society  raised  a  fund  for  the  purchase  of  a 
library  ;  now  if  there  had  been  40  members  more^  each  would 
have  subscribed  32.  less  than  he  did  *,  but  if  there  had  been  50 
less,  each  must  have  paid  62.  more :  how  many  members  were 
tbere^  what  did  each  contribute^  and  what  sum  did  the  library 
cost? 

Let  x=:the  number  of  members,  y=tJie  sum  each  paid,  then 

xy 

xy=^the  sum  subscribed ',  whence ^sthe  sum  each  would  have 

a:+40  ^ 

XV 

paid,  had  there  been  40  more,  and  — ^-^7=  the  sum  each  must  have 

J?— 50 

paid,  had  there  been  50  less;  whence  — =^=«— 3,  and  -^  = 

y  +  6>  by  the  problem. 

From  the  first  of  these  xy=xy-|-40y— 3x— 120. 
And  from  the  second,  xy=zxy—^y -^6x^300. 

urv  40  y— 120      ^        25y+150      ^      ^ 

Whence  a:= — =~ and  a:x=  — 2 ,  therefore  40  y— 
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ISOsSSy-f- 150,  or  jf=18/.  j:=200  penoms,  mi  jys3e0Ol.= 
the  value  of  the  Ubrary. 

38.  A*  lady  qient  ^  of  her  monej  at  the  linen  draper^s,  i  of 
the  remainder  at  the  mercer's^  \  of  what  she  had  left  at  the 
milllnei^s^  paid  3  shilUngs  for  a  hackney  coaah,  and  carried 
home  Vf  of  the  sum  she  had  at  first ;  how  much  was  it»  what 
0um  did  she  lay  out  at  each  place^  and  how  much  bpd  she  left  ? 

Let  x=iher  sum  aifast 

7%en  ( —  X  x=)  — =isum  paid  the  tmen  proper. 
7  7 

4f       3dr 
And  (x— — =)  — =refiiaiai2fr. 
/         7 

7     Sx       X 
Then  (—  x  — ==)  —^sum  paid  the  mercer. 

3x     X       ^ 
And  (y-— =)  —:=zremamdfir, 

1      2j:        X 
Then  (— -  x  ^=)  ^=««»  i^aW  <^  mUliner. 

jil»o  ~--s=ncm  carried  htnne, 
30 

Therefore  -.+—+--.+^+8=^,  >y  the  problem. 

207ar 
IFA«ice  ar— — -=3,  and  jr=  (210  f  Ai//wig«=)  10/.  10j.=? 

her  sum  at  first.    Whence  also. 

Ax       4x210 

— =  ( — - — =120  shUl.zs:)  6l.=zsum  spent  at  the  linen 

drapefs, 

X      210 
.  -— =(—  »7P  «AtM.=)3/.  lOs.:szsuM  spent  at  the  mercefs. 

X       210 

r-r=(-^— =s)  10  shUlingsszsum  spent  at  the  milliner's. 

«l        «1 

X       210 
ifnd  — ^(-— =)  7  shillings  xsum  carried  home. 

39.  A  gambler  lost  at  play  -k^  of  his  cash^  aud  then  won  10 
ahii^ings ;  pext  he  lost  -^  of  what  he  then  had,  and  won  10 
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shillings ;  lastly^  he  lost  ^  of  what  he  had  left,  and  went  home 
with  45  shillings  in  his  purse :  what  sum  did  he  begin  with  ? 
Let  x=^hi8  number  of  shillings  at  first. 

X  '  '  ' 

Then  — s=:hjis  first  loss, 

X       3j? 

And  (x 2=)—^^^  remavndjer, 

4        4 

3dC            ^3x4-  40 
AUo  ( — h  lOss) =5tfm  begun  with  the  second  time. 

Then  ( — x =)  — - — -=/iw  second  loss, 

.  ^  3x+40    3a:-f40     ,^     ,3a:+90     ^,  , 

And  ( ^- hlO^)  •" =we  sum  begun 

with  the  third  time. 

/,  • 

Mso  ( — X =)  — — '-'^his  la^t  loss, 

^6  5  ^     10 

Tiru     r      ,3j?-|-90    37+30     .a:+30     ^^     ,.,,.'      ,     ., 
Wherefore  ( =) =45  shillings  by  the 

problem ;  whence  a: =60  shillings:=his  sum  at  first. 

40.  Out  of  a  cask  containing  81  gallons  of  wine,  a  quantity 

was  drawn,  and  the  cask  filled  up  with  watery  the  same  quantity 

of  the  mixture  was  drawn  off  three  several  tioiies  after^  and  the 

cask  filled  up  each  time  with  water ;  after  which  it  appeared, 

«    that  the  cask  fiill  of  the  mixture  contained  only  16  gallons  of 

fidne  :  how  much  wine  was  drawn  off  each  time  ? 

Let  x:=::the  quantity  of  liquor  drawn  out  each  time. 

Then  81 -—x^^  the  quantity  left. 

81jc— a;* 
But  (8 J.  ;  81— a? : :  a? :  ) :=wine  drawn   the  second 

time.  

And  81— a; — 5=)  — = quantity  left. 


81— xl*            ^81— 51«xa?       .      ,  .     ..  ^ 

Also  (81  : : :  J? ;  ) z =^wine  drawn  the  third 

^  ■     81  sh 


time. 


^7^rj)4     81-ar|3       81-^^^ 
^nd  (-gj— ^=)  -gfjT-  =^qu<^tity  left. 

Then  (81  :^Z^::x:,)  flEBjiif  =Fipi»e  drawn  the 
fourth  time. 
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^"'^"^ m-^^  -^=9uantity  left 

Therefore  -^i^  =(16=)  2)*  h  the  problem. 

JF^aicc  81^  *=  (^4  X  8ri'=2l*  X  531441  ==:)  ^*  X  27l*. 
Consequently  81— x=(3  x  27=)  64,  and  a:=:27  ^oiioiw. 

41.  Borrowed  of  an  usurer  three  sums  of  money :  if  the  first 
be  multiplied  into  the  sum  of  the  other  two,  the  product  will 
be  140,000  pounds  J  if  the  second  be  multiplied  into  the  sum 
of  the  other  two,  the  product  wiU  be  180,000/.  and  if  the  third 
be  multiplied  into  the  sum  of  the  other  two,  the  pniduct  will 
be  200,000i.  what  were  the  particular  sums  borrowed  ?  ^ 
Let  X,  y,  and  z,  be  the  three  sums  respectively. 
Then  (xxy+z=)  iy-fJz=  140000^ 

(yXT-fzrr)  jry+yz=  180000  >  by  the  problem. 
(zxx-hy=)  i:z+y2  =200000^ 
The  sum  of  these  divided  by  2,  gives  xy+xz+yz^s^eooOO, 
Subtract  each  of  the  three  former  from  this,  and  there  arises, 

yz^lWOOO,  whence  y-^^2^, 

z 

X2=  80000,  uihence  z=  .??222 


X 


xy=i  60000,  whence  y=  ?222!?. 

X 

„  .  ,   .  120000  60000 

nut  {y=) — - — =— — -,c(ww€qfttc»%(120000r:?=60000e, 

or).=.i.,.  .hence  .=(!^=)  !^,  „^,y^,|^SOOOO. 

or  z^=zi60O0Ol.    whence    zz=4O0L  x=(j.z=)   200/.   and    v= 
,60000     ,         .  /  y 

(— — =)300/. 

X 

42.  A  merchant  is  indebted  to  A,  B,  C,  and  D,  as  follows :  to 
A  he  owes  half  as  much  as  to  the  other  three,  to  B  one  third 
as  much  as  to  the  other  three,  to  C  one  fourth  as  much  as  to  the 
other  three,  and  to  D  70  pounds  less  than  to  A  j  how  much  does 
he  owe  in  the  whole,  and  to  each  person  ? 

Let  the  respective  sums  be  x,  y,  z,  and  u  ;  then  by  the  problem 

2      '  ^  3      i  ^ 7 — ><mdu=:.x^^O',  whence 
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X  to  the  first  of  these,  y  to  the  second,  and  z-  to  the  third,  and  we 

3x 

shall  have  3x==(x+y-\'2'\-u=)  4y=bz;  whence  z:=z — ,andy=i 

Sx ' 

— ;  substituting  these  values  respectively  for  z  and  y  in  the  first 

3x     Sx  13x 

equation,  ^xz:z 1 [-u,  whence  u:=--—3  substitute  this  value 

^  4       5  30 

13a? 
for  u  in  the  fourth  equation,  and  it  becomes  — — =x— 70,  whence 

Sx  3x 

a?=200Z.  y={--=)  150Z.  4=(--=:)   120/.   and  t«=(jf— 70=) 

4  5 

130J.;  also  (jT+y-f  z-f>t(=)  600l=the  sum  of  the  debts, 

43.  The  d]£^erefice  of  two  numbers  is  6,  and  their  product 
16 ;  what  are  the  numbel^  ? 

Let  x:sztJie  greater,  then  X'-^6^the  less,  and  {x—6xx=:) 
OP*— 6j?=16  6y  the  problem:  complete  the  square,  and  x'  —  6j?-f  9 
=:(16-|-9«)  25  3  whence  by  evolution  x — 3=ss+5,  and  x=z3^^ 
=8,  or  — 2  5  a&o  X— 6=  (8— 6,  or  — 2— 6=)  2,  or — 8  5  tt?^«fore 
the  required  numbers  are  8  and  2. 

Or  thus, 

16 
Let  x^z  the  greater,  then — z=:the  less,  therefore  by  the  pro^ 

X 

16 

hlemx =6:  whence  as  before  «'  — 6x=16,  and  a?=8,  also 

I  X 
X 

Or  thus. 
Let  x=ithe  greater,  y=rthe  less,  then  x-^y^aO,  and  xy=16. 
From  eq,  1.  x=y+6,  substitute  this  value  for  x  in  eq,  2,  and 
(y  -f  6  X  y =)  y '  +  6  y=  16 ;  whence  by  completing  the  sqiuire  y '  H- 
6y-)-9=:25,  and  by  evolution,  8sc.  y=£2>  and  x=(y4- 6=:)  8,  as 
before, 

44.  A  pavement  consists  of  1000  equal  squaris  stones,  there 
are  30  more  in  length  than  in  breadth }  how  many  are  there  in 
eadi? 

Let  x-=zthe  number  in  brectdth,  then  x+30^the  nmmber  in 
length,  and  by  the  problem,  (x+30x  ar=)  x'  -f  30a?=1000:  com^ 
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pUte  the  nquarei  and  x«+30x+r5i'=:(1000+i5l'=3)  1225; 
hy  evoluiUm  xH*  15^35,  whaux  x^s90^the  number  in  hreadih, 
and  z+30=50=^A«  number  in  length. 

45.  A  rider  on  a  journey  received  a  sum  of  money,  and  after- 
wards as  much  more ,  on  his  return,  having  deducted  5/.  for 
travelling  expenses^  he  finds  that  the  remainder  is  to  the  square 
of  the  sum  first  received  as  3  to  64 :  what  sum  did  he  hring 
home? 

Let  x=>the  sum  Jirst  received,  then  wiU  2xS==the  mm 

brought  home;  wherefore  by  the  problem  2x— 5  :  x*  :  :  3  :  64, 

whence  (2x— 5x64=x»  x3,  or)  128  x— 320=3  x',  whence  also 

.     128ar         320              .        ^                      ,           iSSx     16384 
T* = }  complete  the  square,  and  x* — h  —^ — 

16384     320     ,12544  ^    ^  ,  ,.  128         112 

c=(--- _-3s)----;   and   bu  ecaWiai  x— --=+--7-, 

36  336  6-^6 

128+112     ^240       16         ,         «,     «       ^      c 

whence  x=s( == =) or  — ^40L  or  2*.  13s.  4a.  whence 

^6  '6  6 

also  2 X— 5=(80— 5,  or  bl. 6s.  8d.  —5=)  75Z.  or  6s,  Sd.  the  for^ 

mer  only  answers  the  conditions  of  the  problem. 

46.  An  army  preparing  a  city  to  storm. 

Is  drawn  up  on  the  plain  in  rectangular  form. 
It  contains  sixteen  thousand  eight  hundred  hrave  men. 
And  the  front  exceeds  triple  the  depth  by  thrice  ten ; 
Say  what  niunber*s  in  each>  without  blimder  or  fault  ? 
And  be  quick — ^for  the  signal  is  made  to  assault. 
Let  x=  the  number  of  men  in  depths  then  3  x+ 30=  the  number 
in  front,  and  (xx3x+30=)  3x»-h30x=16800  by  the  probkm, 
whence  x'  -f  10x=56003  and  completing  the  square,  x'  +  10x4• 
25=5625,  whence  x=70=^A€  number  in  depth,  and  3x+30= 
240s  1^  number  in  front. 

47.  Bought  two  pieces  of  mahogany  for  20  shillings,  one  was 
two  feet  longer  than  the  other,  and  each  cost  as  many  shillings 
per  foot  as  it  was  feet  in  length  ^  required  the  length  of  each  ? 

Let  x^the  length  of  th^  less  piece^  then  x-{-2=the  length 
of  the  greater;  also  (xxx=)  x^s=the  value  of  the  less,  and 
(x-|-2xx+2=)  x» +  4x4-4=^^  value  of  the  greater,  and  the 
sum  of  these  values:=z2x'  -^-^x-^ 4=^0  by  the  problem,  wfielnee 
x''+2x=8;and  completing  the  square  x'+ 2 x-f- 1=9^  whence 
also  x:^2  feetssthe  less  pieces  and  x+2=4/ee<=fA6  greater. 
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48.  A  lady  bought  a  basket  of  peaches  for  four  shiUings^  but 
four  of  them  proving  bad>  occasioned  the  rest  to  stand  her  ia 
two-pence  apiece  more  than  they  otherwise  woidd  have  done  $ 
how  many  did  she  buy  ? 

Let  xssihe  numher,  then  x^4=the  number  of  good  ones; 

48 
^Iso  4«.=4d  pence:=sthe  sum  they  cost,  therefore  — ^the  value  of 

X 

43 

each  had  they  all  been  good;  and hzthe  value  of  each  of  the 

X— 4 

48,      48 
rest,  4  heing  spoiled;  whence  by  the  problem ^= — 1-2;  tfns 

X  '    '    'M  X 

cleared  offractUms,  we  have  48  a:=48 x—  1^ +2a?«  —8  x  -,  whence 
X' ^4  07=96^  aiid,  completing  the  square,  8sc.  x=  H=the  number 
required, 

49.  Bought  eight  cows>  and  sold  them  again  for  56^  whereby 
I  gained  as  much  per  cent,  as  they  all  cost ;  what  sum  did  I  giva 
for  each  ? 

Let  x=:the  price  of  eacK  then  8x^=iwhat  the  8^ost,  and  56 
-^Sxrrzthe  gain  <m  the  whole;  therefore  by  the  problem  8  j?  :  56— 

Sx  : :  100  s  ( =5) ^the    gam   per  cent* 

oX  X 

t         1    .t          I,       «       700— lOOx  ^   ,     ^^^     ,^^ 

whence  by  the  problem  8*= ,  w  8 x*  =3700— 100a?, 

X 

whence  x^  + 12.5  x=87.5 ;  and  completing  the  square  x*  + 12.5* 
+39.0625=126.5625^  whence  x=z5l.szthe  sum  each  cost. 

50.  Gave  20^  for  a  side  board>  and  sold  it  again  for  a  sum* 
which  being  niultiplied  into  the  gain,  the  product  will  be  -i^the 
cube  of  the  said  gain ;  what  sum  did  it  sell  for  ? 

Let  x^the  gain,  then  SlO-\- xstthe  sum  it  sold  for;  wherefore 


Sx* 10 


(20 -fx  X  a?=)  20x4-x«  = by  the  problem,  whence  x' — 5-^= 

200 

—  3  this  resolved,  gives  x=10Z.=<Ae  gain,  and  20+x=30/.s= 

the  sum  it  sold  for,  ' 

51.  Two  gardeners  carried  between  them  100  melons  to  mar- 
ket^ and  received  equal  sums }  but  A  (who  had  the  best)  said 
to  B>  '  Had  I  carried  as  many  as  you,  I  should  ha^  received 


464  ALGEBRA.  Past  III. 

4i.  lOi.  for  them  ;*  sa}'s  B, '  Had  I  carried  no  more  than  ycfa,  I 
should  have  taken  only  SL  for  mine  :*  how  many  had  each,  and 
what  was  the  price  ? 

Let  x-s^At  number,  then  lOO^xs^ffs,  also  4L  10f.=9O 

4()()Q 40  jT 

shUL  and  2Z.=40  shUL  whence  x  :  100 — x  ; :  40  : = 

X 

90x 

tlie  sum  B  received,  and  100— j:  :  j:  : :  90  : =zthe  sum  A 

100— X 

.     .      .         4000— 40ir        90^     .     *.  .,  .r- 

recewfid,  whence = by  the  problem;   this  re^ 

X  100— wF 

duced,  gives  j:=40  melons=iAs  number,  100 — x=60  melons=:B's 

,       ,4000— 40j:     ^       ^  4000— 40jc     ,  200— 2  a? 

number;  also  ( h60=) =) = 

^  «  '        60x  ^        3x 

-—-  =  1  shilling = the  value  of  each  of  Rs  melons  ;  and  ( «-» 

120  ®  J  J  >         UOO=x 

90x  .        9x         360      3 

40=: =)  ^ =- — =— =1  shm.  6  pence=zthe 

4000— 40X     ^  400— 4x     240      2  '^ 

value  of  each  of  As. 

'  52.  Two  partners  gained  246Z.  A*s  money  was  5  months  in 

trade^  and  his  share  of  the  gain  was  802.  less  than  his  stock  -,  B 

had  put  in  501.  less  than  A^  but  his  money  had  been  7  months 

in  trade  -,  required  the  stock  and  gain  of  each  ? 

Let  x^As  stock,  then  x -- 50^ B's  stock;  alio  x — SOz^As 

gain,  and  (246— t — 80=)  326— x=B*«  gain;  now   because  As 

stock  X  its  time  :  As  gain  :  :  Rs  stock  x  its  time  :  B's  gain,  there^ 

fore  bx  :  x— 80  : :  (a;— 50x7=)  7  a?— 350  :  326— ar;  whence  by 

ffmltiplying  extremes  €Md  means,  1630a:— 6 x«=7x*— 910a? -f 

635           7O0O 
28000,   or   12x*—2540a:=— 28000,   or  x» — -a?= —; 

1  ..        ^^                      ,     635       10C806.25 
whence,  by   completing    the    square,   x' x -[-———=:. 

100806.25     7000     ,  79806.25          ^                  3175       , 
( ^ 3-=)  ^ — y     whence  ^  x —  :=  (±^ 

79806  25     ,      282.5        ^        317.5+282.5  f 

=)  ±— ^— »  and  07= = =200/.=-4's  stock. 


f  It  is  evideDt  that  tbe  affirmative  value  only*  must  be  used  in  this  place, 
otherwise  x  would  be=8f  ;  and  B*s  stock,  which  ==  or— 50,  would  be  a  nega- 
tive quantity,  which  is  absurd. 
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«r^50sl50i.sBJ$>  Hoek,  x^dO=:lWl=:A's  gain,  and  S^O-^x 
szl26l.szB*s  gain. 

53.  Of  a  company  of  boys  playing  at  ^marbles,  three  won  50 
between  them,  B*8  winnings^  if  increased  by  the  square  root  of 
A*Sy  would  amount  to  19,  but  if  increased  by  the  square  root  of 
Cb,  the  sum  would  be  21 ;  how  many  did  each  win  ? 

.  Let  x'ssjfs  toinnings,  y'szB's,  and  z'ssCs;  then  by  the 
problemx'+y''^z':=:&0,y*+xzszl9,andy'-i-z=s^l',  take  the 
sum  and  difference  of  the  second  and  third,  and  2y'4-x+2=40, 
and  z— .a?=2  the  square  of  the  last  is  z* — 2  «r4-3?»=s4;  subtract 
this  from  the  first,  and  y^  -^^zxsz46,  this  doubled,  is^y  '^4zx 
=:92:  subtract  the  fourth  from  this,  and  Azx^x — z=52>  but 
from  the  fifth  2=2:+ 2  5  this  value  substituted  for  %  in  the  "preced- 
ing equation,  it  becomes  (4xxa?-f2— a?— a?— 2=)  4a;«  +6a?— 2= 

3        54  ' 

52,  whence  x"  +---a?= — ;  this  resolved,  gives  a: =3,  whence  a?*  =s 

9=s.As  winnings;  also  z=(a?-|-2=)  5,  whence  2;''=25=:Cr«  win- 
nings ;  and  y'  =(19— ar=)  l6:=zB's  winnings. 

54.  In  a  certain  garden  there  are  three  square  grass-plots, 
containing  together  93  square  yards,  the  difference  of  a  side  of 
the  first  and  a  side  of  the  second  is  equal  to  the  difference  of  a 
side  of  the  second  and  a  side  of  the  third  ^  moreover,  if  the  side 
of  the  first  be  multiplied  by  3,  that  of  the  second  by  4,  and  that 
of  the  third  by  5,  the  sum  of  the  products  will  be  66  5  required 
the  side  of  each  ? 

Let  x^z^the  side  of  the  least,  x=zthe  side  of  the  second, 
then  X'^zssithe  side  of  the  greatest.  The  squares  of  these  added 
together, give Sx''\-^z*:=i9S;  afeo(ap— 2x3XJP+4+T-f  «x5=) 
12x+2z=s66  by  the  problem,  whence  z=33— 6^7;  this  squared', 
is  2' =  1089— 396x4-36 a;'  ;  this  value  substituted  for  z*  in  the 
equation  3x»+2«»=:93,  gives   (3x"-f 2178— 792x+72 x»=) 

264  695 

75x»— 792x+2178=93,  ti?/i«icex'— --— x= — -— ,  whence  x 

25  25 

—5,  z=:(33— 6a;=:)3,  wherefore  x—z^^,  andx+z=zS. 

55.  A  higgler  bought  two  geese  for  70  pence,  and  gave  S  pence 
more  for  one,  than  he  did  for  the  other  5  what  did  each  cost 
him  ?     Ans.  the  first  Ss.  3d.  the  other  2«.  7d. 

56.  Two  persons  who  are  60  miles  apart,  set  out  at  the  same 
•time  intending  to  meet :  J  travels  3  miles  an  hour,  B  2 ;  how 

VOL.  1.  H  h 
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many  miles  and  hours  will  each  have  travelled  when  ihey^tneet  1 
Ans,  12  hours,    A  travels  36  miles ,  B  24  miles, 

57.  ^  is  5  years  older  than  B,  B  is  4  years  older  than  C>  and 
the  sum'  of  their  ages  is  73  years;  required  the  age  of  each. 
Ans,  A  29  years,  B  24,  C  20. 

58.  In  a  Christmas  pudding,  \  is  fiour^  \.  milk^  4-  ^ggs>  4-  suet 
and  fruit,  to  which  is  added  three  quarters  of  a  pound  of  siHces 
and  other  ingredients;  required. the  weight  of  the  pudding? 
Ans,  15  pounds, 

59.  Three  men  bought  a  horse  for  302.  B  paid  twice  as  much 
as  A,  and  C  paid  as  much  as  A  and  B  together ;  what  sum  did 
each  pay  ?  Ans,  A  paid  hi,  B  10/.  and  C  \hl, 

60.  Some  mice  having  made  a  lodgment  in  a  Cheshire  cheese, 
and  nibbled  away  five  shillings'  worth,  four-fifths  of  the  remainder 
wiis  sold  for  2/.  16*.  required  the  value  of  the  whole  cheese? 
Ans.  iil.  15s, 

r 

61 .  A  courier  was  dispatched  from  Paris  to  Constatntinople 
with  orders  to  travel  20  miles  a  day  ;  6  days  after^  another  was 
sent  express  after  him>  and  travelled  35  miles  a  day ;  how  many 
days  must  the  latter  travel  to  overtake  the  former  ?  Ans.  8  days, 

62.  Two  persons  offered  themselves  as  candidates  for  the 
office  of  schoolmaster  in  a  certain  village,  where  there  were 
329  votei;s,  and  the  successful  candidate  gained  his  election  by 
a  majority  of  53  ;  how  many  voted  for  each  ?  Ans.  191  for  the 
oney  and  138 /or  the  other, 

63'.  A  vagrant,  on  being  apprehended,  gave  the  following 
account  of  himself,  *'  I  was  apprenticed  at  14,  served  3  yeai's, 
then  ran  away,  have  been  -rV  ^^  ^Y  ^^^  ^  sailor,  4  a  soldier,  and 
have  passed  a  year  more  than  ^  of  my  life  subsisting  mostly  on 
charity  j*'  how  old  was  he  ?     Ans,  48  years, 

G4,  If  from  ^  of  my  height  in  inches  i2  be  subtracted,  ^  of 
the  remainder  will  be  2 ;  what  is  my  height  ?  Ans,  Sfett  6  inches. 

65.  A  footman,  who  was  hired  for  K/.  a  year  and  a  livery, 
was  turned  away  at  the  end  of  7  months,  and  received  31.  VBs, 
9d.  besides  his  livery ;  what  was  its  value  ?     Ans*  7  guineas'. 

66.  A  bowl  of  punch  was  mixed  as  follows  3  ^  was  rum,  4- 
brandy,  -iV.acid  and  sugar,  and  3  pints  more  than  half  of  all 
these  water ;  how  much  did  the  bowl  contain  ?     Ans,  6  quarts. 

»:?.  llie  pa\ingof  a  s  imrp,  at  2  shillings  a  yard,  cost  ten 


/ 
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tioQMs  «i  madi  as  the  indoei^git  at  5  shiUipgs  a  yaid  j  required 
the  stdo  of  the  square  ?     An9.  100  yard^. 

68.  If  J}'gives  ^  5  apples,  A  will  have  twice  as  many  as  B  5 
but  if  A  gives  B  6,  B  will  have  thrice  as  many  as  ^3  how  many 
apples  has  each  ?    Ans,  A  11,  B  13. 

69.  Two  gipsies  bought  a  tin  kettle^  and  as  Sal  paid  ten 
pence  more  than  Rachel,  it  was  agreed  that  the  latter  should 
perform  the  duties  of  the  kitchen  five  times  to  Sal*s  three  5  sup- 
posing this  a  just  equivalent^  what  sum  did  the  kettle  cost  ? 

70.  Ten  years  ago,  in  manhood's  early  stage>  ^ 
Two  figures  duly  placed,  expressed  my  age  $ 

They'll  do  the  same,  when  eight  more  years  are  past,  y    />  c-    .  ^^   '  ^^\ 
Bf  placing  that  the  first,  which  stood  the  last : 
Time  flies  apace, — ^ye  gay  and  thoughtless  say. 
Of  mine,  how  many  years  have  passed  away  ?  Ans.  34  years  J  c  ^  n 

7 1 .  Tl^e  weight  of  the  head  of  Goliath's  spear  was  less  by  one       / 
pound  than  one-eighth  the  weight  of  his  coat  of  mail,  and  both     L 
together  wei{^ed  17  pounds  less  than  10  times  the  spear's  head  ^ 
required  the  weight  of  each  ?     Ans.  the  coat  208  pounds,  the 
spear"  s  head  25  pounds. 

72.  The  ages  of  a  man  and  his  wife  are  such,  that  his  being 
hi^tiplied  intq  the  square  root  of  hers,  the  product  is  180  3 
but  hers  multiplied  into  the  square  root  of  his^  gives  150  for  the 
product  3  what  are  their  ages  ?  Ans,  the  man's  36  years,  his 
wife's  25  years. 

7S.  A  shepherd  with  his  flock  was  met  by  a  company  of  sol- 
diers, vf^ho  plundered  him  of  half  his  flock,  and  half  a  ^eep 
over ',  a  second,  a  third,  and  a  fourth  company  met  hio^,  and 
plundered  him  successively  of  half  what  he  then  had,  am  half 
a  sheep  over,  so  that  on  arriving  at  home,  he  had  but  eight 
sheep  left  3  how  many  had  he  at  first  ?     Ans,  143. 

,74.  A  trader  maintained  himself  on  50Z.  a  year,  and  cleared 
yearly  one-third  of  his  then  remaining  stock,  by  which  means  at 
the  end  of  the  third  year  his  original  stock  was  doubled  3  what 
sum  did  he  begin  with  ?     Ans.  740Z. 

75.  The  sides  of  three  cubical  blocks  of  mahogany  have  equal 
diflferences,  their  sum  is  15,  and  the  solid  content  of  the  three 
together  is  495  cubic  inches  3  required  the  side  of  each  ? 
Am.  3  inches,  5  inches,  and  7  inches. 

H  h  2 
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76.  It.  i»  required  to  divide  th6  number  37  into  tivo  socfa 
parts^  that  if  Uie  greater  be  diviilfed  by  the  less,  and  tk^^lees 
by  the  greater,  the  former  quotient  may  be  to  the  litter  a»..535 
to  16.     Ans.  15  and  12. 

77.  -^  is  4  years  older  than  B,  and  the  sum  of  the  squares  o€ 
their  ages  is  976;  required  their  agei^ }  Am.  As  ^4t  years,  B*s 
TO  years. 

78.  A  nursery  man  planted  8400  trees  at  equal  distances^  in 
the  form  of  a  rectangle^  having  50  trees  more  in  front  than  in 
depth ;  required  the  particular  number  in  each  ?  Ans.  1^  in 
front,  70  in  depth. 

79.  A  rectangular  pavement  con/usts  of  533  equal  square 
stones,  and  if  the  number  in  length  be  added  to  that  in  breadth, 
the  sum  will  be  54 ;  required  the  number  in  length  and  fai^eadth  ? 
Ans,  41  in  length,  13  in  breadth. 

80.  What  number  is  that  which  being  tripled,  and  15  added 
to  the  triple,  the  sum  shall  be  to  the  square  of  the  said  J)!^imber^ 
as  6  to  5  r     Ans.  5. 

81.  A  persQn<4iillght  mackerel  for  30  pence,  and  receiving; 
one  more  than  the  number  originally  bargained  for,  occasioned  * 
the  whole  to  stand  him  in  a  penny  a  piece  less  than  they  others- 
wise  would  have  done ;  what  number  did  he  buy  ?     Ans.  6. 

89.  A  lady  bought  lace  for  41.  4s.  but  on  her  arrival  at  home 
she  found  that  2  yards  had  been  clandestinely  cut  off  from  the 
piece,  whereby  her  lace  cost  a  shilling  a  yard  more  than  it  ought 
to  have  done  3  how  many  yards  were  there  ?     Ans.  l^. 

83.  A  gang  of  smugglers  had  their  caigo  seized,  and  were 
fined  lOOOl.  on  whiph  two  of  the  party  absconded,  leaving  each 
of  the  rest  to  pay -25/.  more  than  his  proper  share ;  how  many 
were  there  in  the  gang  ?     Ans.  10. 

84.  ]f  my  shillings  be  subtracted  from  20,  and  if  6  be  added 
to  my  shillings,  the  square  of  the  remainder  will  be  to  the  sum, 
as  8  to  11 )  how  many  have  I  ?     Ans,  16. 

85.  Two  couriers  set  out  at  the  same  time  from  two  cities 
120  leagues  apart,  intending  to  meet  3  the  first  travels  5  ledgiiies 
a  day,  the  other  3  leagues  a  day  less  than  the  number  of  days 
they  travelled  5  required  the  number  ?     Ans.  10  days 

86.  The  pile  of  a  bridge  is  4.  in  the  ground,  5  feet  in  the 
water^  and  the  square  of  both  together  is  to  the  part  above 
water,  as  27  to  5 :  required  its  length  ^     Ans.  ^4  feet. 

87.  Bought  120  yards  of  ribband,  and  as  many  of  binding. 
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and  received  one  yard  more  of  binding  than  of  tibbattd  for  a 
shillings  now  the  ribband  eost  6  shillings  more  than  the  bind- 
ing j  how  many  yards  of  each  were  bought  for  a  shilling? 
Ana,  4  yards  of  ribbcmd,  5  ^ards  of  binding. 

88.  A  dealer  bought  a  lot  of  pigs  for  SSI.  15s.  and  by  selling 
them  at  ^J,  8s.  each  gained  as  much  as  a  pig  cost  -,  what  number 
did  he  buy  ?     Ans.  15. 

.  89*  On  the  rumour  of  an  approaching  invasion,  a  nobleman, 
dewousof  instructing  his  dependants  in  the  ipanual  exercise, 
endeavoured  to  form  them  into  a  square,  but  had  20  men  too 
many  $  he  then  increased  the  side  by  one  man,  but  wanted  21 
to  fill  up  the  square ;  how  many  were  there  ?     Ans.  420. 

90.  A  rectangular  garden  contains  1200  square  yards,  and 
the  lei^^  is  to  the  breadth  as  4  to  3  3  what  will  the  fencing 
cost  at  Ss.  6d.  per  yard  ?     Ans.  24/.  lOs. 

91.  A  &rmer  bought  a  number  of  -calves  for  402.  and  after 
reserving  5,  sold  the  rest  for  361.  whereby  he  gained  8  shillings 
a  head  $  how  many  did  he  buy  ?     Ans.  20. 

•  92.  The  maypole  of  a  country  village  being  blown  down,  was 
broken  into  thi'ee  pieces  by  the  fall  3  the  common  difference  of 
their  lengths  was  1  foot,  and  the  cube  of  the  greater  piece  ex* 
ceeiled  the  product  of  all  three  by  560  -,  required  the  length  of 
the  pole  ?     Ans.  S9  feet. 

93.  A  joiner  has  a  mahogany  plank  10  feet  long,  and  is  de* 
sii'ous  of  cutting  it  into  two  unequal  segments,  each  of  which  is 
to  constitute  the  side  of  a  square  table,  the  less  table  to  be  -f  of 
the  greater;  whereabouts  must  he  cut  the  plank?  Ans.  at 
4 .494897  feet  from  the  end. 

94.  A,  B,  and  C  freight  a  ship,  towards  whkh  B  pays  lOOl* 
more  than  C,  and  A  2002.  more  than  B,  morem^er  A's  payment 
is  equal  to  thirty  times  the  square  root  of  the  sum  of  B*s  and 
C*s  >  what  sum  does  each  pay  ?    Ans.  A  I50C2.  B  13002.  C  12001. 

95.  If  the  number  of  people  in  a  certain  parish  be  quadru'^ 
pled,  and  13000  added  to  the  quadruple,  the  sum  will  be  to  the 
square  of  the  number  as  3  to  50;  how  many  does  that  parish 

contain  ?     Ans.  500. 

96.  Sold  a  quantity  of  almonds  for  6L  and  gained  four  times 

as  much  per  cent  as  the  almonds  cost  5  how  much  was  that  ? 
Ans.  52.  ^ 

97.  Two  hawkers,  A  and  B,  travel  togeth^,  A  has  40  ells  of 
cloth,  B  90  'y  A  sells  ^  of  an  ell  more  for  a  crown  than  B ;  hav- 
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ing  told  tlie  wliole^  tliejr  find  tint  dicy  have  taken  43 
between  them  i  how  moDy  elk  did  «ach  leD  far  a  crmtii  >    An. 
A  sold  S^aU,  BSaU. 

98.  Two  merchants  ^Smobing  yartnenhip,  ehand  700001. 
between  them  -,  jfs  share  of  the  original  stodL  was  190001.  and 
Bs  share  of  the  gain  24000/.  what  was  Fs  share  of  the  stock, 
and  J's  gain  ?     Jns.  Rs  share  leocA.  £s  gain  1800CI. 

99.  What  number  is  that  iwiiicfa  being  divided  by  the  pro- 
duct of  its  two  dig^^  the  quotient  is  9,  and  if  97  be  added-to 
the  nambo*,  the  digits  w91  be  invoted  ?     Ans.  36. 

100.  A  nobleman  hired  a  painter  for  42  days^  and  agreed  to 
give  him  as  many  shillings  for  his  trouble,  as  woidd  be  equal  to 
half  the  square  of  the  nondier  of  days  he  worked ;  and  to  de- 
duct as  many  as  woold  etfosl  the  square  of  one-third  the  num- 
ber of  days-  he  was  idle ;  the  time  being  expired,  the  painter 
received  at  the  rate  of  six  shillings  a  day  for  the  whole  time  3 
how  many  dse^  chd  he  work,  and  how  many  was  he  idle  ?  Ans. 
24  day$  worked,  and  18  days  idle. 

101.  The  joint  stock  of  two  partners  was  30001.  Jts  money 

was  12  months  in  trade,  and  Bs  9  months ;  when  they  shared 

stock  and  gain,  A  received  19842.  smd  B  34761.  what  was  each 

man's  stock  and  gain  ? 

.        J.    c  stack  10002.     p,    r  itock  20002. 
Ans.As^^^     9842.     ^*  Igaia  14762. 

102.  The  ages  of  two  persons  are  such,  that  the  age  of  the 
first  is  to  that  of  the  second,  as  that  of  the  second  is  to  50,  and 
the  sum  of  the  squares  of  their  ages  is  2624 ;  required  tke  age 
of  each  ?     Am,  the  first  32,  the  other  40. 

103.  A  trader  at  the  end  of  the  first  year  had  doubled  hJs 
original  stock,  the  second  year  he  gain^  802.  more  than  the 
square  root  of  bis  aaid  increased  stock,  the  third  year  being  veiy 
successful,  he  cleared  ha^  the  square  of  all  he  had  at  the  end . 
of  the  second^  and  leaving  off  business,  he  finds  himself  worth 
19240/.  what  sum  did  he  begin  with  ?    Ans,  502. 
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